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Abstract. In this paper we introduce and study a subclass of close-to-convex functions de-
fined in the open unit disk. We establish the inclusion relationship, coefficient estimates and
some sufficient conditions for a normalized function to be in our classes of functions. Further-
more, we discuss Fekete-Szegd problem for a more generalized class. The results presented here
would provide extensions of those given in some earlier works.

1 Introduction

Let A denote the class of functions of the form

f(z)zz—i—Zanz”, z€eU, (1.1)
n=2
which are analytic in the open unit disk &/ = {z € C : |z| < 1}. Let K and S* denote the usual
subclass of .A whose members are close-to-convex and starlike in I/ respectively. We also denote
by 8*(«) the class of starlike functions of order o (0 < v < 1).

For two functions f and ¢ analytic in ¢/, we say that the function f is subordinate to g, and
write f(z) < g(z), if there exists a Schwarz function w (i.e. w is analytic in U, with w(0) = 0
and |w(z)| < 1, z € U), such that f(z) = g(w(z)) forall z € U.

In particular, if the function g is univalent in I/, then we have

f(z) <g(z) = f(0)=0 and [f(U) Cg(Ud).

More recently, Kowalczyk and Les-Bomba [4] studied a subclass K () of analytic function
related to the starlike functions. Thus, let f be an analytic function in ¢/ defined by (1.1). We
say that f € K,(a) (0 < a < 1) if there exists a function g € S* (1) such that

72,2f/(z) )
el ————=|>a, z€U.
(9(2)9(—2)

Also, in terms of subordination, an analytic function f € A belongs to the class K (o) (0 < v <
1) if and only if there exists a function g € S* (1), such that

—22f(2) 1+ (1-2a)z

=< )
9(2)g(~2) 1-z

Motivated by the work by Kowalczyk and Les-Bomba [4], we introduce and study a new
class Ks(A, B;u,v) of analytic functions related to starlike functions, as follows:
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Definition 1.1. If f € A, we say that f € K,(A, B;u,v) if there exists a function g € S* (3)

such that
w2’ f'(2) 1+ Az

g(uz)g(vz) ~1 + Bz
(-1<B<A<I1; u,veC":=C\ {0}, Jul<land |v| <1).
Also, we say that the function f € K,(A, B;u,v) is generated by the function g.
Remarks 1.1. (i) For the special case A =1 —2a (0 <« < 1) and B = —1, we find that
w2 f'(2) 14+ (1 -2a)z
g(uz)g(vz) = 1-2z

(1.2)

implies
2 £/
Re (““Zf(z)> >a,zeld, 0<a<l), (1.3)
9(uz)g(v2)
and we denote this subclass of functions by K(a;u,v).

(ii) Obviously, K := K,(0;1,—1), where K is the class of functions studied by Gao and
Zhou [2]. Also, K;(v) := Ks(v;1,—1), where K(v) is the class of functions due to Kowalczyk
and Les-Bomba [4].

(iii) By simple calculations it is easy to see that the inequality (1.2) is equivalent to

w2 f'(2) ’ ‘Buvzzf’(z)
g(uz)g(vz) g(uz)g(vz)

In this present paper we investigate coefficient inequalities, inclusion relationship, and the
Fekete-Szeg6 problem for functions belonging to the class K (A, B;u,v).

In our proposed investigation of the class K(A, B;u,v) we require the following lemmas.

The next lemma can be easily proved:

—A|l, zel. (L4

Lemma 1.2. Let u,v € C*, with |u] < 1, |v| < 1 and let

. n * 1
g(2) =z + nzzzbnz €S <2> . (1.5)
If we put
9(uz)g(vz) -
G(z) s H;C (u,v)2", z€U (1.6)
where .
Chp(u,v) = ijbn,jﬂuj_lv”_j (n=2,3,...), (1.7)
j=1

withby = 1, then G € S*.

Remarks 1.2. (i) Since g € §* (%), from Lemma 1.2 we obtain that G given by (1.5) belongs to
S*. Then, by (1.3) we see that the class K(a;u,v) is a subclass of the class K of close-to-convex
functions.

