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Abstract. In this article we introduce some new sequence spaces of fuzzy numbers using
I-convergence and study some basic topological and algebraic properties of these spaces. Also
we investigate the relations related to these spaces and some of their properties like solidity,
symmetricity, convergence free etc. and prove some inclusion results.

1 Introduction

The concept of fuzzy sets was initially introduced by Zadeh[6]. It has a wide range of application
in almost all branches of study, in particular in science, where mathematics is used. Now the no-
tion of fuzzyness is used by many researcher in cybernetics, artificial intelligence, expert systems
and fuzzy control, pattern recognition, operation research, decision making, image analysis, pro-
jectiles, probability theory, agriculture, weather forecasting etc. It has attracted many researcher
on sequence space and summability theory to introduce different types of fuzzy sequence spaces
and to study their different properties. Our study is based on the linear spaces of sequences of
fuzzy numbers which are very important for higher level studies in quantum mechanics, particle
physics and statistical mechanics etc.

The notion of /-convergence was initially introduced by Kostyrko et.al[9]. Later on it was fur-
ther investigated from the sequence space point of view and linked with the summability theory
by Salat et.al[11], Tipathy and Hazarika[1][2][3], Kumar and Kumar[12], Savas[5], Nanda[4],
Kamthan and Gupta[10], M.Sen[7]. In this article we introduce the sequence spaces pc’, Fcé ,
rll_ of fuzzy numbers defined by I- convergence. We study some basic topological and al-
gebraic properties of these spaces.We also investigate the relations related to these spaces and
some of their properties viz. solidity, symmetry, convergence free etc. and prove some inclusion
results.

Let X be a non-empty set. Then a family of sets I C 2% is said to be an ideal if [ is additive,
ie.A,B el = AUB € [ and hereditaryi.e. A€ I,B C A= B € I. A non-empty family of
sets F' C 2% is said to be a filter on X iffi) ¢ ¢ F,ii) forall A, B€ F = ANB € Fiii) A€ F,
AC B= B¢€F.Anideal I C 2% is called non-trivial if I C 2%. A non-trivial ideal I is called
admissible iff 7 # 2% . A non-trivial ideal I is maximal if there does not exist any non-trivial
ideal J # I, containing I as a subset. For each ideal I there is a filter F'(I) corresponding to I
ie F(I) = {K CN: K¢ € I}, where K¢ = N — K. Further details on ideals of I C 2% can be
found in Kostyrko et.al[9].
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Lemma 1.1:[8] If I ¢ 2% is a maximal ideal then for each A € N, we have either A € I or
N—-Ael

Example:[8] Let ] = I = {A C N: Ais finite}.Then I is non trivial admissible ideal of
N and the corresponding convergence coincides with ordinary convergence.

Example:[8] Let [ = I5 = {A C N : §(A) = 0} where §(A) denotes the asymptotic density
of A. Then I5 is a non-trivial admissible ideal of NV and the corresponding convergence coincide
with statistical convergence.

Definition 1.2: A sequence (X}) € w is said to be I- convergent to a number L if for every
e>0,{keN:|X;—L|>e}elandwewrite [ — limX;, = L.

Definition 1.3: A sequence (X}) € w is said to be I- null if forevery € > 0, {k € N : | X| >
e} € I and we write I — limXj, = 0.

Definition 1.4: A sequence (X) € w is said to be I- bounded if there exists M > 0 such
that {k € N : | Xy| > M} el

2 Fuzzy number and its algebra

Now we shall give a brief introduction about the sequences of fuzzy real numbers. Let D be the
set of all closed and bounded intervals X = [z, ;] on the real line R. For X,Y € D we define
X <Y iffx; <y and 2, <y, and d(X,Y )= max{|x; — y1], |x2 — y2|} where X = [z1,2,] and
Y = [y1,12]- Then it can be shown that (D, d) is a complete metric space. Also the relation " <’
is a partial order relation on D. A fuzzy number X is a fuzzy subset of the real line R, i.e, a map-
ping X : R — I = [0, 1] associating each real number ¢ with its grade of membership X (¢). A
fuzzy number X is normal if there exists ¢ty € R such that X (¢y) = 1. A fuzzy number X is upper
semi continuous if for each e > 0, X ~1([0,a+¢)) is open in the usual topology for all a € [0, 1].

