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Abstract. We characterize some types of FIP and FCP ring extensionsR ⊂ S, whereS is
not an integral domain andR may not be an integral domain, contrary to a general trend. In
each of the sections,S is a product of finitely many rings that are related toR in various ways.
Ring extensions of the formRn →֒ Rp associated to some matrices are also considered. Our
tools are minimal ring morphisms and seminormalization, while Artinian conditions on rings are
ubiquitous.

1 Introduction and Notation

All rings R considered are commutative, nonzero and unital; all morphisms of rings are unital.
Let R ⊆ S be a (ring) extension. The set of allR-subalgebras ofS is denoted by[R,S]. The
extensionR ⊆ S is said to have FIP (for the “finitely many intermediate algebras property")if
[R,S] is finite. A chain of R-subalgebras ofS is a set of elements of[R,S] that are pairwise
comparable with respect to inclusion. We say that the extensionR ⊆ S has FCP (for the “finite
chain property") if each chain ofR-subalgebras ofS is finite. It is clear that each extension
that satisfies FIP must also satisfy FCP. Our main tool are the minimal (ring) extensions, a
concept introduced by Ferrand-Olivier [10]. Recall that an extensionR ⊂ S is calledminimal if
[R,S] = {R,S}. The key connection between the above ideas is that ifR ⊆ S has FCP, then any
maximal (necessarily finite) chainR = R0 ⊂ R1 ⊂ · · · ⊂ Rn−1 ⊂ Rn = S, of R-subalgebras of
S, with lengthn < ∞, results from juxtaposingn minimal extensionsRi ⊂ Ri+1, 0 ≤ i ≤ n−1.
Following [14], the length of[R,S], denoted byℓ[R,S], is the supremum of the lengths of chains
of R-subalgebras ofS. In particular, ifℓ[R,S] = r, for some integerr, there exists a maximal
chainR = R0 ⊂ R1 ⊂ · · · ⊂ Rr−1 ⊂ Rr = S of R-subalgebras ofS with lengthr. Against
the general trend, we characterized arbitrary FCP and FIP extensionsin [8], a joint paper by D.
E. Dobbs and ourselves whereas most of papers on the subject are concerned with extensions
of integral domains. It is worth noticing here that FCP extensions of integral domains (ignoring
fields) are generally nothing but extensions of overrings as a quick lookat [6, Theorems 4.1,4.4]
shows because FCP extensions are composite of minimal extensions.

In this paper, we will continue to consider the FCP or FIP properties of extensions for special
types of extensions between not necessarily integral domains, likeK → Kn whereK is a field.
It is known that these latter extensions have FIP and actually they motivatedus to study general-
izations. Our study shows phenomena that do not arise in the integral domain case and provides
us a lot of new examples, that may be sometimes surprising. They are most of time integral and
seminormal within the meaning of Swan. Problems arise when they are notseminormal, leading
to the computation of seminormalizations. The Gilmer’s seminal work on FIPand FCP is settled
for overrings of an integral domainR, with quotient fieldK. In particular, [12, Theorem 2.14]
shows thatR ⊆ S has FCP for each overringS of R only if R/C is an Artinian ring, where
C = (R : R) is the conductor ofR in its integral closure. This necessary Artinian condition is
not surprisingly present in all our results.

Product morphismsR →
∏n

i=1 Ri that are extensions are the theme of our work. We warn
the reader that we have developed a similar theory for idealizations of modules, with necessarily
finitely many submodules [19]. We will observe that results may depend on the value ofn, and
a lot of them are only valid forn = 2.

In Section 2, we look at diagonal extensionsR ⊆
∏n

i=1 Ri, for some finitely many FCP or FIP
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extensionsR ⊆ Ri. WhenR ⊆ Ri has FCP for eachi, Theorem2.11asserts thatR ⊆
∏n

i=1 Ri

has FCP if and only ifR is an Artinian ring. The FIP condition is much more complicated.
For instance,R has finitely many ideals ifR ⊆

∏n
i=1Ri has FIP (Proposition2.2). Moreover,

R ⊆ R2 has FIP if and only ifR has finitely many ideals (Corollary2.5).
Section 3 is concerned with extensions of the formR/ ∩n

j=1 Ij ⊆
∏n

j=1(R/Ij), where
I1, . . . , In are proper ideals of a ringR, not necessarily distinct and such that∩n

j=1Ij = 0.
Then,R ⊆

∏n
j=1 R/Ij has FCP if and only ifR/C is Artinian, where its conductorC can

be computed as follows. SettingJj := ∩n
k=1,k 6=jIk for eachj ∈ {1, . . . , n}, we get that

C :=
∑n

j=1 Jj (Proposition3.1). We are able to generalize a Ferrand-Olivier’s result. It states
that if R is a ring and{I1, . . . , In}, n > 2, is a family of ideals ofR such that∩n

j=1Ij = 0, then
R ⊆

∏n
j=1(R/Ij) is a minimal extension if and only if there existj0, k0 ∈ {1, . . . , n}, j0 6= k0

such thatIj0 + Ik0 ∈ Max(R) andIj + Ik = R for any(j, k) 6= (j0, k0), j 6= k. If this condition
holds, then{I1, . . . , In} satisfies a weak Chinese Remainder Theorem (Theorem3.13).

Section 4 is devoted to diagonal extensionsR ⊆ Rn and heavily uses results of Section 3. We
get in Theorem4.2 thatR ⊆ Rn has FIP if and only ifR has finitely many ideals andn ≤ 2 as
soon as there exists a maximal idealM of R such thatRM is not a field andR/M is an infinite
field. We are then able to give a general characterization of FIP extensionsR ⊆

∏n
i=1 Ri studied

in Section 2. We show thatRn may have different structures ofRp-algebras ifp < n are two
positive integers, leading to different occurrences of FIP extensionsRp →֒ Rn.

Let R be a ring. As usual, Spec(R) (resp. Max(R)) denotes the set of all prime ideals (resp.
maximal ideals) ofR. If I is an ideal ofR, we set VR(I) := {P ∈ Spec(R) | I ⊆ P}. If
R ⊆ S is a ring extension andP ∈ Spec(R), thenSP is the localizationSR\P and(R : S) is
the conductor ofR ⊆ S. When there is no possible confusion, we denote the integral closure of
R in S by R. Recall that ifE is anR-module, itssupportSuppR(E) is the set of prime ideals
P of R such thatEP 6= 0 and MSuppR(E) := SuppR(E) ∩ Max(R). If E is anR-module,
LR(E) is its length. We will shorten finitely generated module into f.g. module. Recall that a
special principal ideal ring(SPIR) is a principal ideal ringR with a unique nonzero prime ideal
M = Rt, such thatM is nilpotent of indexp > 0. Hence a SPIR is not a field. Each nonzero
element of a SPIR is of the formutk for some unitu and someuniqueintegerk < p. Finally, as
usual,⊂ denotes proper inclusion and|X | denotes the cardinality of a setX .

There are four types of minimal extension, but we only need ramified minimal extensions.

Theorem 1.1.[10, Théorème 2.2], [18, Theorem 3.3] LetR ⊂ T be a ring extension andM :=
(R : T ). ThenR ⊂ T is a minimalramified extension if and only ifM ∈ Max(R) and there
existsM ′ ∈ Max(T ) such thatM ′2 ⊆ M ⊂ M ′, [T/M : R/M ] = 2 (resp. LR(M ′/M) = 1),
and the natural mapR/M → T/M ′ is an isomorphism.

If these conditions hold, thenRP = TP for eachP ∈ Spec(R) \ {M}.

We also need some results about seminormality and t-closedness that we recall here.

Definition 1.2.An integral extensionf : R →֒ S is termed:
(1) infra-integral if all its residual extensions are isomorphisms [17].
(2) subintegralif f is infra-integral andaf is bijective [20].

A minimal morphism is ramified if and only if it is subintegral. Let{R1, . . . , Rn} be finitely
many infra-integral extensions of a ringR. It is easy to show thatR →

∏n
i=1 Ri is infra-integral.

But this result is no longer valid for subintegrality.
A ring extensionR ⊆ S is calledt-closedif b ∈ S, r ∈ R, b2 − rb, b3 − rb2 ∈ R ⇒ b ∈ R

[17]. Now, R ⊆ S is calledseminormalif b ∈ S, b2, b3 ∈ R ⇒ b ∈ R [20]. If R ⊂ S is
seminormal,(R : S) is a radical ideal ofS. Thet-closure t

SR (resp. seminormalization+SR) of
R in S is the smallestB ∈ [R,S] such thatB ⊆ S is t-closed (resp. seminormal). Moreover,tSR
(resp. +SR) is the greatestB ∈ [R,S] such thatR ⊆ B is infra-integral (resp. subintegral). The
chainR ⊆ +

SR ⊆ t
SR ⊆ S is called thecanonical decompositionof R ⊆ S.

T-closures and seminormalizations both commute with localization at arbitrary multiplica-
tively closed subsets ([16, Proposition 3.6], [20, Proposition 2.9]).

According to J. A. Huckaba and I. J. Papick [13], an extensionR ⊆ S is termed a∆0-extension
provided eachR-submodule ofS containingR is an element of[R,S]. We recall here for later
use an unpublished result of the Gilbert’s dissertation.
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Proposition 1.3.[11, Proposition 4.12] LetR ⊆ S be a ring extension with conductorI and
such thatS = R + Rt for somet ∈ S. Then theR-modulesR/I and S/R are isomorphic.
Moreover, each of theR-modules betweenR andS is a ring (and so there is a bijection from
[R,S] to the set of ideals ofR/I).

We end this introduction with a new result that introduces and gives the flavor of the next
section.

Proposition 1.4.LetR be a commutative ring andn ≥ 2 a positive integer.

(1) (R : Rn) = 0 andR ⊆ Rn is infra-integral. Moreover,R ⊆ Rn is seminormal if and only if
R is reduced.

(2) R ⊆ Rn has FCP if and only ifR is an Artinian ring.

Proof. (1) Obviously,R ⊆ Rn has a zero conductor and is infra-integral. Assume thatR is
reduced. Then, [20, Lemma 3.1] gives thatR ⊆ Rn is seminormal. Conversely, ifR ⊆ Rn is
seminormal, then 0= (R : Rn) is a radical ideal ofR, so thatR is reduced.

(2) Assume thatR ⊆ Rn has FCP and that there is an infinite chain{Ij}j∈J of ideals ofR.
For eachj ∈ J , setSj := R+ (0× Ij). Then,{Sj}j∈J is an infinite chain ofR-subalgebras of
Rn, which is absurd. Hence, any chain of ideals ofR is finite andR is Artinian.

Conversely,Rn is f.g. overR. ThusR ⊆ Rn has FCP in view of [8, Theorem 4.2], ifR is
Artinian.

The following results will be useful.

Proposition 1.5.Let (R,M) be a local Artinian ring such thatR/M is infinite andR ⊆ S a ring
extension with conductorC := (R : S).