(ii) If we put w = 1 and v = —1, from (1.7) we find that
0, if n=2%k
B2k717 if n:Zk’—l,

Chp(u,v) = {

where
Bok—1 = 2bag—1 — 2bobog 2 + -+ + (= 1)F2b_1bpyr + (= 1) 07, (1.8)

and we get the earlier given result by Gao and Zhou [2] for their class of functions.
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Lemma 1.3. Let the function
Hz)=14+hz+h+..., z€l,
be analytic in the unit disk U. Then, the function H satisfies the condition

H(z)—1

S, —1 < <
A_BH(Z)’<B,26L{, (-1<B<A<I)

for some 5 (0 < 8 < 1), if and only if there exists an analytic function ¢ in the unit disk U, such
that |¢(z)| < B for z € U, and

1 — Azp(z)

H(z) = 1 — Bzp(z)’

z€EeU.

Proof. We will employ the technique similar with those of Padamanabhan [7]. Assume that the
function
H(z)=14+hz+h2?+..., z€l,

satisfies the condition

H(z) -1

1< <1).
ABH(z)‘<B’Z€u (-1<B<A<L1)

Setting
1—H(z)
h(z) = ———+—
)= A= BHG)
we see that the function h analytic in U, satisfies the inequality |h(z)| < 3 for z € U and h(0) =
0. Now, by using the Schwarz’s lemma, we get that the function % has the form h(z) = zp(z),
where ¢ is analytic in U/ and satisfies |p(z)| < 3 for z € U. Thus, we obtain

1= Ah(z) 11— Azp(z)

&) == Bh0) = 1= Brple)

On the other hand, if

11— Azp(z)

1 - Bzp(2)

and |p(z)] < B for z € U, then H is analytic in the unit disk = € Y. Furthermore, since
lzo(2)] < Bz| < B for z € U, we get

H(z)—1 |
ABH(z)‘ = lzp(2)| < B, z €U,
which completes the proof of our lemma. O
Lemma 1.4. [5] Let —1 < B, < By < A1 < Ay < 1. Then,

LAz 1+ Axe
1+ Bz 1+B22’

Let P denote the class of functions p of the form
p(z) = 14> cn2", z €U, (1.9)
n=1

which are analytic in the open unit disk U/.
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Lemma 1.5. [6] If p € P has the form (1.9) and satisfies Rep(z) > 0, z € U, then for any

number p € C we have
e —ucﬂ <2max{1;|2u — 1]},

and the result is sharp for the functions given by

142 1+ 22
p(z) = T and p(z) = 1T
Lemma 1.6. [3] A function p € P satisfies Rep(z) > 0, z € U, if and only if
z—1
p(z) # 7, 2 €U,

forall |z] = 1.
Lemma 1.7. If f € A has the form (1.1), then | € Ks(«;u,v) if and only if

l—I—ZAnz”_l #0, zel, |z| =1,

n=2

where
na, + (1 —2a)Cp(u,v) + (na, — Cp(u,v))

2(1 — )
and the coefficients Cy,(u,v) are given by (1.7).

A, =

Proof. . According to Lemma 1.6, we have that f € K(a;u,v) if and only if

w2l f(z) o
uz vz - - ]
g(uz)g(vz) z zel,
1l -« x4+ 1
for all |z| = 1.
For z = 0, the above relation holds, since
wvz’ f'(2)
gluz)glvz) @ r—1
= =1# —— =1.
J —Y 7 x+1’ =]

z=0
For z # 0, the relation (1.11) is equivalent to
(2 +1) (w2 f'(2) = ag(uz)g(vz)) # (z = 1)(1 = a)g(uz)g(vz),
forall z € U \ {0} and |z| = 1. Thus, we have

2(l —a)z + Z [na, + (1 —2a)Cp(u,v) + z(na, — Cyp(u,v)] 2" # 0,

n=2

for z € U \ {0} and |z| = 1, equivalently

i [na, + (1 = 2a)Cy(u,v) + z(na, — Cp(u,v)]

2(1—a)z |1+ =2 2 #£0.

2(1 — a)

Dividing both sides of (1.12) by 2(1 — a)z, we obtain

o0

3 [nan + (1 = 2a)Cp(u,v) + z(na, — Cy(u,v)]

n=2 n—1
14 20— a) 2" #£0,

for z € U \ {0} and |z| = 1, which completes our proof.

(1.10)

(1.11)

(1.12)
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2 Main Results

We will prove a theorem which provides us a sufficient condition for functions to belong into the
class K4(A, B;u,v).