Let R(I) denote the set of all fuzzy numbers which are upper semi continuous and have a
compact support ,i.e, if X € R(I) then for any « € [0, 1], [X]* is compact where [X]* = {t €
R:X(t) > a}.

1 forr#£t
0 forr=t

The additive identity and multiplicative identity of R(I) are 0 and 1 respectively. The arith-
metic operators on R(I) are defined as follows:

The set R of all real numbers can be embedded into R([) if we define 7(t)=

Let X,Y € R(I) and the a-level set [X]* = [z, 2%] and [Y]* = [y{,y5] and o € [0, 1].
Then we define

(X & Y]* =[z} +y7, 25 + y5]

(X oY]*=[zy — yi' 25 — 5]

(X @ Y]o=[min{afy}, max{azfy? }.i = 1,2

(X o=[(z9) 7! (29) 71, 2 > O forall « € [0, 1]
X(r='t) forr#0

Forr € Rand X € R(I) , the product 7 X is defined as r X (t)=
0 for r=0
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maz{X(t),X(-t)} fort>0
0 fort< 0
Let us define a mapping d : R(I) x R(I) — R*(J{0} by d(X,Y )=sup d([X]%, [Y]%).

The absolute value | X|(¢) is defined by | X|(t)=

It can be shown that (R(I), d)is a complete metric space.
A sequence of fuzzy numbers X = (X,) is said to be I — convergent to a fuzzy number X
if for each € > 0, A(e) = {k € N : d(Xy, Xo) > €} € I. The fuzzy number X is called the

I — limit of the sequence (X}) of fuzzy number and we write I — lim X, = X,.

A sequence of fuzzy numbers X = (X) is said to be I — bounded if 3 M > 0 such that
{ke N :d(Xy,0) > M} el

Let Er denote the sequence spaces of fuzzy numbers.

A sequence space Er is said to be solid (or normal) if (Y;) € Er whenever (X}) € Er and
|Yi| < |Xg|forall k € N.

A sequence space Ef is said to be symmetric if (X)) € Er = (X)) € Ep where 7 is a
permutation of N.

A sequence space Er is said to be monotone if Er contains the canonical pre image of all
its step spaces.

Lemma 2.1:[10] A sequence space E is normal implies that it is monotone.

3 Main result
In this section we shall introduce the following new sequence spaces of fuzzy numbers and
examine some properties of the resulting sequence spaces.

Let I be an admissible ideal of N and X = (X}) be a sequence of fuzzy numbers. We define
the following sequence spaces of fuzzy number.

rel={X, € Ep: A(e) ={k € N :d(X},L) > e} € I fore >0and L € R(I).

ret={Xy € Ep: A(e) = {k € N : d(X,0) > ¢} € I fore > 0and L € R(I).

Fl£o={Xk € Erp:dM >0 {/{ € NE(X;C,E) > M} S I}

Floo:{Xk S Ep:Supk E(Xk,ﬁ) < OO}

From definition it is obvious that ¢} Cr Il Cp I

Example 3.1: Let X (¢) = 1 for k = 2",n=1,2,...

Et—2)+1 forte [23,2]
otherwise, X;(t) = ¢ =E(t—2)+1 fort € [2,255]
0 , otherwise
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2-3(1- a) %( ) ,otherwise

_ I1-0[,|1—=0] k=2"n=1,2,..
d(X5,0) = Supad([Xi]%, [0]*)= Sup,{ max

supg d(X5,0) =5
Thus (X}) €p 1°°. But(X}) is not I-convergent.

Remark 3.2: If I = I then the sequence spacespc’ , pcl , rll coincide with the sequence
spaces rc, pcy , rloo Which were studied by Tripathy and Nanda [4], Savas [5], Das and Choud-

hury [8] and many others.
Theorem 3.3: The spaces pc , pcl , plL, are linear space.