(1) If R ⊂ S has FIP and is subintegral, then[R,S] is linearly ordered.

(2) If R ⊆ S is finite, seminormal and infra-integral, thenR ⊆ S has FIP.

(3) If R ⊂ S is finite and infra-integral, thenR ⊂ S has FIP if and only ifR ⊆ +
SR has FIP.

Proof. (1) There is no harm to assume thatC = 0 because the map[R,S] → [R/C, S/C] defined
by T 7→ T/C is bijective. IfR is not a field, then the proof of [8, Proposition 5.15] shows that
[R,S] is linearly ordered.

Now, assume thatR is a field, so that 0= (R : S) andR is infinite. SinceR ⊂ S is an
FIP subintegral extension,S is Artinian local and not a field with{N} := Max(S), because
R ∼= S/N by subintegrality shows thatN 6= 0. From [2, Theorem 3.8], we get thatS = R[α],
for someα ∈ S such thatα3 = 0. In view of the proof of [2, Lemma 3.6(b)],[R,S] is linearly
ordered.

(2) We can assume thatR 6= S andC = 0 by consideringR/C → S/C and using [8,
Proposition 3.7(c)]. By [8, Proposition 5.16], we get thatR ⊂ S has FIP.

(3) Assume thatR ⊂ S is finite and infra-integral and setT := +
SR. Then,T is local Artinian

with maximal idealN andT/N ∼= R/M is infinite. Moreover,T ⊆ S is finite, seminormal,
infra-integral and has FIP by (2).

If R ⊂ S has FIP, thenR ⊆ T has FIP. Conversely, assume thatR ⊆ T has FIP. In view of
[8, Theorem 5.8],R ⊂ S has FIP.

We will use the following result. IfR1, . . . , Rn are finitely many rings, the ringR1×· · ·×Rn

localized at the prime idealP1×R2× · · ·×Rn is isomorphic to(R1)P1 for P1 ∈ Spec(R1). This
rule works for any prime ideal of the product.

2 FCP or FIP extensions for products of rings

We extract from the more precise result [9, Proposition 4.15] the following statement, about the
canonical diagonal extensionK ⊆ Kn, for a fieldK and a positive integern > 1. Recall that the
nth Bell numberBn is the number of partitions of{1, . . . , n} [3, p. 214]. Actually, the finiteness
of |[K,Kn]| comes from [5, Proposition 3, p. 29].
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Proposition 2.1.LetK be a field andn a positive integer,n > 1. Then|[K,Kn]| = Bn, where
Bn is thenth Bell number andK ⊆ Kn is a seminormal and infra-integral FIP extension.

We now intend to extend the above result to diagonal ring extensionsδn : R →֒ Rn, for
arbitrary ringsR. We need information about some closures and give necessary conditions
for the FCP or FIP properties hold. IfR ⊆ Ri, i = 1, . . . , n, n ≥ 2 are finitely many ring
extensions andδ : R →֒

∏n
i=1 Ri is the canonical diagonal extension, it can be factoredR →֒

Rn →֒
∏n

i=1 Ri. We can also consider thatR →֒ R2 is a subextension by considering the product
R×R → R1×

∏n
i=2 Ri of the extensionsR →֒ R1 andR →֒

∏n
i=2 Ri. Of course, this embedding

of R2 is not unique. A more complete study appears in Section 4 (see Proposition4.6).

Proposition 2.2.Let R ⊆ Ri, i = 1, . . . , n, n ≥ 2 be finitely many ring extensions,R :=∏n
i=1 Ri andR ⊆

∏n
i=1Ri = R the canonical diagonal extension. Then:

(1) Supp(R/R) = Spec(R).

(2) Assume thatR ⊆ R has FCP (resp. FIP). Then,R is an Artinian ring and each extension
R ⊆ Ri has FCP (resp. FIP).

(3) Assume thatR ⊆ R has FIP. Then,R has finitely many ideals.

Proof. We haveR2 ⊆
∏n

i=1Ri andRn ⊆
∏n

i=1Ri.
(1) Let P ∈ Spec(R). Then,RP 6= 0 implies (1,0) 6∈ RP and P ∈ Supp(R2/R) ⊆

Supp(R/R), which gives (1). Indeed,(R2/R)P ∼= (RP )2/RP .
(2) Assume thatR ⊆ R has FCP, so thatR ⊆ Rn has FCP. Then,R is an Artinian ring in

view of Proposition1.4. Statements about FCP or FIP are clear.
(3) Assume thatR ⊆ R has FIP, so thatR ⊆ R2 has FIP. LetI, J be two distinct ideals ofR.

Then,R+(0× I) andR+(0× J) are two distinctR-subalgebras ofR2. SinceR ⊆ R2 has FIP,
it follows thatR has finitely many ideals.

Rings which have finitely many ideals are characterized by D. D. Anderson and S. Chun [1],
a result that will be often used.

Proposition 2.3.[1, Corollary 2.4] A commutative ringR has only finitely many ideals if and
only if R is a finite direct product of finite local rings, SPIRs, and fields, that arethe local rings
of R.

From now on, a ringR with finitely many ideals is termed an FMIR and aΣFMIR if at least
a local ring ofR is an infinite SPIR. We also callΣPIR an infinite SPIR. For an arbitrary ringR,
we denote byΣMax(R) the set of allM ∈ Max(R) such thatRM is an infinite FMIR.

Proposition 2.4.LetR ⊆ Ri, i = 1, . . . , n be finitely many ring extensions andR :=
∏n

i=1Ri.
LetRi (resp. R) be the integral closure ofR in Ri (resp. R). Then:

(1) R =
∏n

i=1Ri.

(2) Assume thatR ⊆ Ri has FCP for eachi. Then,R ⊆ R has FCP (and FIP).

Proof. (1) is [4, Proposition 9, ch. V, p. 16].
(2) Assume thatR ⊆ Ri has FCP for eachi. In view of [8, Theorem 3.13], we get that

Ri ⊆ Ri has FCP for eachi. This extension has also FIP since FCP and FIP are equivalent
for an integrally closed extension [8, Theorem 6.3]. Now, use [7, Proposition III.4], to get that∏n

i=1 Ri ⊆
∏n

i=1 Ri has FCP (and then FIP because integrally closed).

Corollary 2.5. LetR ⊆ R1 andR ⊆ R2 be two integrally closed extensions. Then,R ⊆ R1×R2

has FCP (resp. FIP) if and only if eachR ⊆ Ri has FCP andR is Artinian (resp. an FMIR).
In particular,R ⊆ R2 has FIP if and only ifR is an FMIR.

Proof. One implication is obvious, since anyR-subalgebraS1 of R1 yields anR-subalgebra
S1 ×R2 of R1 ×R2. Then, use Proposition2.2.

Conversely, assume thatR ⊆ R1 andR ⊆ R2 have both FCP (and then FIP) and thatR is
Artinian. Then,R2 ⊆ R1×R2 has FCP (resp. FIP) by Proposition2.4. Moreover,R2 ⊆ R1×R2
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is integrally closed andR ⊆ R2 is an integral extension. In view of Proposition1.4, it follows
thatR ⊆ R2 and soR ⊆ R1 ×R2 have FCP by [8, Theorem 3.13].

Now, assume thatR ⊆ R1 andR ⊆ R2 have both FIP and thatR is an FMIR. By Proposi-
tion 1.3, R ⊆ R2 as well asR ⊆ R1 ×R2 have FIP by [8, Theorem 3.13].

Proposition 2.6.LetR ⊆ Ri, i = 1, . . . , n, be finitely many integral extensions,Si := +
Ri
R, Ti :=

t
Ri
R for eachi, R :=

∏n
i=1 Ri, S :=

∏n
i=1 Si andT :=

∏n
i=1 Ti. Then:

(1) +
RR = +

SR and t
RR = T .

(2) If eachTi ⊆ Ri has FCP (resp. FIP), then t
RR ⊆ R has FCP (resp. FIP). This holds if each

R ⊆ Ri has FCP (resp. FIP).

Proof. (1) Obviously,+SR ⊆ +
RR and is subintegral. Moreover,S ⊆ R is seminormal, since so

are eachSi ⊆ Ri. Then,S ∈ [+RR,R], with +
RR ⊆ S seminormal, so that+SR ⊆ +

RR is also
seminormal, then an equality.

We know that
∏n

i=1Ti ⊆
∏n

i=1Ri is t-closed [15, Lemma 5.6]. To conclude, it is enough to
show thatR ⊆

∏n
i=1 Ti is infra-integral.

The prime ideals of
∏n

i=1 Ti are thePi ×
∏n

j=1,j 6=i Tj, wherePi is a prime ideal ofTi. For
Pi ∈ Spec(Ti), setQi := Pi ∩R. Then,(

∏n
i=1 Ti)/(Pi ×

∏n
j=1,j 6=i Tj) ∼= Ti/Pi

∼= R/Qi, since
R ⊆ Ti is infra-integral. It follows thatR ⊆

∏n
i=1 Ti is infra-integral

(2) In view of [8, Proposition 3.7(d)], we get that
∏n

i=1 Ti = t
RR ⊆ R has FCP (resp.

FIP). There was a misprint in the statement of [8, Proposition 3.7(d)], where we should read: If
R = R1 × · · · ×Rn is a finite product of rings andR ⊆ S satisfies FCP, thenS can be identified
with a product of ringsS1×· · ·×Sn whereRi ⊆ Si for eachi. Thenℓ[R,S] =

∑n
i=1 ℓ[Ri, Si].

The next proposition and Proposition2.2enable us to reduce our study to quasi-local rings.

Proposition 2.7.[8, Proposition 3.7 and Corollary 3.2] LetR ⊆ S be a ring extension.

(1) If R ⊆ S has FCP (FIP), then|Supp(S/R)| < ∞.

(2) If |MSupp(S/R)| < ∞, thenR ⊆ S has FCP (FIP) if and only ifRM ⊆ SM has FCP (FIP)
for eachM ∈ MSupp(S/R).

Proposition 2.8.Let R ⊆ Ri, i = 1, . . . , n, be finitely many subintegral extensions andR :=∏n
i=1 Ri, where(R,M) is a quasi-local ring. Then:

(1) EachRi is a quasi-local ring with{Ni} := Max(Ri) andR ⊆ R is infra-integral.

(2) SetN :=
∏n

i=1 Ni and S := R + N . Then(S,N) is a quasi-local ring andSpec(S) =
{P ′

i ×
∏n

j=1,j 6=i Nj | P ′
i ∈ Spec(Ri), i = 1, . . . , n}. In particular, R ⊆ S is infra-integral

and+
RR ⊆ S.

(3) Assumedim(R) = 0. Then,+RR = S.

(4) If eachRi is a Noetherian ring and a f.g. R-module, thenS is a f.g. R-module.

