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Abstract In this paper, we give a new proof for the reciprocity formula of character Dedekind
sums with the help of character analogue of the Euler—-MacLaurin summation formula. More-
over, we obtain some relations for the integrals having generalized Bernoulli function as inte-
grands.

1 Introduction

For positive integer ¢ and integer b the classical Dedekind sum s(b, ¢), arising in the theory of
Dedekind n—function, were introduced by R. Dedekind in 1892 by

wo= Y ((M)((%)).

m(mod c)

where the sawtooth function is defined by

)z —lz]-1/2, ifzxeR\Z,
(@) = {0, ifreZ

with [z] floor function. The most important property of Dedekind sums is the reciprocity law

1 1 (b ¢ 1
s(b,) +s(c,b) = =3 + 3 (C +y+ bc) (1.1)

for (b, ¢) = 1. The well-known reference for Dedekind sums is Rademacher and Grosswald [9].
Several generalizations of Dedekind sums have been defined and the corresponding reciprocity
formulas have been obtained (for instance, see [1, 2, 6, 7, 9, 10]).

A character analogue of the classical Dedekind sum, called character Dedekind sum, appears
in the transformation formula of a generalized Eisenstein series associated to a non-principal
primitive character y of modulus & defined by Berndt [2]. This sum is defined by

ck—1

e = X0 B (7)1 ()

n=1

and possesses the reciprocity formula
s(c,b:x)+s(b,c:X) = BiyBiy (1.2)

whenever b and ¢ are coprime positive integers, and either ¢ or b = O(mod k) ([2, Theorem 4]).
Here B, (z) and B, (z) are the Bernoulli and the generalized Bernoulli functions (see Section
2), respectively, with B, , = B, , (0). For the proofs of (1.1) and (1.2) via Poisson summation
formula and periodic Poisson summation formula, see [4].

The sum s (b, ¢ : x) is generalized by Cenkci et al [7] as

ck—1

sy (00520 = 0 x0) B () B ()

n=1

and the following reciprocity formula is established.
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Theorem 1.1. ([7]) Let p be odd and let b, c be coprime positive integers. Let x be a non-
principal primitive character of modulus k, where k is a prime number if (k,bc) = 1, otherwise
k is an arbitrary integer. Then

(p+ 1) (bcPsp(b,c:x)+ cbPsp(c,b:X))
p+1 D+ _ _ D
—_— Z ( )bJCP+I_JBj7XBp+1_j7X + %X (C)X(_b) (kp+l - 1) Bp+1.

The reciprocity formulas of Dedekind sums are proved by employing various techniques
and theories such as transformation formulas, residue theory, Riemann—Stieltjes integral, Franel
integral, Poisson summation formula and arithmetic methods.

In this paper, we give a new proof of Theorem 1.1 for p > 1 by applying the character
analogue of the Euler—-MacLaurin summation formula to the generalized Bernoulli function,
motivated by [5] and [8].

We summarize this study as follows: Section 2 is the preliminary section where we give
definitions and known results needed. Section 3 is devoted to prove Theorem 1.1 for (b, ¢) = q.
We will accomplish this by applying the character analogue of the Euler-MacLaurin summation
formula to the generalized Bernoulli function. In Section 4, we present several relations for the
integral having generalized Bernoulli functions as integrands.

2 Preliminaries

The Bernoulli polynomials B,, () are defined by means of the generating function

_ ZBn(x);—n!, (t] < 27)

and B,, = B,,(0) are the Bernoulli numbers with By = 1, By = —1/2 and By, 1 = 0 forn > 1.
The Bernoulli functions B, (z) are defined by

B, (z) = By, ({z}) forn > 1and B (z) = ((z))

where {x} denotes the fractional part of a real number z.
Let x be a primitive character of modulus k. The generalized Bernoulli polynomials B,, , (z)
are defined by means of the generating function [3]

te a+x)t

k—
Z ekt_l =" By (@) ) (< 2m/m)

n=0

and B,, , = By, (0) are the generalized Bernoulli numbers. In particular, if xq is the principal
character, then B,, ,, (x) = B, (z) for n > 0 and By, (x) = 0 for x # xo. The generalized
Bernoulli functions B,, ,, (x), are functions with period k, may be defined by ([3, Theorem 3.1])

k—1
= — N\ n+x
By (z) = k™! E X(n)Bm ( ? ) ,m>1,

n=1

for all real . We will need the following properties in the sequel ([3]):

ET’LX (—z) = (_l)mY(_l)Em,x (z), (2.1)
By =0when (—1)" x (=1) = -1, (2.2)
d_ _

%Bm)x () =mBy,—1y (x), m>2. (2.3)

As mentioned in introductory section, the aim of this study is to give an alternative proof of
Theorem 1.1 by using character analogue of the Euler—MacLaurin summation formula. For this
purpose we make use of the following theorem and lemma.

Theorem 2.1. (/3, Theorem 4.1]) (Character analogue of the Euler—MacLaurin summation for-
mula)



498 Miimiin Can and M. Cihat Dagh

Let f € CD [, 8], =00 < a < B < oo. Then,

! jr1
> 1) = x (DY S (B (9 596) - Braas(a)fO(a) )
a<n<p =0
B
_1)¢ _
+ x(=1) (l(—i-ll))' /BZHX (u) £V (u)du

«

where the dash indicates that if n = o or n = 3, only 1x(a) f(c) or 3x(B) f(8), respectively, is
counted.

Lemma 2.2. ([7, Lemma 5.5]) Let (b,c) = 1 with ¢ > 0. Let x be a non-principal primitive
character of modulus k, where k is a prime number if (k,bc) = 1 and p is even, otherwise k is
an arbitrary integer. Then

ck—1

S X() By <b:) — P ()X (=b) () — 1) B, (0).

