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Abstract We discuss some basic properties of a class of doubly indexed real Hermite polyno-
mials including recurrence formulae, Runge’s addition formula, generating function and Nielsen’s
identity.

1 Introduction

The Burchnall’s operational formula ([2])

d m m ( ) dk
) - “Im—k\L) 1.1
( dx + z> kz:: U (m—k)! da® (£) (1.1
where H,,(x) denotes the usual Hermite polynomial ([5, 10])
() = (-1 (o) (12
m\T) = € drm (& y .

enjoy a number of remarkable properties. It is used by Burchnall [2] to give a direct proof of
Nielsen’s identity ([8])

min(m,n)

Hppin(2) = m!n! % H )l (0B (1.3)

The special case of (1.1) where f = 1, i.e.,

d

Hy(z) = (—dx+2x>m-(1). (1.4)

can be employed to recover in a easier way the generating function

Z H,(2)— = exp(2xt — t?) (1.5)

m=0

as well as the Runge addition formula ([9, 7])

m/2 l‘
Hrn(x + y) = (;) m! Z Hk f n;nk(\]gy) .

(1.6)

Many generalizations of such Hermite polynomials can be found in the literature including
multi-index ones [11, 6, 1, 3]. In this paper, we consider the following class of two-index Hermite
polynomials of single real variable:

Hyn(x) = <_jx + 21) (z™), 1.7

and we derive some of their useful properties. More essentially, we discuss the associated recur-
rence formulae, Runge’s addition formula, generating function and Nielsen’s identity.
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2 Doubly indexed real Hermite polynomials H,, ,,(x)

By taking f(z) = " in (1.1), we obtain

Honle) = (=4 +22) (") .
min(m,n) _
B (=% 2" * H, _i(z)
B i e oy IR TR *2

It follows that H,, ,(x) is a polynomial of degree m + n, since
Q(x) := Hpn(x) — 2" Hp ()

is a polynomial of degree deg(Q) < n+m — 2. For the unity of the formulations, we shall define
trivially

Hyn(z) =0
whenever m < 0 or n < 0. We call them doubly indexed real Hermite polynomials. Note that
H,,0(z) = Hp(x), Hopn(z) = 2™ and

0 m<n
()" e Hin—n(0) m>n

m—n)

Hm,n(o) = { (23)

A direct computation using (2.1) gives rise to
Hi,(z) = —nz" 4 2!
for every integer n > 1. Note also that, since H,(z) = 2z, it follows
Hypor(2) = (—d + 2x>m (Hi(2)) = (-d + 2x> U o) = 2H (). 24
dx dx

The first few values of H,, , are given by

| Hnn | n=1 | n=2 | n=3 |
m=1 —1+422% = Hy(z) —2x + 223 —322 + 224
m=2 —6x + 423 = Hs(z) 2 — 102? + 4a* 62 — 1423 + 427
m =3 || 6 —242® + 82* = Hy(z) | 24z — 362> + 82> | —6 + 542> — 48x* + 82°

From (2.2), one can deduce easily the symmetry formula
Hpypn(—2) = (=1)""™H,, ,(z), (2.5)

so that the H,, ,,(x) is odd (rep. even) if and only if n + m is odd (resp. even). Furthermore, the
Rodrigues formula for H,, ,,(z) is

m z’ am n_—z?
(1) = (~1)"e” T (x e ) (2.6)
Indeed, this can be proved easily making use of
d m m am 2
(dm—i-2x> () = (e (e f). 2.7)

Therefore, these polynomials constitute a subclass of the generalized Hermite polynomials
Y d"L rY
H) (z,a,p) := (=1)"a"%eP” ey (m“e_’” ) . (2.8)
X

considered by Gould and Hopper in [4]. In fact, we have H,, ,,(z) = 2" H2,(x,n, 1).

Proposition 2.1. The polynomials H,, »; m,n > 1, satisfy the following recurrence formulae

Hvln,n(x) + Hm—&-l,n(x) - szm,n(x) =0, (2.9)
Hm,n(m) + nHm—l,n—l(fL') - 2Hm—l,n+1 (.’E) = Oa (210)
Hm,n(x) + mHm—l,n—l (JZ) - me,n—l (1‘) = Oa (2.11)

(m—=n)Hy—1n-1(x) + 2H 1 nt1(2) + Hpy o1 (x) = 0. (2.12)
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Proof. The first one follows by writing the derivation operator as

d d
—=—(—-——+2 2z.
dz (dx—i_x)—'— v

Indeed, we get

= *nHm—l,n—l (.T) + 2Hm—l,n+1 (Lﬂ)

To prove (2.11), we use (2.6) combined with Leibnitz formula. Indeed,

m _x? dam n—1_—a°
Hyn(z) = (—1)"e o (:L’CE le )
_ m_x? am n—1 e % dmil n—1_—z?
=(—1)"e {xdac’” (z )+mdxm—‘ (x e )
= IHm,n—l (I) - mHm—l,n—l (m)

Finally, (2.12) follows from (2.10) and (2.11) by substraction. O

Remark 2.2. According to (2.4), the (2.11) (corresponding to n = 1) leads to the well known re-
currence formula H,,, | (z) = 22H,(z) — 2mH,,_(x) for H,,(z). Note also that (2.9) reduces
further to H/, (x) + Hppt1(z) — 22 H,,(x) = 0 by taking n = 0, so that we recover the known
result that H! (z) = 2mH,,,_(z).