Proof. (1) Ri is quasi-local sinceR ⊆ Ri is subintegral (Definition1.2). Now, an arbitrary
prime ideal ofR is of the formP ′ := P ′

i ×
∏n

j=1,j 6=i Rj , for somei andP ′
i ∈ Spec(Ri). Setting

P := P ′∩R, we see thatP = P ′
i∩R. FromR/P ′ ∼= Ri/P

′
i
∼= R/P , sinceR ⊆ Ri is subintegral,

we deduce thatR ⊆ R is infra-integral.
(2) The idealsN ′

i := Ni ×
∏n

j=1,j 6=i Rj are the maximal ideals ofR, for i ∈ {1, . . . , n},
and they all lie overM . Observe thatS is anR-subalgebra ofR. FromN ∩ R = M , we infer
thatS/N ∼= R/M and thatN ∈ Max(S). SinceR ⊆ R is an integral extension, so isS ⊆ R.
Moreover, eachN ′

i lies overN . Hence(S,N) is a quasi-local ring.
Let Q ∈ Spec(S), there is someP ∈ Spec(R) lying over Q, of the formP := P ′

i ×∏n
j=1,j 6=i Rj , for someP ′

i ∈ Spec(Ri). SinceQ ⊆ N , we getQ ⊆ (P ′
i ×

∏n
j=1,j 6=i Rj) ∩

(
∏n

k=1 Nk) = P ′
i ×

∏n
j=1,j 6=i Nj ⊆ S ∩ P = Q, so thatQ = P ′

i ×
∏n

j=1,j 6=i Nj . Conversely,
any ideal of the formP ′

i ×
∏n

j=1,j 6=i Nj , for somei andP ′
i ∈ Spec(Ri) is in Spec(S), since

P ′
i ×

∏n
j=1,j 6=i Rj lies over it.
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SinceR ⊆ S is a subextension ofR ⊆ R, (1) entails thatR ⊆ S is infra-integral. But∏n
i=1 Ni is also an ideal ofR, so thatN = (S : R). To end,R/N ∼= (R/M)n andS/N ∼= R/M

give thatS/N ⊆ R/N is seminormal by Proposition2.1, and so isS ⊆ R. Then,+RR ⊆ S.
(3) Assume dim(R) = 0, in which case Spec(S) = {

∏n
i=1Ni} = {N}. ThenS/N ∼= R/M

shows thatR ⊆ S is a subintegral extension andS = +
RR.

(4) If eachRi is Noetherian and f.g. overR, then, eachNi is a f.g. Ri-module, and also a f.g.
R-module. Hence,R+N is a f.g. R-module.

Remark 2.9.Contrary to the t-closure, the seminormalization of a diagonal morphism is not the
product of the seminormalizations. We can compare these results with [15, Lemma 5.6], which
says that seminormalization and t-closure commute with finite products of morphisms.

Proposition 2.10.Let R ⊆ Ri, i = 1, . . . , n be finitely many integral extensions andR :=∏n
i=1 Ri, where(R,M) is a quasi-local ring. Then:

(1) t
RR ⊆ R has FCP (resp.FIP) if eachR ⊆ Ri has FCP (resp. FIP).

(2) If dim(R) = 0 and eachR ⊆ Ri has FCP, then,+RR ⊆ t
RR has FIP.

(3) If dim(R) = 0 and eachR ⊆ Ri has FCP (resp. FIP), thenR ⊆ R has FCP (resp. FIP) if
and only ifR ⊆ +

RR has FCP (resp. FIP).

Proof. (1) Proposition2.6gives thattRR ⊆ R has FCP (resp. FIP).
(2) SetTi := t

Ri
R, Si := +

Ri
R, T :=

∏n
i=1 Ti = t

RR. Now, eachR ⊆ Si is subintegral.
It follows from Proposition2.8 and [15, Lemma 5.6] thatS := R +

∏n
i=1 Ni = +

RR, where
Ni is the maximal ideal ofSi for eachi. Moreover,Ni ⊆ (Si : Ti) holds for eachi by [8,
Proposition 4.9] andSi andTi share the idealNi, sinceSi ⊆ Ti is seminormal and infra-integral.
Actually, Ni = (Si : Ti) whenSi 6= Ti and(Si : Ti) = Si whenSi = Ti. Therefore we get
N :=

∏n
i=1Ni ⊆ (S : T ) andN is a common ideal ofS andT , maximal inS by Proposition2.8.

Setk := R/M ∼= S/N ∼= Si/Ni
∼= Ti/Ni,j, for each maximal idealNi,j of Ti. For eachi, we

haveNi = ∩ni

j=1Ni,j , for someni, [8, Proposition 4.9], so thatTi/Ni
∼=

∏ni

j=1 Ti/Ni,j. Then
the extensionS/N ⊆ (

∏n
i=1 Ti)/N ∼=

∏n
i=1(Ti/Ni) can be identified tok ⊆ k

∑
ni , which has

FIP (and then FCP) by Proposition2.1. It follows that+RR ⊆ t
RR has FIP (and then FCP) by [8,

Proposition 3.7].
(3) By [8, Theorem 4.6 and Theorem 5.8],R ⊆ R has FCP (resp. FIP) if and only ifR ⊆

+
RR, +

RR ⊆ t
RR and t

RR ⊆ R have FCP (resp. FIP) if and only ifR ⊆ +
RR has FCP (resp. FIP)

by (1) and (2).

The FCP case is now completely solved with the following theorem.

Theorem 2.11.LetR ⊆ Ri, i = 1, . . . , n, n ≥ 2 be finitely many extensions andR :=
∏n

i=1Ri.
ThenR ⊆ R has FCP if and only ifR is an Artinian ring and each extensionR ⊆ Ri has FCP.

Proof. The“only if" implication is Proposition2.2(2).
Conversely, assume thatR is an Artinian ring and eachR ⊆ Ri has FCP. From Proposi-

tion 2.4, we infer thatR ⊆ R has FCP. MoreoverRn ⊆ R =
∏n

i=1 Ri has FCP by [8, Proposi-
tion 3.7] andR ⊆ Rn has FCP by Proposition1.4, giving thatR ⊆ R has FCP by [8, Corollary
4.3]. To end, use [8, Theorem 3.13] to get thatR ⊆

∏n
i=1 Ri has FCP.

We now consider the FIP property for the product of two FIP extensions. The case ofn > 2
FIP extensions is studied in Section 4.

Proposition 2.12.Let R ⊂ R1, R2 be two subintegral FIP extensions and setR := R1 × R2.
Assume that(R,M) is quasi-local such that|R/M | = ∞. ThenR ⊆ R has not FIP.

Proof. LetNi be the maximal ideal ofRi. The infra-integrality ofR ⊂ Ri implies thatM 6= Ni.
It follows thatS1 := R+ (N1 ×M) andS2 := R+ (M ×N2) are incomparableR-subalgebras
of S := R + (N1 × N2), because(x,0) ∈ S1 \ S2 for x ∈ N1 \ M and(0, y) ∈ S2 \ S1 for
y ∈ N2 \M .

Assume now thatR ⊂ R has FIP. In this case,R ⊂ S has FIP andR is Artinian by Propo-
sition 2.2. It follows thatS = +

RR by Proposition2.8, so thatR ⊂ S is a subintegral extension.
From Proposition1.5, we deduce thatS1 andS2 are comparable, a contradiction andR ⊂ R has
not FIP.



FIP and FCP products of ring morphisms 69

In order to settle the main Theorem2.17of the section, we begin to clear the way by studying
whenR ⊆ R has not FIP. We can suppose thatR1 = R, becauseR × R2 ⊆ R1 × R2. By
Proposition2.2 and Proposition2.3, we need only to consider aΣPIR (R,M) in view of [8,
Proposition 3.7]. Indeed, the case of a fieldR has already been studied in [2]. Note that if
(R,M) is a local Artinian ring, thenR is finite if and only ifR/M is finite, sinceMn = 0
for some integern. In such a case, any finite extension ofR has FIP. We first look at minimal
ramified extensions. Before, we give a useful lemma.

Lemma 2.13.LetR ⊂ S be a ring extension, where(R,M) is a quasi-local ring with|R/M | =
∞. LetF be a set of representative elements ofR/M . If there exists a family{Rα} of elements
of [R,S] such thatRα 6= Rβ for eachα 6= β ∈ F , thenR ⊂ S has not FIP.

Proof. Obvious.

Lemma 2.14.LetR ⊂ S be a minimal ramified extension, where(R,M) is a SPIR.

(1) There existst ∈ M such thatM = Rt andtp = 0, with tp−1 6= 0, for some integerp > 1.

(2) LetN be the maximal ideal ofS. There existsx ∈ S\R such thatS = R+Rx, N = Rt+Rx.
Moreover, there are some unique positive integersp ≥ k, q ≥ 1 and somea, b ∈ R \M such
thatx2 = atk, tx = btq. Then,(R :R x) = M = (R : S).

(3) q ≥ 2 holds.

Proof. (1) is the definition of a SPIR (see Section 1). Each element ofR is of the formuth for
some unique integerh ≤ p and some unitu.

(2) The integersk andq exist by Theorem1.1 or [8, Theorem 2.3 (c)] becausex2, tx ∈ M
and are unique by (1) since the ideals ofR are linearly ordered.

(3) Assumeq = 1. Then,tx = bt implies t(x − b) = 0. Butx − b 6∈ N sinceb ∈ R \M ,
so thatx − b is a unit inS, and thent = 0, a contradiction, which yieldsq ≥ 2. In particular,
tx ∈ Rt2.

Proposition 2.15.LetR ⊂ S be a minimal ramified extension, where(R,M) is a ΣPIR. We set
R := R× S and{N} := Max(S).

(1) T := +
RR = R+ (M ×N).

(2) R ⊂ R has FIP if and only ifN2 = M andMN = M2 = 0.

Proof. (1) The value ofT is given in Proposition2.8.
(2) We keep the notation of Lemma2.14. There existst ∈ M such thatM = Rt andtp = 0,

with tp−1 6= 0, for some integerp > 1. There existsx ∈ S \ R such thatS = R + Rx, N =
Rt + Rx. Moreover, there are some positive integersp ≥ k, q ≥ 1 and somea, b ∈ R \ M
such thatx2 = atk, tx = btq, with q ≥ 2. Then,M2 = Rt2, MN = Rt2 + Rtx = Rt2 since
tx ∈ Rt2, so thatM2 = MN , andN2 = Rt2 +Rtx+Rx2 = Rt2 +Rtk.

LetF be a set of representative elements ofR/M . ThenF is infinite.
Assume first thatk > 1, so thatx2 ∈ Rt2. Forα ∈ F , setRα := R+R(0, t+αx)+R(0, t2).