Theorem 2.1. Let the functions f and g defined by (1.1) and (1.5) respectively, and for n =
2,3,4,... let define the coefficients C,,(u,v) by (1.7). If

(1+[B) Y _nlan|+ (1 +[4]) Y [Cu(u,0)| < A= B
n=2 n=2

(-1<B<A<1Lu,veC |u <1, [v|<1),
then f € K (A, B;u,v).

Proof. For the functions f given by (1.1) and ¢ given by (1.5) set

Ag(uz)g(vz) | _

uvz

() - 9(uz)g(vz)

uvz

A:

o0 o0
E napz" — E Cr(u,v)2"
n=2 n=2

- ‘BZf’(Z) -

(B—A)z+B i napz" — Ai Cr(u,v)2"

n=2 n=2
From here, we have
A< —(A=B)|z[+ (14BN Y nlan| 21" + (1+[A) Y [Culu, )| 2",
n=2 n=2
hence
A< (— (A-—B)+ (1+|BJ) Zn|an| +(1+ |A\)Z Cn(u,v)|> |z|, z € U.
n=2 n=2
Using the assumption we obtain A < 0, and thus we have
A
of(e) - L2)aa) | ‘Bzf/(z) _Agluz)g()| g,
uvz uvz
hence from (1.4) we conclude that f € K,(A, B;u,v). O

Remark 2.2. Takingu = 1, v =—-1,A=1-2v (0 <~y < 1)and B = —1 in Theorem 2.1, we
get the result obtained by Kowalczyk and Les-Bomba [4].

The next theorem gives the estimate of the coefficients.

Theorem 2.3. Let —1 < B < A < 1. Suppose that an analytic function f given by (1.1) and
g e S* (%) given by (1.5) are such that the condition (1.2) holds. Then, for n > 2 we have

Inan — Cn(u,v)|* — A - B < @.1)
n—I1
3 (|B2 — 1 K2 fax? + |42 = 1] |Ch(u, 0) P + 2k axCr(u, v)] 1 — AB|) :
k=2

where the coefficients C,, (u,v) are defined by (1.7).
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Proof. Since f € K (A, B;u,v) for some g € S* (%), the inequality (1.4) holds. From Lemma
1.3 we have

2f'(2) _ 11— Azp(2)
G(z)  1—Bzp(z)’ zed, (2:2)

where ¢ is an analytic functions in U, |p(z)| < 1 for 2 € U, and G is given by (1.6).
From (2.2), by using the definitions (1.1) and (1.6) for f and G respectively, we obtain that

-B (z + inanz”> +A (z + icn(u, v)z")] 2¢(z) =

n=2 n=2

Z Cr(u,v)2" — Znanz", z€eU. (2.3)
n=2 n=2

Since the function zp(z) has the expansion

from (2.3) we find that
((A —B)z—B Z nanz” + A Z Ch(u, v)z") Z th2" =
n=2 n=2 n=1
Zc u,v) Znan "ozel. (2.4)

Now, equating the coefficient of 2™ in (2.4), we get
Cp(u,v) = nap, = (A — B)tp—1 + (—2Bay + AC>(u,v)) t—2 +
(=3Baz + AC5(u,v)) tp_3 + -+ (—=(n — 1)Ban_1 + ACp_1(u,v)) t1.

and thus, the coefficient combination on the R.H.S. of (2.4) depends only upon the coefficients
combinations

(=2Bay + ACy(u,v)), ..., (—(n— 1)Ban_1 + ACp_1(u,v)) .

Hence, for n > 2 we can write that

n—I1

(A—B)z+ Z (—=Bkay + ACk(u,v)) zk] zp(z) =

n o0
Z (Cr(u,v) — kag) 25 + Z dp®, zel,
k=2

k=n+1

and using the fact that |z¢(z2)| < |z] < 1 for all z € U, this reduces to the inequality

>

i Cr(u,v) kak)zk—k i dpz"
k=2

(A—B)z—i—z —Bkay, + ACk(u, v)
k=n+1
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Squaring the above inequality and integrating along the circle |z| = r (0 < r < 1), we obtain

