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Abstract In the present work we study a p-adic analogue of the classical beta function by
using Y. Morita’s p-adic gamma function. We obtain Gauss Lengendre multiplication type for-
mulas for the p-adic beta function.

1 Introduction

Let p be a odd prime number and let Z,, and Q,, denote the ring of p-adic integers and the field of
p-adic numbers, respectively. The p-adic analogue of the classical gamma function I" is defined

by Y. Morita (1975) [10] as the continuous extension to Z,, of the function n — (—1)" [ 4,

1<j<n

(o)
i.e., I'y(z) is defined by the formula

Ly (2) = }LIE}C(_UH H J
j<n
(p,,9)=1
for x € Z,,, where n approaches x through positive integers. The p-adic gamma function I', had
been studied by J. Diamond (1977) [5], D. Barsky (1979) [2], T. K. Kim (1997) [8] and others.
The relationship between some special functions and the p-adic gamma function I',(z) were
investigated by B. Gross and N. Koblitz (1979) [7], H. Cohen and E. Friedman (2008) [4] and 1.
Shapiro (2012) [12].
We use the following properties of the p-adic gamma function I',, (for details see [6] and [11] )

(i) For all z € Z,

[z +1) = hy(x)p(x) (1.1)
where
—x, if =1
o) i= {0
=L if |zf, <1

(ii) [, (0) = 1, T,(1) = =1,T,(2) = land [T, (2)|, = 1 forall x € Z,.

(iii) For all z € Z,,

L)1 —2) = (-1)"  (ze12Z,) (1.2)
where ¢ : Z, — {1,2, ..., p} assigns to z € Z, its residue € {1,2, ..., p} modulo pZ,. Hence,
1 o
Lp(5)" = (=1) (1.3)

and

1, 1 if p=3(mod4)
I(5)" = : —

2 —1 if p=1(mod 4).

Assume that m,n € N and m > 2 is not divisible by p. The first version of the p-adic Gauss
Legendre multiplication formula ([11]) states that

IwprmMﬁ%{ﬁ%wmmwmwmmam
§=0
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where u(k) is the number of elements of {1,2, ...,k — 1} that are not divisible by p, i.e.

k—1
ky=k—1—|——]|.
p(k) { ) }
In the case m = 2, the first version of the p-adic Gauss Legendre formula says
L_pd —(@n-1)p[22]
I,(n)Cp(n+ 2) = Fp(z)l"p(2n)2 217 (1.5)
so that | |
[,(2n) = 2711, (5) " T ()T (n + 5)2*[?] (1.6)

The Gauss Legendre multiplication formula for p-adic gamma function as follows:
For each = € Z,, let £(z) € {1,2,...,p} be such that |z — £(z)[, < 1. Further, let {;(z) =

p~!(x — £(z)) (x € Z,). Then for m > 1, m not divisible by p

m—1 m—1 .

1 i —t(ma 1\ —4i(mz)
Horp(:ma): H)rp(a) m! =4 (=) T (ma). (1.7)
J= 7=

A p-adic analogue of classical beta function by using Morita’s p-adic gamma function can be
defined as follows

Definition 1.1. The p-adic beta function B, : Z, x Z,, — Q, is defined by the formula

Ty (2) Ty (y)

B =T Gy

., T,YEZL

In 1980 M. Boyarsky [3] used to the p-adic beta function in Dwork cohomology and gave an
cohomological interpretation of the p-adic beta function. In 2006 F. Baldassarri [1] considered
two constructions of the p-adic beta functions as the p-adic etale and p-adic crystalline beta
functions, and gave some comparisons between them with relations via Fontaine’s periods. In
[9] the basic properties of the p-adic beta function are given.

In the present work we consider the p-adic beta function and we derive Gauss Legendre
multiplication type formulas for the p-adic beta function.

2 Main Results

For the p-adic beta function, as a first version of Gauss Legendre multiplication formula we
obtain the following result.

Theorem 2.1. Let m,n € N and m > 2 is not divisible by p.

(i) If m is odd, then

. mz—l ‘ ‘
(D Bymnmn) ( 1By 570)
j j =
,HOBP(”+ ot = e 2.1
i

m 2 .
[T hp(2n+ 2L ym2u(mn)—p(@mn)
j=0

(ii) If m is even, then

21
o R e e e
. . I
[[Bn+Ln+L)= 2.2)
=0 H hp(2n+ ZJ)
7=0

where
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Proof. From the first version of Gauss Legendre multiplication formula for p-adic gamma func-
tion that

m—1
1
Fp(n)Fp(n+m) I (n—l—i (HF ) (mn)m=+m)  (n e N).
Taking 2n in place of n, the relation becomes
m—1 ] m—1 ]
H) Tp(2n+ ) = H Fp(a)mﬂ@m”)r,,(zmn). (2.3)

From Definition 1.1 we get

1 1
By(n,n)By(n+ —,n+ —)...By(n + ,n+ )=

B r,(2n) ,2n+2) r (2n + 2“;n 2)
—1 2
( H Fp(n + 711))
_ f_ol , (2.4)
I1 Fp(Zn + %jl)
=0
Let
m—1 2]
f(n) = J[Tu(@n+ =). (2.5)
=0
Assume that m is odd. Thus, we can write
2 —1 1 2m —2
f) = T,2n)T,(2n+ =)..Ty(2n + mT)rp(zn + %)...rp(zn p ATy

—1 1 2
= Fp(2n)~-fp(2n+m7) p(2n+ —+1)..1 (2n+7+1)