Proof: Let X = (X;) and Y = (Y},) be any element of pc/ and «, 3 be any scalar.Then
Ale) ={k € N :d(X;,0) > §} € I.

B(e)={keN:d(};,0) > $} € I.

d(aXy, + BY:,0) < |a|d(Xk,0) + |8ld(Yz,0)

Now C(e)={k € N : d(aXy + AY3,0) > ¢} C {k € N : |a[d (
P0E0) 2 8} =(k € N 060.0) 2 g Ul € £ 02.0)

Hence pcf is a linear space. Similarly pc’ and gl are linear spaces. W

75)Z§}U{k€N‘
F11C Alza) UB(575) €

Theorem 3.4: The spaces Fcé and Flio are normal and monotone.

Proof: Let X = (X}) be any element of rc} and Y = (Y}) be any sequence such that
d(Y%,0) < d(Xy,0) for all k € N. Then for all e > 0, {k € N : d(Y},,0) > e}C{k € N :

d(Xy,0) > €} € I. Hence Y = (Y}) €r cl. Thus the spaces pcl is normal and hence
monotone. Similarly I’ is normal and monotone. M

Theorem 3.5: If I is not maximal ideal then the space rc! is neither normal nor monotone.

Example: Let us consider a sequence of fuzzy number

o —1<t<l
Xp(t)=¢ 3t 1<t<3

0 , otherwise
Then (Xj) €F c!. Since I is not maximal, by lemmal.1, there exists a subset K of N such

that K ¢ T and N — K ¢ I. Let us define a sequence Y = (Yk) by

X ke K
Y= .
0 , otherwise

Then (Y}) belongs to the canonical pre image of the k-step spaces of rc!. But (y) ¢rc!.
Hence rc! is not monotone. Therefore by lemma 2.1, ¢! is not normal.

Proposition 3.6: If I is neither maximal nor I = I then the spaces gc! and pcé are not
symmetric.

Example 3.7: Let us consider a sequence of fuzzy number defined by X = (X}), where
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1—-t ,0<t<1

Then for k € A € I(an infinite set), (X;) €r ¢/ . Let K C N be such that K ¢ I and
N — K ¢ I. Let us consider a sequence space Y = (Y}), a rearrangement of the sequence (X)
defined by

Yk:{ X, ke K

14+t ,-1<t<0
Xk(t)={

0 , otherwise

Then (Y),) ¢ rc!. Hence pc! is not symmetric. Similarly gcf is not symmetric.
Theorem 3.8: The spaces pc’ , pcl . pll are sequence algebra.

Proof: Let X}, and Y}, be two elements of zc!. For a € [0,1], let X, V%, X§, Yy be the o
level set of X, Yy, Xo, Yp respectively. Since d( XY, X§Y )< Cid(Xg, X§)+Cod( X, X§),
therefore we have d(X Yy, XoY0)< C1d(Xy, Xo) + Cod(Yx, Yo). Let € > 0 be given.Then
A(S)={ke N :d(Xy,Xo>5} el
B($)={keN:d(Ye,Yo> S} eI
Cle) ={k € N : d(XyYs, XoY0 > ¢}

To prove the result it is sufficient to prove that C'(¢) C A(e;) | B(ez).

Now {k € N : d(XxYx, Xo¥o) > €} C Cy{k € N : d(Xy, Xo) > S}UCo{k € N : d(Ys, Yo >
5}

2

Cle) € {k € N 1 d(Xi, Xo) > 56} ULk € N d(Yi,Yo) > 55} ie C(e) € Aler) UB(e2),
where €¢; = 2—51,62 = 2—32

The other results can be shown similarly. B

I, pcl, are not convergence free in general.

o 1<e<1

2
Proof: Let us consider a sequence of fuzzy number defined by X (¢)= % 1<t<3

Theorem 3.9: The spaces pc

0 , otherwise
Then X(t) €p ¢’. Let Y;(t)=4 for all k € N.Then Y;(t) € ¢/ But X}, = 0 does not implies

Yir = 0.Hence rc! is not convergence free. Similarly rcf is not convergence free.l
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