Then,Rα ∈ [R, T ]. Let β ∈ F be such thatα 6= β, so thatα− β 6∈ M . Assume thatRα = Rβ .
We get that(0, t + αx) = (c, c) + (0, dt + dβx) + (0, et2), for somec, d, e ∈ R, giving 0 = c
andt+ αx = c+ dt+ dβx + et2 = dt+ dβx+ et2. Since(α − dβ)x = (d − 1)t+ et2 ∈ M ,
we getα − dβ ∈ M (∗) in view of Lemma2.14(2). It follows that there existsd′ ∈ R such that
α − dβ = d′t, yielding d′tx = d′btq = (d − 1)t + et2, so that(d − 1)t = d′btq − et2 ∈ Rt2,
leading tod− 1 ∈ M (∗∗). But (∗) and(∗∗) giveα− β ∈ M , a contradiction. Then,Rα 6= Rβ ,
andR ⊂ R has not FIP in view of Lemma2.13.

It follows that whenR ⊂ R has FIP, we must havek = 1.
Now, assume thatk = 1. Then,x2t = at2 = (tx)x = xbtq = (xt)btq−1 = b2t2q−1, so that

at2 − b2t2q−1 = t2(a− b2t2q−3) = 0. Butq ≥ 2 implies 2q − 3 ≥ 1, givinga− b2t2q−3 is a unit
in R. Then,t2 = 0 andp = q = 2, with tx = 0.

So, whenR ⊂ R has FIP, thenk = 1 andp = q = 2, which giveM2 = MN = 0 and
N2 = Rt = M .

Assume now thatN2 = M andMN = M2 = 0. Then,Rt = Rt2 + Rtk, giving k = 1, and
Rt2 = 0, givingp = q = 2. Observe thatR ⊂ R is an integral FCP extension by Theorem2.11.
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Using notation and statement of [8, Theorem 5.18], setR1 := R + TM = R. Then,T =
R[(0, x)], (0, x)3 = 0 ∈ M , and, withT ′ := R[(0, x)2] = R[(0, t)] andT ′′ := R + T ′M = R,
we haveT ′ = T ′′[(0, t)], with (0, t) ∈ T , and(0, t)3 = 0 ∈ T ′M . We can conclude thatR ⊂ R
has FIP.

Corollary 2.16. Let R ⊂ S be a non minimal subintegral FIP extension, where(R,M) is a
ΣPIR. Then,R ⊂ R× S has not FIP.

Proof. SinceR ⊂ S has FIP, there isS1 ∈ [R,S], such thatR ⊂ S1 is a minimal extension,
necessarily ramified. Assume thatR ⊆ R × S has FIP, then so hasR ⊂ R × S1. Using the
notation of Lemma2.14and Proposition2.15for R ⊆ S1, we haveM = Rx2, S1 = R + Rx,
N = Rx2+Rx, whereN is the maximal ideal ofS1 andx3 = 0,x2 6= 0. There existsS2 ∈ [S1, S]
such thatS1 ⊂ S2 is a minimal extension, necessarily ramified. LetP be the maximal ideal ofS2.
In view of [8, Theorem 2.3(c)], there isy ∈ S2 such thatS2 = S1 + S1y = R+Rx+Ry+Rxy
andP = N + S1y = Rx2 + Rx + Ry + Rxy. Moreover,(S1 : y) = N . But,NP ⊆ N gives
xy ∈ N andP 2 ⊆ N givesy2 ∈ N , so thatP = Rx2 + Rx+ Ry and there existb, c, d, e ∈ R
such thaty2 = bx2 + cx (∗) andyx = dx2 + ex (∗∗). It follows thatyx2 = x(dx2 + ex) = ex2,
so that(y − e)x2 = 0. If e 6∈ M , thene 6∈ P and e − y is a unit inS2, giving x2 = 0, a
contradiction. Bute ∈ M implies thatex2 ∈ Rx4 = 0, so thatyx2 = 0. Now, (∗) gives
xy2 = bx2x + cx2 = dx2y + exy = cx2. But e ∈ M = Rx2 entailsex ∈ Rx3 = 0, so that
xy2 = dx2y = 0, whencecx2 = 0, from which we infer thatc ∈ M = Rx2. Therefore, we
get y2 = bx2 sincex3 = 0. Let F be a set of representative elements ofR/M . For α ∈ F ,
setRα := R + R(0, x + αy) + R(0, x2). Then,Rα ∈ [R,R + (R × S2)] since(x + αy)2 =
(1+ 2αd+ α2b)x2. Let β ∈ F be such thatα 6= β, so thatα − β 6∈ M . Assume thatRα = Rβ .
We get that(0, x+ αy) = (c, c) + (0, dx+ dβy) + (0, ex2), for somec, d, e ∈ R, giving 0= c
andx+ αy = c+ dx+ dβy + ex2 = dx+ dβy + ex2. Since(α− dβ)y = (d− 1)x+ ex2 ∈ N ,
we getα − dβ ∈ N ∩ R = M (†). It follows that there existsd′ ∈ R such thatα − dβ = d′x2,
yielding 0= d′x2y = (d− 1)x+ ex2, so that(d− 1)x ∈ M , leading tod− 1 ∈ M (††). But (†)
and(††) giveα− β ∈ M , a contradiction. Then,Rα 6= Rβ , andR ⊂ R× S has not FIP in view
of Lemma2.13.

To shorten, a minimal ramified (subintegral) extension(R,M) →֒ (S,N) between quasi-
local rings is calledspecial if M2 = MN = 0 andN2 = M , as in Proposition2.15. Such
extensions exist. Any minimal ramified extensionR ⊂ S such thatR is a field is special. Here
is another example. LetK be a field andR := K[T ]/(T 2). If t is the class ofT in R, let
S := R[X ]/(X2 − t,Xt). The natural mapR → S is injective. This follows from the fact that
R[X ] is a freeK[X ]-module with basis{1, t} and some easy calculations. Letx be the class
of X in S. Then,M := Rt is the only maximal ideal ofR, so that(R,M) is a quasi-local
ring. Moreover,S = R[x], with x ∈ S \ R satisfyingx2 ∈ M andMx ⊆ M , so thatR ⊂ S
is a minimal ramified extension [8, Theorem 2.3]. It follows that the only maximal ideal of
S is N := Rx + Rt, and we have the following relations:t2 = xt = 0 andx2 = t, giving
N2 = Rx2 = Rt = M andMN = Rt2 + Rtx = Rt2 = M2 = 0. Then,R ⊂ S is a special
minimal ramified extension.

Theorem 2.17.LetR ⊆ S1, S2 be FIP extensions,Σi := +
Si
R for i = 1,2 andR := S1×S2. Then

R ⊆ R has FIP if and only ifR is an FMIR such thatSupp(Σ1/R)∩Supp(Σ2/R)∩ΣMax(R) = ∅,
and, for eachM ∈ Supp(Σi/R)∩ΣMax(R), i ∈ {1,2}, eitherRM ⊂ (Σi)M is a special minimal
ramified extension orRM is a field.

Proof. For a maximal idealM of R, we denote byS(M) the seminormalization ofRM in (S1×
S2)M .

Assume thatR ⊆ S1×S2 has FIP. In view of Proposition2.2, R is an FMIR, and so is a finite
direct product

∏n
i=1 Ri of fields, finite local rings and SPIRs that are localization ofR at some

maximal idealM of R by Proposition2.3. HenceRM ⊆ (S1×S2)M = (S1)M × (S2)M has FIP
by Proposition2.7. Assume thatRM is not a finite ring. Then,RM is either an infinite field or a
ΣPIR.

Let M ∈ ΣMax(R), so that|RM/M ′| = ∞ for M ′ := MRM (see the remark before
Lemma2.13). For j ∈ {1,2}, we have thatRM ⊆ (Σj)M is a subintegral FIP extension with
(RM ,M ′) a quasi-local ring. Assume first thatRM is a ΣPIR. Using Propositions2.12, 2.15
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and Corollary2.16, we get thatRM = (Σj)M for somej ∈ {1,2}, so thatM 6∈ Supp(Σj/R)
and, for l ∈ {1,2} \ {j}, eitherRM = (Σl)M or RM ⊂ (Σl)M is a special minimal rami-
fied extension. Assume now thatRM is an infinite field. Using Proposition2.12, we get that
RM = (Σj)M for somej ∈ {1,2} and, for l ∈ {1,2} \ {j}, there existsα ∈ (Σl)M which
satisfies(Σl)M = RM [α] andα3 = 0 by [2, Theorem 3.8] sinceRM ⊆ (Σl)M has FIP. Then,
M 6∈ Supp(Σ1/R) ∩ Supp(Σ2/R) and Supp(Σ1/R) ∩ Supp(Σ2/R) ∩ ΣMax(R) = ∅.

Conversely, assume thatR is an FMIR, and so a finite direct product
∏n

i=1 Ri of fields, finite
local rings and SPIRs such that Supp(Σ1/R) ∩ Supp(Σ2/R) ∩ ΣMax(R) = ∅, with, for each
M ∈ Supp(Σi/R) ∩ ΣMax(R), i ∈ {1,2}, eitherRM ⊂ (Σi)M is a special minimal ramified
extension orRM is an infinite field. Observe first that for eachi, there isM ∈ Max(R) such that
Ri = RM .

SinceR is a quasi-semilocal ring, MSupp((S1×S2)/R) is finite. Then,R ⊆ S1×S2 has FIP
if and only ifRM ⊆ (S1×S2)M has FIP for eachM ∈ MSupp((S1×S2)/R) by Proposition2.7.
Moreover,RM ⊆ (Sj)M is an FIP extension forj = 1,2. Fix M ∈ MSupp((S1 × S2)/R).
Proposition2.4 tells us thatRM = (S1)M × (S2)M = (S1 × S2)M ⊆ RM has FIP, whereRM

(resp. (Si)M ) is the integral closure ofRM in (S1)M×(S2)M = (S1×S2)M (resp. (Si)M ). Then,
in view of [8, Theorem 3.13],RM ⊆ (S1×S2)M has FIP if and only ifRM ⊆ (S1×S2)M has FIP.
From Proposition2.10, we deduce thatRM ⊆ (S1 × S2)M has FIP if and only ifRM ⊆ S(M)
has FIP. But,S(M) = +

(Σ1)M×(Σ2)MRM by Proposition2.6. Therefore,S(M) is module finite
over the Artinian ringRM by Proposition2.8.

(1) If RM is an infinite field, thenM ∈ ΣMax(R). We haveRM = (Σl)M for somel ∈ {1,2}
since Supp(Σ1/R) ∩ Supp(Σ2/R) ∩ ΣMax(R) = ∅. Let j 6= l. SinceRM ⊆ (Σj)M has FIP,
there isαj ∈ (Σj)M such that(Σj)M = RM [αj ], with α3

j = 0 by [2, Theorem 3.8]. Moreover,
RM [αj ] is a quasi-local ring with maximal idealαjRM [αj ]. Setαl := 0 andα := (α1, α2). In
view of Proposition2.8, we getS(M) = RM [α], with α3 = 0, so thatRM ⊆ S(M) has FIP by
[2, Theorem 3.8]. Indeed,S(M) = RM + (αjRM [αj ]× 0) = RM + αRM .

