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Abstract. Let m be a square free positive integer. If a + by/m is a unit of the integral domain
Z[/m] and A is the 2 x 2 matrix corresponding to a + b/m, then we obtain two sequences

. . a
of rational numbers {a, },en and {b, }nen such that lim — = \/m, where a,, and b,, are the
n— o0 n

entries of the first column of A™.

1 Introduction

Let m be a square free integer. We consider the integral domain Z[/m | = {a+by/m | a,b € Z}.
The norm function of Z[\/m | is the function N : Z[\/m] — Z given by N(a + by/m ) :=
(a + by/m)(a — by/m) = a* — b*m, for each a + by/m € Z[/m]. We have the following
properties for the norm:

For each a + by\/m, ¢ + dv/m € Z[/m]
(i) N((a+bym)(c+dym))= N(a+ by/m)N(c+ dy/m) (The norm is multiplicative).
(ii) a + by/m is a unit if and only if N(a + by/m ) = £1, that is, a> — b*>m = +1.

When m < —1, the multiplicative group of units Z[/m]* consists only of 1 and —1; if
m = —1, the units are 1, —1, 7 and —i, in this case Z[i] is the integral domain of Gaussian
integers. If m > 1, then Z[\/m ] has an infinity of units, because X2 — mY? = +1 is the Pell’s
equation which has an infinity of integer solutions (see [5]). Further, if a + by/m is a unit, then
(a + by/m )™ is also a unit.

We denote by 0,2 (Z) the set of all 2 x 2 matrices with integer entries. Let GL,(Q) be the
multiplicative group of invertible 2 x 2 matrices with rational entries, which is called the general
lineal group of degree 2 over Q. The subset of all matrices of GL,(Q) with determinant 1 is a
normal subgroup of G L,(Q) called the special lineal group of degree 2 over Q and denoted by

SL(Q).
a b\
b a

For each A\ € Q, let
A:
Ly={A€G,|det(A) = +1}.

Gy = {A € GL,(Q)

and let
On the other hand, let m be a square free integer and let

)

In this paper we study some of the properties of G, Ly and T,,. We obtain the field of
quotients of 7,,,. Finally, if m is a square free positive integer and a + by/m is a unit of Z[/m |,

T, = {A S mzxz(Z) A=

. . .a
then we obtain two sequences of rational numbers {a,, },en and {b, },,en such that lim — =
n—oo n

b
\/m, where a,, and b,, are the entries of the first column of A™, with A = Z m ] .
a
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2 Square matrices corresponding to units of the integral domain Z[/m |

With the previous notation, we have the following results.

Theorem 2.1. If A € Q, then

(1) Gy is an abelian subgroup of GL,(Q);

(11) GANSLy(Q) is a subgroup of Gy,
(133) Ly is a subgroup of G containing to subgroup G N SLy(Q);
(iv) GxNSLy(Q) is a subgroup of Ly of index 2.

Proof. (1): Since the determinant function is multiplicative, it is sufficient to note that for each
A and B elements of GG, with

- a b\ and B — c dX\ 7
b a d c
we have
AB — ac+ bd\  (ad + bc)A _BA and A-! — 1 a —bA .
ad+bc  ac+ bd a2 —bvX| -b a

(22) and (42): They are obvious.

(iv): Applying the determinant function, we have det : Ly — {—1, 1} is an epimorphism
whose kernel is the subgroup G\ N SLy(Q) of Ly. Then the affirmation follows from First
Isomorphism Theorem. O

Theorem 2.2. If A € Z, then
(i) GxNMax2(Z) is an abelian monoid;
(13) Ly NOMyx2(Z) is a submonoid of Gy N Max2(Z);
(13i) The elements of Ly N Max2(7Z) are the invertible elements of the monoid Gy N\ My «2(Z);
(1v) Lx NMax2(Z) is a multiplicative group.

Proof. (i) and (i¢) are immediate. (iv) follows from (iz) and (i:7). Therefore, we will prove
(731). Let A € G N My x2(Z) be an invertible element. We write

a b\
b a

A:

)

where a,b € Z. Then, since A~! € GxNMyx2(Z), we have a/ det(A) and b/ det(A) are integers.
Let ¢y, ¢, € Z be such that a = det(A)t; and b = det(A)t,. Hence,

det(A) = a® —b*)\ = det(A)*t} — det(A)*t5\
= det(A)*(t3 — 3N).
This implies that det(A)(t3 — t3)\) = 1; accordingly, det(4) = =£1. Therefore, A €

Ly N 9My42(Z). Finally, since each element of Ly N M,x»(Z) is an invertible element of
G NMyy2(Z), theorem is proved. O

Theorem 2.3. If m is a square free integer, then
(1) T, is a commutative subring with identity of Myx2(Z),

(i3) If Ty is the multiplicative group of units of Ty, then T,5, = L, N Max2(Z). In particular,
T is a subgroup of L,.

(ii1) the rings T,, and Z[\/m ] are isomorphic. In particular, T,, is an integral domain;

(iv) the isomorphism in (iii) induces an isomorphism between the multiplicative groups T and

(Z[vm]);
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(v) T /(T N SL2(Q)) = {1, 1}.