2

2 n—I1
/ (A - B)re? + Z (—Bkay, + ACy(u,v)) r*e™*?| do >
0 k=2
2w | n > 2
/ (Cr(u,v) — kag) r¥e™® + Z dr*e™?| de.
0 k=2 k=n+1
Using now the Parseval’s inequality, we obtain
n—1
|A— B|*r? + Z |—-Bkay, + AC’k(u,v)|2T2k >
k=2
Z |kar — C’k(u,v)|2r2k + z |dy|* -
k=2 k=n-+1
Letting » — 1 in this inequality, we get
n—1 n 0o
|A— BI* + Z |—Bkay, + ACy(u,v)|* > Z kag — Cr(u,v)|* + Z |di)?,
k=2 k=2 k=n+1
which implies
n—1 n
A= B>+ Y |- Bkar + ACk(u, )] > 3 |kay, — Ci(u,v)[*.
k=2 k=2

Hence we deduce that

Inay, — Cp(u,v)|* —|A — B <

n—1
(|B2 — 1| B Jaxl? + [A2 = 1] |Ch(u, v) 2 + 2 [k C (u, v)] |1 - AB|) :
k=2

and thus we obtain the inequality (2.1), which completes our proof. O

Remark 2.4. Takingu = 1,v=—-1,A=1-27 (0 <y < 1), and B = —1 in above theorem,
we get the result obtained by Kowalczyk and Les-Bomba [4].

Now we establish a result on inclusion relationship contained in the next theorem.

Theorem 2.5. Let u,v € C*, with |u| < 1, |v]| < 1, andlet -1 < B, < B < A; < A, < L.
Then,
K, (AhBl;U,U) C K (AQ,BQ;U,”U) .

Proof. Supposing that f € Ks(Ay, B;u,v), we have

w2 f'(z) 1+ Az
< .
g(uz)g(vz) 14 Bz

Since —1 < B, < B} < 4] < Ay < 1, by Lemma 1.4 we get

w2t f(2) - 14+ 41z 14 Az
g(uz)g(vz) 1+ Bz 1+ Byz’

hence f € K;(A,, Ba;u,v). O
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Theorem 2.6. If the function f € A has the form (1.1) and satisfies the condition

5 (g -swenr ()}
li{;(kak — Cr(u,v)) (—l)l"“(ljk>} (nil> > <2(1 -a),

where 0 < a < 1, 7,4 € R and the coefficients Cy,(u, v) are given by (1.7), then f € K¢(a;u,v).

Proof. According to Lemma 1.7, to prove that 1 + Z Azt~ £ 0forall z € U and |z| = 1,
where A,, are given by (1.10), it is sufficient to show that

<1+2Anz ) (1—2) (1+2)° =

n=2

1+>

S () e

forall z € U and |z| = 1, where Ag =0, A; = 1 and ~,§ € R. Thus, if the function f satisfies

<1 |zl =1,

that is, if

1 o0

2(1 — ) Z

n=2

+a (kay, — Ci(u,v)) (—1)'7F <1 jk) } <n(i l> ‘ =

S v seenor ()

n l
{ (kar + (1 —2a)Ck(u,v))
=1 Lk=1

n—1

n=2 =
n l ~ 5
- 1)k <1, |z|=1
Flal {Z (kai — Ci(os,0)) (~1) (l_k)}(n_l)>_ =1,
=1 Lk=1
then f € K,(«;u,v), and the proof is complete. O

Letting v = 6 = 0 in Theorem 2.6, we have:

Corollary 2.7. If the function f € A has the form (1.1) and satisfies the condition

oo

Z (Ina, + (1 = 2a)Cy (u,v)| + |na, — Cp(u,v)]) <2(1 — )
n=2

forsome o (0 < a < 1), where the coefficients C,,(u,v) are given by (1.7), then | € Ks(a; u,v).

Taking v = 1 and v = —1 in Theorem 2.6, we obtain:
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Corollary 2.8. If the function f € A has the form (1.1) and satisfies the condition
oo n l ~y S
Z ( Z{Z (kar + (1 = 2a)Bag—1) (— l)l_k<l—k)} <n—l>
n=2 \li=1 Lk=1

n l ~

-k

Z{Z (kar — Bar—1) (—1) <lk)}(n >§ (1-a)

for some a (0 < a < 1) and v,6 € R, then [ € Kq(a) := K (a;1,—1), where By

1=1 (k=1
(k=2,3,4...) are given by (1.8) and B; = 0.