3 Proof of Theorem 1.1

In the sequel we assume that « = 0, 8 = ck in Theorem 2.1 and p > 1. With the aid of
Bi(z) =z —1/2,0 <z < 1,and Lemma 2.2, s,, (d, ¢ : x) can be written as

ck - sp(byctx)
ck—1 . b k ck—1 . b

= 3" x(n)nB,, (C”) -5 > x() By (Z‘) 3.1)
n=1 n=1
ck—1

= 3" x(n) 0By, (bcn) - %qpcl_px (Z) e (-Z) (K —1)B,, for (be)=q. (3.2)
n=1

So, it is convenient to consider the function f(z) = 2B, , (zb/c) in Theorem 2.1. The property
(2.3) entails that f € C*~1) [, 8] and

& ! b\’ b ! b\ b
it 0= 5y (2) P () gt (0) P () 09

for 0 < j < p — 1. Therefore, from Theorem 2.1 and the fact B,,, (k) = By (0) = By, We
have

ck—1 l j
— b ck i (p+ 1Y (b
S xmnB (ng) =3 (0G0 (1) (5) Bt

p
P b’ - -
+x(-1) <l+ 1) <_c) bc/xBl_Hy (cx) Bp—_(1+1),x (br) dx
0

k
I+1 b\' [ _
+X(—1)p_l(lfl> (—C) CO/BHLX (cx) By (bx)dz (3.4)

for1 <1+ 1 < p— 1. To evaluate the integral occurs in last row, we apply Theorem 2.1 to the
generalized Bernoulli function By, (bxz/c), along with B, (k) = B, y, and use Lemma
2.2. Then it can be seen that

k
_ _ —1)er c\_ /(b
/ Brorz (@) Byt (ba) do = ™" ((m)) T X (q) X (q) (W = 1) Byt (35)
0 1+1

for (b, c) = ¢ (see also [5, p. 759)).
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Let p > 1 be odd and (b, ¢c) = ¢. Using the fact that B, = 0 for odd p > 1, it follows from
(3.2), (3.4) and (3.5) that

ck—1
— bn
ck - sp(bye:x) = Z X (n)nB, <c)

I+1 j—1
ck i (p+1 b
= X(_l) Pt E (_1)] ( . > <c> BjxBp+1-jx
j=

.k
p b - -
+x(=1) <l v 1) <c> bc/zBH]’; (cx) Byp_(141),x (bz) d
0

P41 c\_ (b
() oo

First setting [ + 1 = p — 1 in (3.6) and multiplying by bcP~! we have
1

XD (P iy
p+1 Z(_I)J j et 'BjxBpti—jx
i=1

bePs, (b,c:x) =

<

k
—x(=1) %prZ/xgp_l,Y (cx) By (bz) dx
0

—11 c b

Now setting I = 0 and interchanging b and c in (3.6), then multiplying by cb?~! we have
cbPsp (c,b:x) ==X (—1) b’ B, xBi
k
+x(-1) %b”c2 / xBy_15 (cx) By, (bx) dx

0

1 1 b c
Y(—DgP' ———x ( - - PH 1By .
+Xx(=1)q p+1kx<q)x<q)(k )Bp+1 (3.8)
Combining (3.7) and (3.8), with the help of (2.1), we arrive at the following reciprocity formula
(p+1) (bcPsp(b,c: x) + cbPsp(c,b:X))
ptl

+ 1Y s c\_( b
=2 (p j )bjcpﬂ 'BjxBpri—jx + ‘JPH%X (Q) X (_(J) (k"' = 1) Bper  (39)
7=0

for (b, ¢) = ¢ under the assumptions of Theorem 1.1.
Therefore, Theorem 1.1 is a direct consequence of (3.9).

4 Further consequences

We consider the function f(z) = B, (zb/kc) in Theorem 2.1 with o = 0, 3 = ck and p > 2.
Using the property

%Ep () = pBp-1(z), p>2

we find that

niix(n)Bp (iZ) =x(-1) (-1’ (lf 1) (i)l+lcko/131+l,x(ckx)3p(HU (ba) dx

for 0 <1+ 1 < p — 2. On the other hand, using Raabe formula

c—1
> By (mH) =¢"""B, (),

m=0
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we deduce for b = byq, ¢ = c1q, (b1,¢1) = 1 and (b, k) = 1 that

S, (%) = 5w, (B + )
)

Then we obtain

1

O/ B cka) By () de = x (<) ()" 0y (D) B )

for (b,c) =gand (b,k) =1 (wherel+1=m>1landp—m=r>1).
Notice that (4.1) reduces to Berndt’s result [3, Proposition 6.7] for b = ¢ = 1.
Finally we present a few further consequences of (3.4) for even p > 2. In this case we use
that
sp(byetx) =0, 4.2)

which is obvious from the definition of s, (b, ¢ : ). First consider b = ck. Taking into consider-
ation that

k
/Ew Byt (k) da = 0,
0

which follows from (3.5), we conclude from (2.2), (3.1), (4.2) and (3.4) that

k

/x?lﬂy (.23) Ep,lfl,x (k:x) dx = 0.
0

Now let (b, ¢) = q. Then, it is seen from (3.2) and (4.2) that
ck—1

St (M) =% () () x (L) wovm 6

n=1

Combining (3.4), (3.5) and (4.3), and using (2.2) we find that

k
k(=D e\ _ (b
b/xBlH % (cx) Bp—i—1 5 (bx) dx Eqp ) T X (q) X (q) (k" = 1)B, 4.4

for k as in Lemma 2.2. In particular

Lk

j Broas @By @de = (0 57 )) 0w,
0
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