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Abstract The aim of this paper is to investigate the Legendre spectral method of one-dimensional
inhomogeneous mixed initial-boundary value problem in a finite regular set ?, we use some tech-
niques to convert the problem to a system of ordinary differential equations and by an analysis
matricial we find a general term defines all ordinary defferential equations of this system, we
solve this general term we get the desired approximate solution, we also present the error esti-
mate.

1 Introduction

The differential equations play a very important role in all fields of science like mathematics and
Mathematical Physics and other Sciences, and a long time ago the scientists and researchers face
difficulties in resolving many of these equations, for this we turned in recent years, especially
after the emergence of the computer to search for approximate solution instead of the exact
solution for these problems, these methods gave his fruit.

The main motivation in this paper is the numerical analysis of discretization of the inho-
mogeneous mixed initial-boundary value problem using spectral element method, this method is
associated with quadrature formulas which allow for a complete discretization of the right-hand
side and of the linear form involved in the variational formulation, see also [3, 5, 7, 6, 10].

the concerned problem refers to the equation:

Ou—Pu=f ,zeA t>0
u(—1,t) =u(l,6) =0, t>0 (1.1)
u(z,0) = g(z), SN

where A = (—1, 1), which u(z, t) represents the temperature at point x and time t,the discretiza-
tion consists therefore the space variable and the time variable,

Then the problem (1.1) is a problem of one space variable, by using the orthogonal matrix
we reduce this problem to a system of ordinary differential equations.

In this work we construct approximate solution to the boundary value problem (1.1) in the
following form

N
un(t,x) = Zan(t)ln(x) (1.2)

n=0
Where 1,,(z), 0 < n < N, are the Lagrangian interpolates at the points x; € A = [-1,1],

0 <1i < N , these interpolates satisfy the property [,,(z;) = d,;, 1 <n, j < N — 1, the points
x;,0 < j < N are the collocation points on the Gauss-Lobatto Legendre grid. The grid made by
z;,0 < j < N, is denoted by An, 1. The choice of the form (1.2) for the solution, added to some
techniques give a linear system which can be written in a matricial form as I'Da — Aa =T'G,
where A is a square matrix and I is a diagonal invertible matrix and the operator D = %.
We write a = Pv where P is an orthogonal matrix such that P~! (I"'A) P = C is a diagonal
matrix, then we obtain a system of N —1 ordinary differential equations, we can use the Lagrange
method to solve for each component v;(z) of v, finally we conclude the expression of functions

a,(t) and for which we obtain the desired approximate solution, see also [1, 2, 8, 12, 11].

2 Orthogonal polynomials

We work in the model domain A and we use the Legendre polynomials L,, n > 0 : each
polynomial L,, has a degree n, it is orthogonal to the other ones in

L?(A) = {f : A — R measurable / /A(f(x))zdx < oo}
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and satisfies the following property

/_ L)L (a)ds = Miﬂanm @.1)
Wy (z) = —n(n+ 1)Ly (z), hn(2) = (1 —2%) Ll (z),n >0 (2.2)
() = %(Ln,l(@ — Loi(2)) 2.3)

2.1 The continuous problem

To introduce the variational formulation for the continuous problem (1.1), we need the subspace
of the variational space with zero Dirichlet trace:

Ay(A)={ve H' (A),v=00n 9A, t >0, v=g, t =0} (2.4)

We introduce the product in L2 (A) :

(f,0) = /A £t 2)o(t, 2)dz 2.5)

Then the variational formulation of continuous problem (1.1) is: find u € Ay (A), such that,
Yo e Ay (A), a(u,v)=(f,v) (2.6)
where

a(u,v) = / (Opu — 2u) vdx
A

integrating by parts leads to,

a(u,v) = / (Oruv + JuyOvy ) dx 2.7
A

3 Discrete space and form

Let us denoted by N the parameter of discretization for the problem (1.1), in spectral method
N represents the degree of polynomials. The approximate space is essentially generated by the fi-
nite dimensional subspace of L? (A) , P& (A) is the approximate space of the space Ay (A) ,where

N-—1
Py (A) =< qn € Py (A)/ gn(z,t) = 0on 9A, qy(z,0) = > g(x;)l;(x)
=1

Where Py (A) is the set of polynomials of degree less than or equal to N. We consider also the
exact quadrature formula and introduce a bilinear form a with approach to the form a and we
approximate the scalar (.,.) for (.,.) 5 -