(2) If RM is aΣPIR, thenM ∈ ΣMax(R), there is somej ∈ {1,2} such that(Σj)M = RM ,
with, for l ∈ {1,2} \ {j}, eitherRM = (Σl)M or RM ⊂ (Σl)M is a special minimal ramified
extension. Then,RM ⊆ S(M) has FIP by either Proposition2.15or Corollary2.5.

(3) If RM is a finite ring, thenS(M) is a finite ring since a finitely generatedRM -module,
andRM ⊆ S(M) has FIP.

In every case,RM ⊆ S(M) has FIP, and so hasR ⊆ S1 × S2.

Corollary 2.18. LetR ⊆ S1, S2 be seminormal FIP extensions andR := S1 × S2. ThenR ⊆ R
has FIP if and only ifR is an FMIR.

Proof. SinceR = +
Si
R for i = 1,2, we get Supp(Σ1/R) ∩ Supp(Σ2/R) ∩ ΣMax(R) = ∅. Then,

use Theorem2.17.

3 FCP or FIP extensions and the CRT

The aim of this section is to get an extension of the Chinese Remainder Theorem (CRT) in the
following sense. LetR be a ring,n > 1 an integer andI1, . . . , In ideals ofR distinct fromR,
but not necessarily distinct, such that∩n

j=1Ij = 0. Such a family{I1, . . . , In} of ideals ofR is
called aseparating family, a reference to Algebraic Geometry where a finite family of morphisms
{fj : M → Mj | j = 1, . . . , n} of R-modules is called separating if∩n

j=1 kerfj = 0. We intend
to study the ring extensionR ⊆

∏n
j=1(R/Ij) =: R associated to a separating family, denoting

by C := (R : R) its conductor, also called theconductor of the separating family. We set
Jj := ∩n

k=1,k 6=jIk, or more generallyJE := ∩n
k=1,k/∈EIk for any subsetE of {1, . . . , n}. We also

denote byei the element ofR whoseith coordinate is 1 and the others are 0 and call{e1, . . . , en}
the “canonical basis". The above extension is an isomorphism ifC = R (Chinese Remainder
Theorem). If not, either|[R,R]| or ℓ[R,R] measures in some sense howR is far fromR.

Proposition 3.1.LetR be a ring and{I1, . . . , In} a separating family of ideals ofR. Then:

(1) R ⊆ R is an infra-integral extension.

(2) C = ∩n
j=1(Ij + Jj) =

∑n
j=1 Jj .
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(3) R ⊆ R has FCP if and only ifR/C is Artinian.

Proof. (1) Clearly,R →
∏n

j=1(R/Ij) is an integral ring extension (actually, module finite), that
is infra-integral because of the form of elements of Spec(R).

(2) is [21, Lemma 2.25].
(3) In view of [8, Theorem 4.2], we have thatR ⊆ R has FCP if and only ifR/C is an

Artinian.

An immediate consequence is the following. LetR be a ring,n > 1 an integer andI1, . . . , In
ideals ofR distinct fromR, but not necessarily distinct. SetC :=

∑n
j=1 Jj . Then,R/(∩n

j=1Ij) ⊆∏n
j=1(R/Ij) has FCP if and only ifR/C is an Artinian ring.
In the rest of the section, we examine the FIP property. The case of a separating family with

two elements is easy to solve.

Proposition 3.2.Let R be a ring, with two idealsI andJ such thatI, J 6= R and I ∩ J = 0.
ThenR ⊆ R/I ×R/J is a∆0-extension, which has FIP if and only ifR/(I + J) is an FMIR.

Proof. For x ∈ R, we denote by ¯x its class inR/I and byx̃ its class inR/J . Sete1 := (1̄, 0̃),
e2 := (0̄, 1̃), so that{e1, e2} is a generating set of theR-moduleR/I × R/J . Frome2

i = ei and
e1e2 = 0 follow thatR/I ×R/J = R+Re1. Hence there is a bijection between the set of ideals
of R containingI + J and[R,R/I × R/J ] by Proposition1.3andR ⊆ R/I × R/J has FIP if
and only ifR/(I + J) is an FMIR.

Next lemma shows that we can reduce our study to a zero conductor extension.

Lemma 3.3.LetR be a ring and{I1, . . . , In} a separating family of ideals ofR. ThenR ⊆ R
has FIP if and only if the zero conductor extensionR/(

∑n
j=1 Jj) ⊆

∏n
j=1(R/(Ij +Jj)) has FIP.

Proof. By [8, Proposition 3.7],R ⊆ R, with conductorC, has FIP if and only ifR/C ⊆ R/C has
FIP. SinceC is an ideal ofR, for eachj ∈ {1, . . . , n}, there exists an idealCj of R containingIj
such thatC =

∏n
j=1 Cj/Ij . Now, there is a natural isomorphismR/C ∼=

∏n
j=1(R/Cj). For each

j, we get thatCj/Ij = (Ij + Jj)/Ij becauseIj +
∑n

i=1 Ji = Jj + (
∑n

i=1,i6=j Ji) + Ij = Ij + Jj .
Then,R/Cj

∼= (R/Ij)/(Cj/Ij) ∼= (R/Ij)/((Ij + Jj)/Ij) ∼= R/(Ij + Jj) giving the wanted
result.

Proposition 3.4.LetR be a ring and{I1, . . . , In} a separating family of ideals ofR with zero
conductor. Then:

(1) Jj = 0 for eachj.

(2) If R ⊆ R has FIP, thenR/(JP1 + JP2) is an FMIR for any partition{P1,P2} of {1, . . . , n}
as well asR/Ij for eachj. In that case,R is an Artinian ring.

Proof. (1) By Proposition3.1, C =
∑n

j=1 Jj , so thatJj = 0.
(2) SetKi := JPi

for i = 1,2. Then,K1 ∩ K2 = 0, so that we have the extensionsR ⊆
R/K1 × R/K2 andR/Ki ⊆

∏
j∈Pl

(R/Ij) for l 6= i, l ∈ {1,2} leading to the composite
R ⊆ R/K1×R/K2 ⊆ R. If R ⊆ R has FIP, then so hasR ⊆ R/K1×R/K2. By Proposition3.2,
R/(K1 +K2) is an FMIR. The second statement follows from (2) andJj = 0. To complete the
proof, use Proposition3.1sinceC = 0.

The following result shows that the case of a nonlocal Artinian ringR is very different from
the local case.

Proposition 3.5.LetR be a ring containing a set ofp > 2 orthogonal idempotents{e1, . . . , ep},
generating the idealR. ThenR is an FMIR if R ⊆ R has FIP for each separating family
{I1, . . . , In} of ideals ofR. In particular, an Artinian nonlocal ringR is an FMIR ifR ⊆ R has
FIP for each separating family of ideals ofR. The converse holds if no local ring ofR is a SPIR.

Proof. Consider the faithfully flat extensionR ⊆
∏p

i=1 R/Rei =: S with zero conductor (Propo-
sition 3.1). If R ⊆ S has FIP, then eachR/Rei is an FMIR by Proposition3.4and so isS. Then
observe that ifR → S is a faithfully flat ring morphism,R is an FMIR if so isS, because
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IS ∩R = I for each idealI of R. Now if R is Artinian nonlocal, thenR hasp > 1 idempotents
generating the idealR by the Structure Theorem of Artinian rings. Ifp > 2, use the first part of
the proof. Ifp = 2, then{(0), (0)} is a separating family of ideals ofR, so thatR ⊂ R2 has FIP
andR is a FMIR by Corollary2.5.

Now let (R,M) be a local Artinian ring with|R/M | < ∞. Then|R| < ∞ (see the remark
before Lemma2.13), so thatR ⊆ R has FIP for each separating family, since|R| < ∞.

We know that|MSupp(S/R)| < ∞ if R ⊆ S has FIP (Proposition2.7(1)). By Proposition2.7
and former results of the section, the FIP property study can be reduced to the next proposition
hypotheses.

If (R,M) is an Artinian local ring, we denote byn(R) the nilpotency index ofM .

Proposition 3.6.Let (R,M) be an Artinian local ring with|R/M | = ∞ and a separating family
{I1, . . . , In} of ideals, withC = 0.
We setT := R +MR, C := (R : T ), n(R/C) = p, and for eachi > 0, Mi := M + TM i =
M +RM i+1, Ri := R+ TM i = R+RM i+1. Then,

(1) T = +
RR andR ⊆ R hasFIP if and only ifR ⊆ T has FIP.

(2) C = (0 : M).

(3) R ⊆ T has FIP if and only if eitherR = T , or R1 = T , or R1 ⊂ T is minimal (ramified),
with, in the two last situations, eitherM = (R : T ), or LR(Mi/Mi+1) = 1 for all 1 ≤ i ≤
p− 1.

The caseR = T corresponds to an extension of the formK ⊆ Kn, whereK is a field, and
the caseM = C to M2 = 0.

Proof. Let {e1, . . . , en} be the canonical basis of theR-moduleR. Since(R : R) = 0, Jj = 0
for eachj ∈ {1, . . . , n} by Proposition3.4.

(1) T = +
RR follows from [8, Theorem 5.18] since Rad(R) = MR andR ⊆ R has FCP by

Proposition3.1. SinceR ⊆ R is infra-integral,R ⊆ R has FIP if and only ifR ⊆ T has FIP by
Proposition1.5.

(2) is an easy calculation, because eachJj = 0, ∩n
j=1Ij = 0 and the unit element ofR is

e1 + · · ·+ en.
(3) SinceR ⊆ Ri ⊆ T is finite and subintegral,(Ri,Mi) is local Artinian for eachi > 0.

We haveTM = M +RM2 = M1 ⊆ RM ∈ Max(T ), R1 = R +RM2, R2 = R +RM3 and
M2 = M +RM3. BecauseR/M is infinite, [8, Theorem 5.18], applied withS := R, gives that
R ⊆ T has FIP if and only if the next two properties hold:

(i) EitherR = T , orM = (R : T ), or LR(Mi/Mi+1) = 1 for all 1≤ i ≤ p− 1;
(ii) If R 6= T , there existsα ∈ T such thatT = R1[α] andα3 ∈ TM , and, withT ′ := R1[α

2]
andT ′′ := R+ T ′M , there existsβ ∈ T such thatT ′ = T ′′[β] andβ3 ∈ T ′M .

Assume thatT 6= R,R1, so thatα 6∈ R1. We first show that (ii) implies thatR1 ⊂ T
is minimal. Letα ∈ T be such thatα3 ∈ TM = M1 ⊆ RM , giving α ∈ RM , so that
α2 ∈ RM2 ⊆ M1 andαM1 ⊆ RMM1 = RM(M +RM2) ⊆ RM2 ⊆ M1. Then,R1 ⊂ T is
minimal (ramified) in view of [8, Theorem 2.3(c)].