+

For o = 0 the above Corollary reduces to the next special case:

Corollary 2.9. If the function f € A has the form (1.1) and satisfies the condition

ni(i{zl: (kay, + Bay—1) (— 1)lk(ljk>}<n5_l)

=2 \li=1 (k=1
l”l {;(kak_&k”)(_”lk<13k>} (") ) =

where v,5 € R, then f € K(0), where By,_1 (k=2,3,4...) are given by (1.8) and B; = 0.

+

3 Fekete-Szego Inequality

In this section we assume that the function ¢ is an analytic function with positive real part, that
maps the unit disk ¢/ onto a starlike region which is symmetric with respect to real axis, and is
normalized by ¢(0) = 1 and ¢’(0) > 0. In such case, the function ¢ has an expansion of the
form p(z) = 1+ Biz+ By2*> + ..., B; > 0.

Definition 3.1. Let f be an analytic function in I/ defined by (1.1). We say that f € Ks(p;u,v),
if there exist g € S* (%) such that
w22 f!(2)
————— < (2
g(uz)g(vz) (2)
(u,v € C*, |u] < land |v| <1),
where the function ¢ satisfies the requirements mentioned just above this definition.

Theorem 3.2 (Fekete-Szegd Inequality). For a function f(z) = z+ ayz* + a3z +. .. belonging
to the class Ks(p;u,v), the following sharp estimate holds:

1 3 uv
’a3 —ua%’ < 3max{B17 B, — ZMB% } -3 +
1 b b
Byeiby(u + ) <6Z> + (u+v)? (33“42> (3.1

Proof. Using the definition of the subordination between two analytic function, there exists a
function w analytic in ¢, normalized by w(0) = 0, satisfying |w(z)| < 1, z € U, and

w2 f'(z)

g(uz)g(vz) o(w(2)), z € U.



42 S. P. Goyal, Onkar Singh and Teodor Bulboaci

If
1+ w(z)

pl(z)—m:l—i—clz—i—czzz—i—...,zEU, (3.2)

then p; is analytic and has positive real part in ¢/, with p; (0) = 1, and from (3.2) we obtain

() =< +1 _4a 24 cu (3.3)
wiz)=zz+5 -5 |+, 2 . .
Letting
2 ¢
p(z):m:1+dlz—|—dzzz—|—...,zEU, (3.4)
g(uz)g(vz)
this gives

dy = 2ap — bz(u + 1)),
dy = 3a3 — 2aaby(u + v) — b3 (u® + v?) — b3uw + b3(u + v)2. (3.5)

Since ¢ is univalent and p(z) < ¢(z), by using (3.3) we obtain

3101 1 C% ]2 2
p(x) =pw(x)) =1+ =2+ |5 (=5 | Bi+ B 2+ .., €U, (3.6)

Now, from (3.4), (3.5), and (3.6), we obtain

B
1261 =2a; — ba(u +v),
1 c? 1
5 <62 — 5) B + ZC%BQ =

3a3 — 2asby(u +v) — b3 (u? + v?) — b3uv + b3(u + v)?,

and therefore, we conclude that

1 2uv b2
S P T

2
1 p 2 by ub3
B N = _ P2
1c1b2(u+v)(6 4>+(u+v) <3 1)
where . B 3
e T
v ) (1 B] + 4 Bl>
. . o B 1
The desired result follows upon using the Lemma 1.5 and using estimate that |b3 — 5 < 5 for
any analytic function g(z) = 2 + by2? + b3z3 + ..., z € U, which is starlike of order 5 (see
[1D). O
Remarks 3.1. (i) Putting v = 1 and v = —1 in the above theorem we get the result obtained

recently by Cho et al. [1].
(i) Setting © = 0 in Theorem 3.2 we get the sharp estimate for the third coefficient of function
in K¢(p;u,v), that is

lasz| < Blmax{l, +(u+v)zl;—3. (3.7

3

Biciby(u +
}uv+ 1c1ba(u+v)

B 3 6
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(iii) Putting v = 1 and v = —1 in (3.7) we get the sharp estimate for the third coefficient of
function in the class K;(y), due to Cho et al. [1].
(iv) If we let 4 — oo in (3.1) we get the sharp estimate for |as|, i.e.

Bf  b(utv)

\a2| < T T [3101 + (U + ’U)bz}. (3.8)

(v) If we put w = 1 and v = —1 in (3.8) we get the result due to Cho et al. [1]. Also, for

u=1landv = —1and p(z) = ii, the results reduces to the corresponding one from [2,
—Z

Theorem 2, p. 125].
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