3.1 The Discrete problem

Firstly we observe that the Lagrange polynomials /,,(z),0 < m < N, form a basis of P4 (A),
then the exact solution u of problem (1.1) is approached by the solution u4; belonging to P (A)
with (ul, —gn) € PY (A), where

PX] (A) :{qN € Py (A)/qN($7t) =0on (9/\}

and the variational problem is:

3.1)

find ul; € Py (A), s.t
Von € PY (A), an(ul,on) = (fv,on)N

where
N

an(ufy,vn) = (Qruivn + OunOzvn) (z1,t) pr
=0
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where z;, p;, 0 <1 < N are defined in propositions 1, ul, = uy + gy, ux € Py (A) and the
problem (3.1) is equivalent to the following problem: Find u}; in P§ (A) with uy = ul; — gy
in Py (A) such that, Yoy € Py (A)

an(un, vN) = by (9N, vN) (3.2)

Where
by (9n, vn) = (fn, vn) —an (9n,vN) (3.3)

3.2 Ecxistence and uniqueness of solution
Quadrature formula

Proposition 3.1. There exists a unique set of N — 1 nodes x; 1 < j < N —1 in A and with
the condition xo = —1, xny = 1, there exists N + 1 positive weights p;, 0 < 7 < N, such that
the following exactness property holds:

N

1
Vo € Pan_1 (A), /] o(z)dx = Zcp (x5) pj (3.4)
- =

where x; ,1 < j <N —1 are the roots of the polynomial L'y and the weights are given by:

1
Po = PN = F(NTT)
3.5
{pﬂ'—P&p&j) l<j=N-1 )
Proof. See [4, 5] m|

Definition 3.2. We define the discrete product for all polynomials vy, uy in P§ (A) as:

N
(vn,un)y = ZUN (@1, t) vn (21,t) i
1=0
Lemma 3.3. The polynomial hy_1 € P]Q, (A) verifies the double inequality:

3
Ihx—tllzam) < (A1, hv—1)y < 5 -1l 72 (3.6)

such that the subspace Py (A) = {p, € Py (A)/ pn (—1) =pn (1) = 0}, where Py (A) are
the space of polynomials with degrees < N on A

Proof. See[l]
Proposition 3.4. For all polynomial h,, € P%(A) we have

n ||hn||L2(A) = ”h;z”Lz(A) (3.7

Proof. See[l]. m|

Also the lagrange’s polynomials /;(x), j = 1, N — 1 can be written in the following form

N—1
li(z) = Z’ykjhk(x)
k=0
using (2.2), then we get,
N
Li(z) =Y AejLi() (3.8)
k=0

Proposition 3.5. The set of polynomials {L,(s)},n = 0..N forms a basis to the polynomial
N

space Pn(A) , then any polynomial ¢y € Py (A) can be written as: on(s) = Y bnLy(s) and
n=0

we have the following inequality:

c3Log(N + 1) < [lon | 72a) < caLog(2exp(2)(N + 1)) 3.9)

where (c3,c4) = (min(b2 ), max(b2)).
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Proof. See[l]. O

Definition 3.6. For a positive integer m the Sobolev space H™ (A) is defined by:
dk
Hm(A):{<peL2(A):l<k<m, dkgoeLz(A)} (3.10)
z

with the norm:

el /Z o) (3.11)

Proposition 3.7. The bilinear form ay (-, -) in (3.2) satisfies the following properties of continu-

ity:
3max(C, 1
Yox € PY (A) My € PY (&), Jax (v ow)] < 25O o ol G112
and ellipticity:
Vuy € PY (A), lan (un,un)| = min(C, 1) [[unlfF ) (3.13)

Proof. continuity
N
ay (un,vn) =Y Owun (zi, on (@, pr+ Y Ozun (21, £)0zvn (21, 1) p1
1=0 1=0

We consider the solution and its derivatives are bounded then there exists two real positive con-
stants C' and C] such that

Clun(z1,t)] < |Opun(21,t)] < Cy Jun (21, t)] (3.14)

We use lemmas 3.3, the exact quadrature formula and the Schwartz inequality then we obtain
the desired results also and ellipticity:

N N
an (un,un) = duun (i, hun (z0, )1+ Y Oaun (w1, 1) deun (21, 1)p1
=0 =0

using the exactingness quadrature formula we can write,
an (uny,uy) = Z@tuN x, Dun (T, 1) +/8 un(x, 1) 0pun (z,t)dx (3.15)
1=0

then from (3.14) we can write:

1

lan (un,un)| > C’ZuN x, t)un (2, t)p —|—/8 un(z,t)0un (z, t)dx
1=0

Using (3.6) we can write .
an (un, un) = min(C, 1) lun|l g a)
then for this inequality yields the desired result . O

Proposition 3.8. (the inequality of stability) For any continuous function g on A ,the problem
(3.2) has a unique solution uy in Py (A), and this solution verifies the inequality of stability:

() gy < 7 (L)l zgy + lon (@)l ) (3.16)
Proof. Using (3.2) we can write

an(un, un) = (fn, un) —an (g8, un) < |(fn, un)|+ lan (gn, un)| (3.17)
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using Schwartz inequality we can write

o, um)l+ lan (o)l <5 1 (s )l ol s et
a2 [|0egn ()] L) llun (@, ) L2 ()
+03 (|02 (@) | 12 (p) 10z un (@, )] 124
the quantities [|0zgn ()| 12 A |0zvN (z, t)]] r2(a) are bounded then there exists a positive num-
ber ~ such that,
an(un, un) < |(fn, on)l+lan (gn,on)| < v (HfN(x?t)HLZ(A) + ||9N(93)HL2(A>> lun (@, ) g1 a)

using (3.13), yields the desired result. O

4 Numerical experiment

At the points xx, | <k < N — 1 the problem (1.1) is equivalent to,
N—1 N—1
X t(w)a (1) ~ Lzon(®) = X FaOl(@) +9" () in ANAxa
un (rg, —1) = un (15, 1)

Since the functions
—0'(z), 1<n<N-1

are polynomials with degree N — 2, we multiply both sides by /,,(zx)pr and applying the sum,
by using the quadrature formula, when m varies from 1 to N — 1 , we obtain a linear system,
then we can write this system in a matricial form:

I'Da — Aa =TG 4.2)

where A is a square symmetric define positive matrix with order N — 1, its elements have the
form:
Wmn = U (@m)pm, n=1,N =1}, m=1,N -1

I is a diagonal invertible matrix its elements are defined as:
Pm ,N=TM —_—
= ,mmn=1N—1
T { 0, n#m

G is a known vector where:

G = (h(O)+g" (1), fot)+g"(22), f5(t)+9"(@3), .. v 2 () +9" (@n-2), Fn-1(t)+g" (zv-1))"

and the vector a is an unknown vector where

a = (al(t),az(t),a3(t)7 ..... ,aN,l(t),aN,l(t))t

the operator,

d
D=—
dt

multiplying (4.2) by the invertible matrix '~ of I' then we find
Da—-T"'4a =G (4.3)

the matrix I'~!A has positive eigenvalues and there exists an orthogonal invertible matrix P
such that,
pl(r'Apr=c

where C'is a diagonal matrix, the elements of the diagonal are the eigenvalues o, = 1, N — 1
of the matrix I'"! 4, if we consider the vector v such that

a = Pv
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then the system (4.3) becomes
PDy— (I 'A)Pv =G 4.4)

multiplying (4.4) by the matrix P~! we obtain,
Dv—Cv=rP"'G (4.5)
The matricial form (4.5) has N — 1 linear ordinary differential equations defined as

U;(t)—akvk(t) = hk (46)

where Ay (t)

|
L

(k) (£(D) + gf (@) 1 < kSN =1 4.7

p~!(i,7) are the elements of the inverse matrix P~!. To solve the equations (4.6) we use La-
grange’s method [12] , we may write the solution in the closed form :

¢
ve(t) = / e 5y (s)ds + ekt
0

where ¢y, is constant to be determined, using the boundary conditions then (4.8) may be written
in the following form:

t
ou(t) = / —ar(s=0p, (5)ds + Z Pl oot 4.8)
0
Finally we obtain the functions,
N—
t) =" pnjui(t) (4.9)
=1
where pp,; , 1 <n,j < N are the elements of the matrix P, and the approximation solution is:
—IN—-1 N-1
Z anj / e_ak(s_t)hk(s)ds + Zp;;jlg (‘rk) e_akt ln(‘r)
n=1 j=1 0 =1

If the time t defined in the interval I = [0, 7], we can consider the solution in the form