Proof. (i): Ttis clear.
(22): Tt follows from Theorem 2.2, (4i1).
(i41): The isomorphism is given as follows:

¢ Tm - Zlym]

(iv): It follows from (i77).
(v): It is a consequence of Theorem 2.1, (iv). i

We can expand the field of quotients Q(y/m ) of Z[\/m ] as following.

Theorem 2.4. Let Q),,, be the set of all matrices of the form
a bm
b a

(1) Qm is a field isomorphic Q(\/m.). This is, Q., is the field of quotients of T,;
(i3) there exists a monomorphism of the multiplicative group Q(v/m )* in GL,(Q).

A:

with a,b € Q. Then,

(#3i) The group GL,(Q) has the chain of subgroups

Q;kn n SLz(Q) <L, <G,,= Q:n < GLz(Q).

Proof. (i): Tt is straightforward to verify that Q,, is a field with the usual operations, and that
the correspondence

l‘; bm]—mmm
a

determines an isomorphism between the fields Q,,, and Q(v/m ).
(#4): The inverse correspondence in (i) induces the monomorphism of the multiplicative

group Q(y/m )* in GL(Q).

(#42): Tt is immediately. ]

3 The Main Results
Theorem 3.1. If \ is a positive rational number, and {a, } nen, {bn}nen are two sequences of

positive rational numbers such that |a% —b> \| = 1 for eachn € Nand lim a, = co = lim b,
n—oo n—oo
then

lim = Vx= lim 2 A

n—00 Oy, n—00 (A,

Proof. Since foralln € N
a2 1 b2 1
72 —A‘:bz and ‘I—GQ)\’—GQ,

we have

. |a? .1 . v .1
i (57 2 = Jim gy =0 and i 1A i <0,
Hence

. a? . b?
nlgngc(bgl—A>:O and nlg&(l—az/\):O,
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equivalently
2 2
.a . b
lim %:)\: lim 7121/\2‘
n—o0 by n—oo A,
Therefore,
. (07 . bn
lim = =+vA= lim = \.
n—00 0y, n—00 Ay,

O

Let x be an arbitrary real number. The integral part of «x is the greatest integer n such that
n <z < n+ 1 and is denoted by |z ], this is |z] is the integer number so that |z| < z < [z|+1.

Theorem 3.2. Let m be a square free integer, and

b
A | @ bm ] €O,
b a
where a, b are two rational numbers. Then the powers of A, A™ withn € N, are given as follows:
an — a, b,m
b an
where
(n) a?tp M, st if n even
2t
0<t<2
an = 3.1
Z n a2t+lbn72t71m"7717t if n odd
2t + 1
OStS nz—l
and

Z ) @Rttty Rt if n even
2t + 1

0<t< 52

by, = (3.2)

n _ n—1__ .
< )a%b” Tt if n odd
0<t< sl

2

Proof. By induction, it has that the powers of A are of the form

a, b,m

A =

<.

b, an

for all n € N. On the other hand, if n € N, then we have

(a-+bvm)" = é(’;)akbn—kww-k

- ¥ (”) Q22 () (3.3)

2t
0<t<|%]
n 2t+1pn—2t—1 n—2t—1
+ ) (2t+1)a b (vm)
0<t<| 25 |

More precisely, if n is even number, then
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n _ n_
)a%bn Ztmz t

4 <2tn >a2t+lbn2tlm"22t \/E (34)

+1
0<t< nz—_

D
+
=

B

I
(]
E)\

and if n is odd number now it has

((l—i-bm)n — Z <2t+1> 2t+lbn72t71

0<t<™
Zf 17— Zf
b
0<t<" !

If 1) is the isomorphism of the Theorem 2.4, (i), between the fields Q,,, and Q(y/m ), then

vm (3.5)

(a+bym)" = ¢(A)n=¢(A"):¢<[a” bnrn})

b, ap
= ap+bpv/m.
Therefore the theorem holds of the equations (3.4) and (3.5). O

Theorem 3.3. Let m be a square free positive integer and

b
g | @ tm 1 €O,
b a
where a, b are two positive rational numbers and the powers of A are given as follows:
qn— | o b,m
b, ap

foralln € N. Ifdet(A) = £1, then

(i) det(A™) = £1 for eachn € N. This is, |a2 — b>m| = 1 for each n € N;

(i3) lim a, = oo = lim b,

anp b,m
(i9i) lim — =+/m = lim
n—o00 n—00 Ay,

Proof. (i ) Applymg induction, it is sufficient to observe that the determinant function is multi-
plicative.

(21): Tt follows of Theorem 3.2, because a y b are positive rational numbers.

(¢47): It is a consequence of Theorem 3.1. O

4 Example

Taking m = 2, we have 1 + v2 € Z[v2 ] is a unit with N(I + v2 ) = —1. The matrix
corresponding to 1 4 /2 is

where

A =

34l [T} [
2 3 5 7 12 17
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Thus, the sequences whose terms are

1,3/2,7/5, 17/12, ... an/bn,... and 2, 4/3, 10/7, 24/17,...,2b,/an, ...,

they are converging to /2.
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