Conversely, we show thatR1 ⊂ T is minimal (ramified), with eitherM = (R : T ), or
LR(Mi/Mi+1) = 1 for all 1≤ i ≤ p− 1 implies (ii). Actually, (i) already holds. SinceR1 ⊂ T
is minimal, there isα ∈ T such thatT = R1[α] andα2 ∈ M1 ⊂ R1, with αM1 ⊆ M1. Then,
α3 ∈ M1 = TM . Now, we can rewrite (ii) asT ′ = R1[α

2] = R1 andT ′′ = R + T ′M =
R + R1M = R + RM3 = R2. Assume thatM 6= (R : T ) = (0 : M), so thatM2 6= 0.
Then,M2

1 = (M +RM2)2 ⊆ M +RM3 = M2 ⊂ M1 (because LR(M1/M2) = 1) implies that
R2 ⊂ R1 is minimal ramified by Theorem1.1. Arguing as forα, we obtain someβ ∈ T such
thatT ′ = T ′′[β] andβ3 ∈ T ′M and (ii) holds.

If T = R1, it is enough to takeα = β = 0 to get (ii).
If R = T , thenIj = M for eachj entailsM = ∩n

j=1Ij = 0 andR is a field. ThenR ⊆ R is
of the formK ⊆ Kn, whereK is a field, and has FIP (see Proposition2.1). Assume thatM = C,
thenM2 = 0.
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By Proposition3.4, we know that whenR ⊆ R has FIP, thenR/Ij is an FMIR for eachj.
It is natural to ask if the converse holds, and if not, what conditions are needed to get the FIP
property. We consider here a simple case which already gives a rathercomplicated result.

Proposition 3.7.Let (R,M) be an Artinian local ring such thatM2 = 0 and |R/M | = ∞. Let
{I1, . . . , In} be a separating family of ideals, with conductor0 andn ≥ 3. Then,R ⊆ R has
FIP if and only ifR/Ij is an FMIR andM = Ij + ∩k 6=j,lIk, for eachj, l ∈ {1, . . . , n}, j 6= l.

Proof. SetT := R + MR, C := (R : T ), and for eachi > 0, Mi := M + TM i = M +
RM i+1, Ri := R+ TM i = R+RM i+1. SinceM2 = 0, we get thatR1 = R andM1 = M =
M2. Then, applying Proposition3.6, we have thatR ⊆ R has FIP if and only ifR ⊆ T has FIP,
if and only if eitherR = R1 = T , or R ⊂ T is minimal (ramified), withM = (R : T ). This
last condition is always satisfied sinceC = (0 : M). Then,R ⊆ R has FIP if and only if either
R = R1 = T , orR ⊂ T is minimal.

We begin to remark thatM = Ik for at leastn− 1 idealsIk implies thatM = 0, so thatR is
a field and we are in the situation of Proposition2.1. Indeed, ifn − 1 idealsIk are equal toM ,
for instanceI1, . . . , In−1, we get that∩k 6=nIk = M = 0 since(R : R) = 0. In particular, we get
thatIn = 0. Hence, the assertion of Proposition3.7holds.

So, in the following, we may assume that there exist someIj , Il 6= M, j 6= l. Consider the
following R-subextension of(R/Ij)× R defined byR′

j := R+ ((M/Ij)× 0) = {(x+m,x) |
x ∈ R, m ∈ M}. Since∩k 6=jIk = 0, we have the ring extensionR ⊆ R +

∏
k 6=j M/Ik.

An easy calculation shows that we have a ring extensionR′
j ⊆ T . Moreover,R 6= R′

j since
(m,0) ∈ R′

j \ R for anym ∈ M \ Ij . In particular,R 6= T . The canonical mapϕ : R′
j → T is

defined byϕ(x+m,x) = (x, . . . , x) + (m,0, . . . ,0) (after reindexing the components).
Assume first thatR ⊆ R has FIP, so thatR ⊂ T is a minimal extension. Then,R 6= R′

j

implies thatR′
j = T andϕ is surjective. Lety ∈ M and j′ ∈ {1, . . . , n}, j′ 6= j. Consider

(0, . . . , y, . . . ,0) ∈ T , where all the coordinates are0 except possibly thej′th which isy. Then,
there existx ∈ R, m ∈ M such that(0, . . . , y, . . . ,0) = (x, . . . , x) + (m,0, . . . ,0). This gives
y−x ∈ Ij′ , x+m ∈ Ij andx ∈ Ik for eachk 6= j, j′. Then,x ∈ ∩k 6=j,j′Ik andy ∈ Ij′+∩k 6=j,j′Ik,
givingM = Ij′ +∩k 6=j,j′Ik for anyj′ 6= j. Since there is somel 6= j such thatM 6= Il, the same
reasoning gives thatM = Ij + ∩k 6=j,lIk. At last, if there existj′, l′ ∈ {1, . . . , n}, j′ 6= l′ such
thatM 6= Ij′ , Il′ , the same reasoning gives againM = Ij′ + ∩k 6=j′,l′Ik. But, whenM = Ij′ , we
haveM = Ij′ + ∩k 6=j′,l′Ik whatever isIl′ .

Conversely, assume thatR/Ij′ is an FMIR andM = Ij′ + ∩k 6=j′,l′Ik, for eachj′, l′ ∈
{1, . . . , n}, j′ 6= l′, with M 6= Ij for somej. We are going to show thatR ⊂ R′

j is mini-
mal ramified and thatR′

j = T .
SinceR/Ij is an FMIR with|R/M | = ∞ andM 6= Ij , there exists somez ∈ M \ Ij such

thatM/Ij = (R/Ij)z, with z 6= 0 andz2 = 0. Sett := (z,0) ∈ R′
j \ R. Using the properties

of R′
j , we get thatR′

j = R[t], with t2 = 0 ∈ M, tM = 0 ⊆ M , so thatR ⊂ R′
j is a minimal

ramified extension by [8, Theorem 2.3].
Let j′ 6= j andx ∈ M . SinceM = Ij′ +∩k 6=j′ ,jIk, there exista ∈ Ij′ andb ∈ ∩k 6=j′,jIk such

thatx = a+b. Then,x = b in M/Ij′ . It follows that we get(0, . . . , x, . . . ,0) = (b, . . . , b, . . . , b)+
(0, . . . ,−b, . . . ,0), wherex stands at thej′th component in the first element, and−b stands at the
jth component in the last element. Indeed, fork 6= j, j′, we haveb = 0 sinceb ∈ ∩k 6=j′,jIk. We
have(b, . . . , b, . . . , b) ∈ R and(0, . . . ,−b, . . . ,0) ∈ (M/Ij) × 0, so that(0, . . . , x, . . . ,0) ∈ R′

j .
This holds for anyj′ 6= j and obviously for(0, . . . , x, . . . ,0) wherex stands at thejth component
by definition ofR′

j . Then,T = R+
∏

k(M/Ik) = R+ ((M/Ij)× 0) = R′
j , giving thatR ⊂ T

is minimal, so thatR ⊂ R has FIP.

Remark 3.8.Whenn = 3, the condition of Proposition3.7 becomesM = Ij + Il, for each
j, l ∈ {1,2,3}, j 6= l. Here is an example whereIj 6⊆ Il for eachj, l ∈ {1,2,3}, j 6= l.

Let k be an infinite field, and setR := k[X,Y ]/(X,Y )2 = k[x, y], for some indeterminates
X,Y . Then,R is an Artinian local ring with maximal idealM := (x, y) such thatM2 = 0 and
|R/M | = ∞. SetIj := k(x+ λjy), whereλ1, λ2 andλ3 are three distinct elements ofk. Then,
Ij ∩ Il = 0 for eachj, l ∈ {1,2,3}, j 6= l. We haveR/Ij = k[x], which is a SPIR, althoughR
is not a SPIR, withM/Ij = kx.

In the following, we are going to consider a kind of converse for Proposition 3.4, taking forR
a local FMIR. By Proposition2.3, eitherR is a field, or a finite ring, or aΣPIR. The case where
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R is a field is Proposition2.1. If R is a finite ring,R beingR-module finite,R is also a finite
ring, so thatR ⊆ R has FIP. The last case to consider is aΣPIRR.

Proposition 3.9.Let (R,M) be a ΣPIR and a separating family{I1, . . . , In} of ideals, with
conductor0. Then,R ⊆ R has FIP if and only if eithern = 2, or Ij = M for n− 2 idealsIj .

Proof. Forn = 2, we getI1 = I2 = 0 and Corollary2.5gives thatR ⊆ R/I1 ×R/I2 has FIP.
Assume thatn > 2. The ideals of the SPIRR are linearly ordered. Thus we can assume

I1 ⊆ · · · ⊆ Ij ⊆ · · · ⊆ In. By Proposition3.4, we get thatJj = 0 for eachj ∈ {1, . . . , n}.
Hence, forj = 1, we getI2 = 0 andI1 = 0 for j 6= 1. Moreover, there is somet ∈ M such
thatM = Rt, with tp = 0, tp−1 6= 0 for some positive integerp > 1 sinceR is not a field, and,
for eachj ∈ {1, . . . , n}, there is an integerpj > 0 such thatIj = Rtpj , with Ij 6= Rtpj−1. In
particular, we havep = p1 = p2 ≥ · · · ≥ pj ≥ · · · ≥ pn.

Assume thatI3 6= M , whencep3 > 1. Let{e1, . . . , en} be the canonical basis ofR overR and
F a set of representative elements ofR/M . For eachα ∈ F , setRα := R+R(tp−1e2+αtp3−1e3),
which is anR-subalgebra ofR. Let α, β ∈ F , α 6= β, so thatα − β 6∈ M . Assume that
Rα = Rβ . Then, tp−1e2 + αtp3−1e3 ∈ Rβ , so that there exista, b ∈ R such thattp−1e2 +
αtp3−1e3 = a

∑n
j=1 ej + b(tp−1e2 + βtp3−1e3). This givesa = 0, tp−1(1 − b) = 0 (∗) and

tp3−1(α − bβ) ∈ I3 (∗∗). But we get 1− b ∈ M by (∗) andα − bβ ∈ M by (∗∗), so that
α− β ∈ M , a contradiction; whenceRα 6= Rβ , andR ⊆ R has not FIP by Lemma2.13.

Now, assume thatn > 2 andIj = M for all j ≥ 3. Using the notation of Proposition3.6, we
get thatT = R+(M ×M) ⊆ R2. ButR ⊆ R2 has FIP by Corollary2.5, so thatR ⊆ T has FIP,
inducing thatR ⊆ R has FIP by Proposition3.6.

Corollary 3.10. Let(R,M) be a quasi-local ring such that|R/M | = ∞, and a separating family
{I1, . . . , In} of ideals ofR. Assume thatR/(

∑n
i=1 Jj) is a SPIR. Then,R ⊆ R has FIP if and

only if eithern = 2, or Ij + Jj = M for n− 2 idealsIj + Jj .