N—-IN-1

= > tnjln Z Unjl; (4.10)

n=1 j=1
using (4.9) and (4.10) then we determine the coefficients

N—-1

N t;
= S5 [ monn o (Sngtotan ) e
j=1

J=1

and the approximate solution is

N-1 N ; N-1

un(t,x) = ZZ an] / e k=t (s)ds + Zp;jlg(a:k) e | Ly (2)ln(t) +t(1,2)
n=lm=1 \ j=1 0 7=1
N-1

tLa) = > glan)in(x)
n=1

and using (4.7) we get

N—-1 N N—-1

- x> Zp [ et [ ) U6 + o) |

s Salatn | e ) | x @t +10.2
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Numerical integration

The function
ar(s) = e =0, (s) 4.11)

is explicit but we can not always calculate its primitive explicitly, in this case we use the poly-
nomial interpolation and seek numerical approximation of the integral. Then the Lagrange poly-
nomial interpolation is

(IN j Z(I]

where t,, defined by

tn=22n— 1, N=0N 2., 0<n <N

2
are the collocation points on the Gauss-Lobatto Legendre grid, then the approximation of the

integral (4.8)
un;(t) = / qn;(s)ds + (Zpkj ) o

= ipnj (tn)vn,(t)

where p,j, 1 < n,j < N are the entries of the matrix P , using (1.2) we get the approximate

solution
N—IN—
= ZZ Pnjvn; (t)ln(2)
n=1 j=1

then we obtain

4.1 Error estimation

Definition 4.1. The polynomial space P4 (A) is dense in the space of continuous functions on A
hence in Ay (A) then any function u € Ay (A) admits the expansion

) =33 a(nm)h(@)ln(t) + > 7 (1) () (4.12)
n=0

n=lm=1
‘We know ( 0
+
T(t) = o (paa () = pua (1) (4.13)
where
pn(t) ={Lp, (2t —T)/T), n>0 4.14)

and using (4.13) then

= iiv (n,m) P (t) o (2) (4.15)

n=1m=0

Proposition 4.2. The following estimate holds between the exact solution u in H} (A) and the
approximate solution ux € Py (A) verify,

= wnlzzny < 3eN " (I = gm0 ga) + 1CF = )l 20n)) (4.16)
Proof. Using the ellipticity condition (3.7) and (3.13) we can write,

N2 ||U*’Z,LN||3:2(A) S a(uiuNaufuN):(fifNaufuN)fa(gingu*uN)
(

( (f = fn) (u—un))dz
A

IN

A( (f = In) (u—un))dz| +

la(g — gn,u —un) | ) 4.17)

< H(f*fN)”LZ(A) H(U*UN)HLZ(A) (4.18)

09— grvsu— un) | < \/wa (9~ ax) B (u— un))dz

" \/Awt (9 — gn) (u — un))dz
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the function ¢ is independent of the variable ¢ then

/A (00 (g — gn) (1 — un))dtdz = 0

and

/A( (9 —9gn) Oz (u—up))dtdz

also we can prove that

<192 (9 = 9l paay 102 (w = un)ll 124 (4.19)

n il ey < 1l aa) < 3nllAall2gny (4.20)

using (4.18), (4.19)and (4.20) we get

N2 flu = un a0 < 36N (109 = 98l paqn) + 10 = Il gaga) ) I = )il @21)

finally we find the desired results

4.2 Figure illustration

The figure 1 and 2 present the behavior of the log condition number and the error , N varies
from 3 to 12, and the figures 3 and 4 present the true and the approximate solution uy and u

7_‘,2
respectively, the true solution is: u(z,t) = sin(rz)e™ 5t

Figure 1:The behaviour of In(condition de number)

Figure 2:The behaviour of the error

Figure 3:The graphe of the true solution

i,
4 i,j'l/"’ i
Qi

Figure 4:The graphe of the approximate solution

In table 1 we compare the numerical solution with the known analytical solution. In this
table we present the errors in the numerical solution at a representative selection of degrees of

approximate solution
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Table 1
Error in the computed solution at various degrees of approximate solution.

N 3 4 5 6 7 8 9 10
Error 330 .563¢—1 .62le—3 .1666e—3 .476e—6 2lle—6 8e—8 .7Te—38

5 Conclusion

We know that many ordinary or partial differential equations do not admit exact solution, so we
seek the approximate solution, in this article I have described a numerical method converges
quickly to the solution of the problem, this method based on the properties of orthogonal poly-
nomials and matrix analysis.
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