Proposition 2.3. We have the following addition formula

o 1 min IS ij fx Hy, k,n— ](fy)
Hm,n($+y)—m'n!(\/§> ;); k5! m k) (n—])'

Proof. We begin by writing have H,, ,,(z + y) as

(2.13)

Ho o+ = (725 +2<x+y>)m.<<x+y>”>

z+y
_ (_; (;x n gy) +2(x+y)>m.((x+y)")

_ (\%)m (A + A" ((z+y)")

_ (é)z (;‘) (A + A,)™ (2T 7),

where A; stands for A, = —9/(9v/2t) + 2+/2t. Thus, since A, and A, commute, we can make
use of the binomial formula to get

Hon o4) = (5 )miz()()M)A(y)

whence, we obtain the asserted result according to the fact that

Aj(t°) = 2752 H, (V2).
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Remark 2.4. We recover the Runge addition formula (1.6) for the classical real Hermite poly-
nomials H,,,(x) = H,, o(z) by taking n = 0 in (2.13).

The following identities are immediate consequence of the previous proposition.

Corollary 2.5. The identity

B L m+n N m & ‘ m kn— j(\[t)
Hm,n(t)—m!n!(ﬁ) =0 k=j j!(k—j)!Hk_J(O)(m k)l (n =)'

holds by taking x = 0 and setting t = y in (2.13), keeping in mind (2.3). We get also

Hypn(£) = min! (é) >y Hyoy (t/V2) Hun o (t/V/2)

222 TR (m k)l )]

by setting © = y = t/2 in (2.13). While for t = —/2x = \/2y, we obtain

m n

ZZ k+]HkJ ) Hpyppn— j(t) -0

151
KL (m— k) — j)!

whenever m + n is odd or m > n.
Next, we state the following

Proposition 2.6. The generating function of Hy, ,, is given by

ot

5™ Hu r) sy = exp (< + (Qutv)e — ). @14

m,n=0

Proof. According to the definition of H,, ,,, we can write

" B +o0 1 d 5 m +oovn .
> Ha D)y = Zmz(“dﬁ “f”) e

m,n=0 m=0 n=0
=ex —ui + 2uz | (")
= ©xP dx '
Making use of the Weyl identity which reads for the operators A = 2xId et B = —d/dx as
exp(uA + uB) = exp(uA) exp(uB) exp (—u’ld); u€R,
we get

U v" 2uz—u? _ i VT
ZHmn T)yy=¢ exp( udx>(e ).

m,n=0

Therefore, the desired result follows since

exp (—uji) (e"*) = i (_kli)k (jjj)k (€7%) = e~ ev,

k=0

O

Remark 2.7. The special case of v = 0 (in (2.14)) infers the generating function (1.5) of the

standard real Hermite polynomials H,,. Furthermore, for y = v = —v, we get
oo ym+n
Ty _ ~1)"H,, n ) 2.15
e m%::o( )" Hon o (2) = (2.15)

Proposition 2.8. We have the recurrence formula

H;n’n(x) =2mH;—1n(x) + nHp 1 (2). (2.16)
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Proof. Differentiating the both sides of (2.14) and making appropriate changes of indices yield
(2.16). O

Corollary 2.9. We have

d’ + (2)
— (Hypn(z In! /T Hy—vtjn— 2.17
i ’””Z‘” S TCEilk 17
where
2v for 7=0
o, = 2065,,—1 + aj—1,0-1 for 1<j<v
1 for j=v
Proof. This can be handled by mathematical induction using (2.16). O

Remark 2.10. The o, are even positive numbers and their first values are

aj, |i=0 j=1 j=2 j=3 j=4 j=5
v=20 1

v=1 1

v=2| 22 1

v=3| 22 12 [6] 1

v=4| 2¢ 32 24 1

v=>5| 25 80 8 40 1

We conclude this paper by giving a formula for the two-index Hermite polynomial H,, ,(z)
expressing it as a weighted sum of a product of the same polynomials. Namely, we state the
following

Proposition 2.11. Keep notation as above. Then the Nielsen identity for H,, ,; n > 1, reads

m,k,v y
Hm+r,n( =mlrinn! Z A5y n+k_l/)( ‘r) Hy, kn( ) H,_ v+j,n— j(i)

1! n+k In! _
o Wt ozt (m—k)in! (r —v+j)l(n—j)!

Proof. Recall first that HY, (x, o, p), the polynomials given through (2.8), can be rewritten in the
following equivalent form ([4])

d _ a\™
o) = (g +me ™ = 2) (),

Now, since for the special values p = 1,y = 2 and o« = n, we have

Hm+r,n( ) = InHyzn+r(x7na 1)

=" (—d 42w — ”)m (H2(z,n, 1))

dzx T

n d n\"™ -
— (CZQ?+2I-'L'> (7" Hypn(x)),

we can make use of the Burchnall’s formula extension proved by Gould and Hopper [4], to wit

(_ddx +pya? ! — Z) (f) = mi Z (_kl!) ank(—x}j;p) dd?(f).

Thus, for f = =" H, ,,, we obtain

k k
Horn(a) = mt 32 (@ Hy (@), (2.18)
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Therefore, by applying the Leibnitz formula and appealing the result of Corollary 2.9, we get

D (= 1)E Hyppon(2) = (K dF _d
Hypgrn(2) = m! Z ( k!) (m i k()') Z (V) dx"?*”(x )dxl’ (Hrn())
k=0 v=0

m,k,v

F(n + k— V) (_1‘)” Hm—k,n(x) HT‘—l/JerL—j (x)

—mlrinn ‘
m.r.nn.kuzj:zoa],y (k—v)lw! antk (m—k)In! (r —v+35)!(n—j)!

for every integer n > 1. Note that for n = 0, (2.18) reads simply

Hyor () = m! S “kl!)k m;ﬁ;(fb(z)).
k=0

In this case, we recover the usual Nielsen formula (1.3) for the real Hermite polynomials H,,,. O
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