Proof. SetR′ := R/(
∑n

i=1 Jj) = R/C, whereC := (R : R), so thatR ⊆ R has FIP if and
only if R′ ⊆

∏n
j=1(R/(Ij + Jj)) has FIP (Lemma3.3). Then, apply Proposition3.9 to this

extension.

Remark 3.11.Let (R,M) be a local Artinian ring such that|R/M | = ∞, and a separating
family I1, . . . , In of ideals ofR different fromM , with n > 2, associated extensionR ⊆ R and
conductorC. We give below such an extension having FIP whileR/C is not an FMIR.

Let K be an infinite field,R := K[X,Y ]/(X,Y )2 with maximal idealM . Then(R,M) is a
local Artinian ring withM2 = 0 andR/M ∼= K infinite. Letx, y be the classes ofX,Y in R,
I1 := Rx, I2 := Ry, I3 := R(x+ y) andR :=

∏3
j=1(R/Ij). FromIj ∩ Ik = 0 for eachj 6=

k ∈ {1,2,3}, we deduce thatC = 0 by Proposition3.1and also that{I1, I2, I3} is a separating
family. Let a be the class ofa ∈ R in anyR/Ij . Observe thatM/I1 = (R/I1)y, M/I2 =
(R/I2)x, M/I3 = (R/I3)x, becausey = (x + y) − x. Hence eachM/Ij is a principal ideal
with (M/Ij)2 = 0, so that eachR/Ij is a SPIR. Sete1 := (y,0,0), α := e2 := (0, x,0), e3 :=
(0,0, x). Using the notation of Proposition3.6, we have(R : T ) = M, T = R + RM =

R +
∑3

i=1 Rei andR1 = R + RM2 = R. Since(0, x, x) = x ∈ R, we gete2 + e3 = x,
whencee3 = x− α. At last,e1 = (y,0,0) = (x+ y,0,0) = (x+ y, x+ y, x+ y)− (0, x,0) =
(x + y) − α. It follows that T = R[α], with α2 = 0 andMα = 0, so thatR = R1 ⊂ T
is a minimal ramified extension [8, Theorem 2.3]. Then,R ⊂ T andR = R1 ⊂ R have
FIP by Proposition3.6, although(R,M) is a local ring which is not a SPIR: the set of ideals
{R(x+ ay) | a ∈ F} is infinite, if F is a set of representative elements ofR/M ∼= K.

Corollary 3.12. Let (R,M) be a quasi-local ring with|R/M | = ∞. LetI, J be ideals ofR with
I ∩ J = 0 and such thatS := R/(I + J) is a SPIR with nilpotency indexn(S) = p > 0 if
I + J 6= R.

(1) Assume thatI + J = R. Then,|[R,R/I ×R/J ]| = 1.

(2) Assume thatI + J 6= R. Then,|[R,R/I ×R/J ]| = p+ 1.

In particular, if (R,M) is a SPIR withn(R) = q ≥ 1, then|[R,R2]| = q + 1 and [R,R2] =
{R+M iR2}i=0,...,q.
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Proof. (1) If I + J = R, then|[R,R/I ×R/J ]| = 1 by the CRT.
(2) Assume now thatI + J 6= R. Since(S,N) is a SPIR withN := M/(I + J), R ⊆

R/I × R/J has FIP by Proposition3.2 and its conductor isC := I + J by Proposition3.1.
Moreover, the proof of Proposition3.2shows that there is a bijection between[R,R/I × R/J ]
and the set of ideals ofR/C = S. Since(S,N) is a SPIR, there is somet ∈ S such thatN = St
and the ideals ofS are linearly ordered. Then, this set of ideals is{Stk | k ∈ {0, . . . , p}} and
|[R,R/I ×R/J ]| = p+ 1.

Now if (R,M) is a SPIR, withn(R) = q ≥ 1, we deduce from (2) that|[R,R2]| = q + 1.
Since(R,M) is a SPIR, there existsx ∈ R such thatM = Rx and the ideals ofR are theRxi,
for i = 0, . . . , q. Moreover, the bijectionϕ between the set of ideals ofR and[R,R2] is given by
ϕ(Rxi) = R+ xiR2.

We next generalize some Ferrand-Olivier’s result [10, Lemme 1.5].

Theorem 3.13.LetR be a ring,{I1, . . . , In}, n > 2, a separating family of ideals ofR. Then,
R ⊆ R is a minimal extension if and only if the following condition(†) holds:

(†): There existj0, k0 ∈ {1, . . . , n}, j0 6= k0 such thatIj0 + Ik0 ∈ Max(R) andIj + Ik = R
for any(j, k) 6= (j0, k0), j 6= k.

If (†) holds, then{I1, . . . , In} satisfies a weak Chinese Remainder Theorem:Ij + ∩k 6=jIk =
∩k 6=j(Ij + Ik) for eachj ∈ {1, . . . , n}.

Proof. Assume first that(†) holds. There is no harm to suppose thatj0 = 1, k0 = 2 and set
J := ∩n

j=2Ij . ThenIj + Ik = R for anyj, k ≥ 2, j 6= k gives that
∏n

j=2(R/Ij) ∼= R/J . So, we
are reduced to the extensionR ⊆ R/I1×R/J . But,I1+Ij = R for eachj > 2 andI1+I2 = M
give I1 + J = M becauseI1 + J ⊆ M . For the reverse inclusion, consider inR/I1 the relations
1 = xj (∗j) for somexj ∈ Ij , for anyj > 2. Letm ∈ M . There isx2 ∈ I2 with m = x2 in R/I1.
Using(∗j), we get thatm = x2 · · ·xn, so thatm ∈ I1 + J . Then, by [10, Lemme 1.5],R ⊆ R is
a minimal extension sinceI1 ∩ J = 0.

Conversely, ifR ⊆ R is minimal (integral), thenM := (R : R) ∈ Max(R) is an ideal of
R. Moreover, there is someN1 ∈ Max(R) aboveM and possibly only another oneN2. There
is no harm to suppose thatN1 = M/I1 ×

∏n
k=2 R/Ik with I1 ⊆ M andN2 = R/I1 ×M/I2 ×∏n

k=3 R/Ik with I2 ⊆ M . Any otherM ′ 6= M in Max(R), is lain over by a unique element of
Max(R), of the formM ′R =

∏n
j=1((M

′ + Ij)/Ij) by [8, Lemma 2.4]. Then,M ′ + Ij = R for
all j but one, so that there is a uniqueIj contained inM ′. Then, for anyj, k > 2, j 6= k and
i = 1,2, we haveIj + Ik = Ii + Ij = R, which gives

∏n
j=2(R/Ij) ∼= R/J whereJ := ∩n

j=2Ij .
So, the minimal extensionR ⊆ R/I1 × R/J is involved. By [10, Lemme 1.5], we get that
I1 + J = M ′′, for someM ′′ ∈ Max(R), whenceI1, J ⊆ M ′′. Actually, we haveM = M ′′.
Deny, thenIj 6⊆ M ′′ for all j ≥ 2 givesJ 6⊆ M ′′, a contradiction. A similar proof givesI2 ⊆ M
sinceJ ⊆ M . FromM = I1 + J ⊆ I1 + I2 ⊆ M , we get thatI1 + I2 = M and the proof is
complete.

Assume that(†) holds, then easy calculations show thatIj +∩n
k=1,k 6=jIk = ∩n

k=1,k 6=j(Ij +Ik)
for eachj ∈ {1, . . . , n}, so that{I1, . . . , In} satisfies a weak Chinese Remainder Theorem.

4 The case of ring powers

In this section, we consider separating families whose ideals are zero.

Proposition 4.1.Let (R,M) be aΣPIR and an integern > 1. ThenR ⊆ Rn has FIP if and only
if n = 2.

Proof. Use Proposition3.9with Ij = 0 for eachj. Since(R : Rn) = 0 andM 6= 0, we get the
result.

We are now in position to get a result in the general case.

Theorem 4.2.LetR be a ring andn > 1 an integer. ThenR ⊆ Rn has FIP if and only ifR is an
FMIR withn = 2 whenR is aΣFMIR.
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Proof. Assume thatR ⊆ Rn has FIP. Using Proposition3.4with Ij = 0 for eachj and since(R :
Rn) = 0, we get thatR is an FMIR. Moreover,RM ⊆ (RM)n has FIP for eachM ∈ Max(R)
in view of Proposition2.7 since MSupp(Rn/R) = Max(R) by Proposition2.2. Assume that
there is someM ∈ Max(R) such thatRM is a ΣPIR. SinceMRM 6= 0, we get thatn ≤ 2 by
Proposition4.1, so thatn = 2.

Conversely, ifR is an FMIR, then|Max(R)| < ∞ andR ⊆ Rn has FIP if and only ifRM ⊆
(RM )n has FIP for eachM ∈ Max(R). LetM ∈ Max(R). If RM is a field, thenRM ⊆ (RM)n

has FIP by Proposition2.1. If RM is a finite ring, then so is(RM)n andRM ⊆ (RM )n has FIP.
Assume thatRM is aΣPIR, so thatR is aΣFMIR andn = 2. Then, Proposition4.1 gives that
RM ⊆ (RM)n has FIP. Therefore,R ⊆ Rn has FIP.

We get now a generalization of Theorem2.17.

Theorem 4.3.Let R ⊆ Sj , j = 1, . . . , n be finitely many FIP extensions,Σj := +
Sj
R and

S :=
∏n

j=1 Sj . ThenR ⊆ S has FIP if and only ifR is an FMIR satisfying the following
conditions(B1) and(B2):
(B1) Supp(Σj/R) ∩ Supp(Σl/R) ∩ ΣMax(R) = ∅ for anyj, l ∈ {1, . . . , n} such thatj 6= l.
(B2) If there existsM ∈ ΣMax(R) such thatRM is aΣPIR, thenn = 2 and, for each suchM and
eachj ∈ {1,2}, eitherRM ⊂ (Σj)M is a special minimal ramified extension orRM = (Σj)M .

Proof. The result can be written under the form (A)⇔ R is an FMIR satisfying conditions(B1)
and(B2) where (A) is the statement:R ⊆ S has FIP.

Assume that (A) holds. Then,R ⊆ Rn has FIP. In view of Theorem4.2, R is an FMIR and
n = 2 as soon asR is aΣFMIR, in which case we can use Theorem2.17.

If there existj, l ∈ {1, . . . , n}, j 6= l andM ∈ Supp(Σj/R) ∩ Supp(Σl/R) ∩ ΣMax(R),
thenRM 6= (Σj)M , (Σl)M , with RM infinite. Moreover,RM ⊂ (Σj)M andRM ⊂ (Σl)M are
subintegral extensions. In view of Proposition2.12, we get thatRM ⊂ (Σj)M × (Σl)M has not
FIP, and soRM ⊂ SM has not FIP, a contradiction. Then,(B1) holds.

If there existsM ∈ ΣMax(R) such thatRM is a ΣPIR, thenR is a ΣFMIR andn = 2 by
Theorem4.2. Moreover, sinceRM is not a field, Theorem2.17gives that for eachj ∈ {1,2},
eitherRM ⊂ (Σj)M is a special minimal ramified extension orRM = (Σj)M . Then(B2) holds.

Conversely, assume thatR is an FMIR and that(B1) and(B2) hold. Clearly, MSupp(S/R)
is finite. Then,R ⊆ S has FIP if and only ifRM ⊆ SM has FIP for eachM ∈ MSupp(S/R) by
Proposition2.7.

The integral closure ofR in S is S =
∏n

j=1 Sj by Proposition2.4andS ⊆ S has FIP. Hence,
SM ⊆ SM has FIP for eachM ∈ MSupp(S/R). Then,R ⊆ S has FIP if and only if the module
finite extensionRM ⊆ SM has FIP for eachM ∈ MSupp(S/R) [8, Theorem 3.13].

If RM is finite, so isSM andRM ⊆ SM has FIP. Now ifRM is an infinite field,RM ⊆ +
SM

RM

as well asRM ⊆ SM have FIP. To see this, mimic the proof of Theorem2.17, using the fact that
there is at most onej ∈ {1, . . . , n} such thatRM 6= (Σj)M , so thatRM = (Σl)M for each
l ∈ {1, . . . , n}, l 6= j. As in the proof of Theorem2.17, we get thatRM ⊂ +

SM
RM has FIP,

because+
SM

RM = RM [α], whereα is then-uple whose all components are 0, except thejth
which isαj defining(Σj)M = RM [αj ]. Lastly, if RM is aΣPIR, thenn = 2 and Theorem2.17
gives thatRM ⊆ SM has FIP.

To conclude,R ⊆ S has FIP.

We can rephrase Theorem4.2in the following way.

Corollary 4.4. LetR be a ring andn > 1 an integer. Then,R ⊆ Rn has FIP if and only ifR is
Artinian and setting{M1, . . . ,Mm} := Max(R) andαi := n(RMi

), then for eachi, one of the
following conditions holds:

(1) αi = 1.

(2) |R/Mi| < ∞.

(3) RMi
is a SPIR andn = 2 as soon as there exists somei such thatαi > 1 andRMi

is aΣPIR.

Proof. By Theorem4.2, R ⊆ Rn has FIP if and only ifR is a finite direct product
∏m

i=1 RMi
of

finite local rings, SPIRs, and fields, withn = 2 as soon as there is someRMi
which is aΣPIR.

Note that 0=
∏m

i=1M
αi

i and setRi := RMi
so that 0= Mαi

i Ri.
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Assume thatR ⊆ Rn has FIP and fix somei. ThenRi is a field if and only ifαi = 1, giving
(1). We know thatRMi

is a finite ring if and only if|R/Mi| < ∞, which gives (2). Assume that
αi > 1 and|R/Mi| = ∞. Then,Ri is aΣPIR, so thatn = 2 and we have (3).

Conversely, assume thatR is an Artinian ring and that for eachi one of conditions (1), (2) or
(3) holds. It follows thatR is a finite direct product

∏m
i=1 Ri of primary rings. We have just seen

thatRi is a field whenαi = 1. If |R/Mi| = |Ri/MiRi| < ∞, thenRi is a finite ring. At last,
if αi > 1 and|R/Mi| = ∞, thenRMi

is aΣPIR andn = 2. Now, use Theorem4.2 to get that
R ⊆ Rn has FIP.

Extensions of the formRp ⊂ Rn, for some integers 1< p < n generalize extensions
R ⊆ Rn. For Rp andRn endowed with their canonical structures ofR-algebras, we show
that HomalR(Rp, Rn) has at leastS(n, p) elements (theStirling number of the second kind
S(n, p) := |P (n, p)| whereP (n, p) is the set of partitions of{1, . . . , n} into p subsets). We
set ExalR(Rp, Rn) := {ϕ ∈ HomalR(Rp, Rn) | ϕ injective}.

Proposition 4.5.LetR be a ring and1 < p < n two integers, then:

(1) |ExalR(Rp, Rn)| ≥ S(n, p).

(2) If R is connected,|ExalR(Rp, Rn)| = S(n, p).

(3) If R ⊆ Tot(R) is t-closed andTot(R) is Artinian (for instance, ifR is Artinian), then
|ExalR(Rp, Rn)| ≤ S(n, p)|Min(R)|.

Proof. Let C := {f1, . . . , fp} andB := {e1, . . . , en} be the canonical bases of theR-algebrasRp

andRn, that are complete families of orthogonal idempotents.
Forϕ ∈ HomalR(Rp, Rn), let λ(ϕ) := (ai,j) ∈ Mn,p(R) be its matrix in the basesC andB

(with the ruleϕ(fj) =
∑n

i=1 ai,j · ei for eachj). Thenλ defines an injective map whose image
Λ we compute. Applying the ring morphismϕ to the relationsf2

j = fj, fjfk = 0 for eachj 6= k

and
∑p

j=1 fj = 1Rp , we get the conditions(∗1): a2
i,j = ai,j , (∗2): ai,jai,k = 0 for eachj 6= k and

(∗3):
∑p

j=1 ai,j = 1, for eachi. It is easily seen thatΛ = {(ai,j) ∈ Mn,p(R) | (∗1), (∗2), (∗3)}

and thatλ : HomalR(Rp, Rn) → Λ is bijective. Indeed, any element ofΛ is the matrix of a ring
morphism by(∗1), (∗2), (∗3).

(1) LetH := {ϕ ∈ ExalR(Rp, Rn) | λ(ϕ) ∈ Mn,p({0,1})}. Forϕ ∈ H andλ(ϕ) = (ai,j),
we have ai,j ∈ {1,0} for each(i, j) and thenai,k = 0 as soon asai,j = 1 for somej 6= k
by (∗2). For eachj ∈ {1, . . . , p}, setAj := {i ∈ {1, . . . , n} | ai,j = 1}. Sinceϕ is injective,
ϕ(fj) 6= 0 for all j implies that eachAj 6= ∅. Then(∗2) impliesAj ∩ Ak = ∅ for j 6= k and
(∗3) that {1, . . . , n} = ∪p

j=1Aj , since eachi ∈ {1, . . . , n} is in one (and only one)Aj , so that
{A1, . . . , Ap} ∈ P (n, p). Hence, there is a mapµ : H → P (n, p), whereµ(ϕ) = {A1, . . . , Ap},
such thatϕ(fj) =

∑
i∈Aj

ei for eachj. Thenµ is bijective because any element{A1, . . . , Ap}

of P (n, p) defines someϕ ∈ H by the relationsϕ(fj) =
∑

i∈Aj
ei for eachj.

(2) If R is connected,(∗1) implies thatH = ExalR(Rp, Rn).
(3) If T := Tot(R) is Artinian, thenT ∼=

∏m
l=1RMl

, where Min(R) := {M1, . . . ,Mm}.
SinceR ⊆ T is t-closed, the idempotents ofR andT coincide. Then it is enough to use (2).

We show that anything is possible whenR is aΣPIR.

Proposition 4.6.Let (R,M) be aΣPIR andp, n two integers such that1 < p < n andϕ ∈
ExalR(Rp, Rn). The following statements hold:

(1) If n = p+ 1, ϕ has FIP.

(2) If p+ 2 ≤ n ≤ 2p, ϕ has FIP in some cases and not FIP in some others.

(3) If n ≥ 2p+ 1, thenϕ has not FIP.

Proof. We keep notation of Proposition4.5(2). SinceR is connected, any extensionϕ of R-
algebraRp ⊆ Rn comes from some partition∪p

j=1Aj of {1, . . . , n} with ϕ(fj) =
∑

i∈Aj
ei. In

view of [7, Lemma III.3], we may identifyS := Rn with
∏p

j=1 Sj , whereSj := ϕ(fj)S is a ring
extension ofR for eachj. Moreover,Rp ⊆ Rn has FIP if and only if eachR ⊆ Sj has FIP [7,
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Proposition III.4]. ButSj is theR-algebra generated by{ei | i ∈ Aj}, and then isomorphic to
R|Aj |. Consider the following cases and use Theorem4.2for eachR ⊆ Sj.
(1) n = p + 1. Then,|Aj | = 1 for all j, except onej0 such that|Aj0| = 2. It follows thatSj is
isomorphic either toR, orR2. In both cases,R ⊆ Sj has FIP andRp ⊆ Rn has FIP.
(2) p+ 2 ≤ n ≤ 2p. We consider two subcases:

(a) If |Aj | = 1 for all j, except onej0 such that|Aj0 | = n− p+ 1 ≥ 3, thenR ⊂ Sj0 has not
FIP, whence alsoRp ⊆ Rn.

(b) Setk := n − p ≤ p and consider a partition{A1, . . . , Ap} such that|Aj | = 2 for j ≤ k
and|Aj | = 1 for j > k. Then,R ⊆ Sj has FIP for eachj and so hasRp ⊆ Rn. We have proved
thatRp ⊆ Rn has FIP or not according to the structure ofRp-algebra considered forRn.
(3)n ≥ 2p+1. Consider a partition as above. If|Aj | ≤ 2 for all j, thenn ≤ 2p is a contradiction.
Hence, there isj0 such that|Aj0 | > 2. It follows thatR ⊂ Sj0 has not FIP andRp ⊂ Rn has not
FIP.

Proposition 4.7.Let R be a (resp. connected) ring and1 < p < n two integers. Then,ϕ ∈
ExalR(Rp, Rn) has FIP if (resp. and only if)R is an FMIR andn ≤ 2p whenR is aΣFMIR.

Proof. We use the notation of the proof of Proposition4.6 which holds for an arbitrary ring.
Then,Rp ⊆ Rn has FIP if and only ifR ⊆ Sj has FIP for eachj. Fix a partition{A1, . . . , Ap} of
{1, . . . , n}, so thatSj

∼= R|Aj|. Setkj = |Aj | andk := sup{kj}j=1,...,p. It follows thatR ⊆ Sj

has FIP for eachj if and only if R ⊆ Rk has FIP, since there are extensionsRkj ⊆ Rk. But
Theorem4.2 shows thatR ⊆ Rk has FIP if and only ifR is an FMIR andk ≤ 2 whenR is
ΣFMIR. Assume thatR is a ΣFMIR. An easy calculation using the discussion of the proof of
Proposition4.6 leads to a partition{A1, . . . , Ap} of {1, . . . n} such that|Aj | ≤ 2 for eachj if
and only ifn ≤ 2p, giving the wanted result.

If R is connected, Proposition4.5 tells us that ExalR(Rp, Rn) is in bijection with the set
P (n, p) of partitions{A1, . . . , Ap} of {1, . . . , n}. Assume thatϕ : Rp →֒ Rn has FIP, so that
R ⊆ Sj has FIP for eachj ∈ {1, . . . , p}. The first part of the proof shows that this holds if and
only if R is an FMIR andk ≤ 2 whenR is anΣFMIR, whatever is its associated partition.
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