By the equality (1.1) we obtain

f(n) =T,p(2n)T,(2n + %)rp(zn + %)...F,,(Zn + mT_l)hp@n + %)...hp(Zn + mT—2)

such that 41 | | :
m
r,2n+ —— r,(2 1 r,(2 —)h,(2 —
b0+ D) STy 0+ 1) =Ty (2 20+ )
m+3 3 3 3
r,2n+ —— r,(2 —+1)=T,2 —)h,(2 —
p(nt+ — =) =T2n+ - +1) =L,2n + —)hp(2n+ )
2m —2 m—2 m—2 m—2
I, (2 2 — +1 r,(2 —h,y(2 — ).
p(2n + ) =Tp(2n + m +1)=Tp2n+ m Yhp (20 + m )

Then, we can write

' 25+ 1
f(n) = Jl})l"p(Zn—i—?i) ]‘11) hy(2n + ]r: ).
Hence, using f(n) in (2.4) we get the formula
m—1 ?
m—1 ) . < I;IOFP(n+ 7Jn,)>
[I8:m+ ot )= s

. m—1
- [1T5(2n+ k) H y(2n + 220
j=0
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By using (1.4) and (2.3) we have

2
m—1 .
m—1 [( [1 rp(i)) l"p(mn)m—u(mn)]
. . s

HBp(n+l7n+i) = d 1

=0 m m ml 2 ! 2j+1
HO r‘p(ﬁ)m_li( m”)rp(2mn) HO hp(2n + T)
j= j=

(mﬁolrpu;)) I ()T (mm)m=2em)

mol_y } )
m#<2m">rp<2mn>< 11 hp<zn+21:1>>
§=0

According to Definition 1.1 we obtain the formula

m—1 .
- ‘ . Bp(m,’%mn)m—Zu(nm)vLu(Zmn) < H Fp(gz)>

=0
[IB(r+2Ln+L)= — ’ 2.6)
7=0

1
2 .
H hp(2n + 2J$l)
j=0

J
m

m—1 .
Now we must arrange | [] I',( )> . First, notice that I',(1) = —1 and I',(0) = 1. By using
3=0

Definition 1.1 it follows that

= Fp(l) Fp(l) = sz)) - Fp(l)
- () p(;,mml)...Bp((Tg),m_;zl))
S |

Using this formula in (2.6) we prove the formula (2.1) for odd number m.
Assume that m be even. By (2.5) we have

Z2-1+2-1 m m—1+m—1
=TI,2n)..I,2n+2—2—,2n+ —)..[,2n + ———).
f(n) p(2n)..Ip(2n + m )T ( ”+m) p(2n + m )
Now, we arrange f(n). By using the equality (1.1) we get
2 m—2 m—2
f(n) = Fp(Zn)Fp(2n+%)...FPQn—I—T)Fp@n—i—1)...Fp(2n+T—|—1)

T, (2n)..T,(2n)hy(2n)...T, (20 + mTJ)hp(Zn n mT—2)

or
m—=2 2 m—2
2 2] 2 2]
f)= | [[Ta2n+ E) [ re(2n+ =) 2.7)
=0 j=0
net
Let g(n) := [[ I'y(2n + ). Taking m = 2k, we have
7=0
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Then, we can arrange g(n). From the equality (2.3) we have
Hr YRR (2ken).
Taking k = & we get
i i
j —,u(mn) u(mn)
H ,( m 2 I',(mn)
7=0
and using g(n) in (2.7) we obtain

m_ 2 m—
j=0 j=0

Thus, using f(n) in (2.4) we get

2
m—1
- ( HOFp(n+ ))
J J J=
B Lon4+ =)= :
]1) p(n+m;n+m) 7_1 2 m;Z ‘
" ( [T Tp(3)m~ “(m")Z*“m”)Fp(mn)) < I hp(2n + 3%))
Jj=0 =0

Using the equality (1.4) we have that

m—1
i=0
[I80+2ntd) = —— >
h ( I Fp(iD) 2wt 2600) () T hy(2m + )
7=0 7=0
m—2 2 m—2 2
[1T,(2)) | 1T, (3
7=0 7=0
= 5 —
21 7
( rp(ig)> 22u(mn) < I1 hp(2n + fg))
7=0 7=0
or

=0 §=0

m—1 _7 ] m;z 2]+1 M;Z 2]

— —2u(mn
I8+ nt )= [I(=—) | 2720 | [ hp(2n+ =) 28)
2

m—2 m—2
Now we must arrange f[ Fp(zjnfl)> . Let s(n) := ( f[ Fp(zi:l)> . Using I'p(1) = —1

=0 3=0
and Definition 1.1 we get that

m . 2
(Hmzﬁj 1))

s(n) =
7=0
= PP e,y
1y (m=1 3\ (m=3 ! m—1
~ BB, b ELCE, () GCR)

Using s(n) in (2.8) we prove the formula (2.2). O

In similar way, by using the equality (1.1) and the property (1.7) we can prove the Gauss
Legendre multiplication formula for p-adic beta function:
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Theorem 2.2. For each x € Zy, let {(z) € {1,2,...,p} be such that |x — {(z)|,, < 1. Further, let
0(x) =p~ Yz —L(z)) (v € Zy). Then for m > 1, m not divisible by p

(i) If m is odd, then

m—1
2

Bp(mx,mx) ( 1 Bp(%, mm—7)> (mpfl)ll(ZmI)*Zfl(mm)

] =1
[[8+La+L)= p
§j=0 (—l)m 1 l H h (2 + 2J+1 )] m71+é(mx)fl(2mm)
7=0

(ii) If m is even, then

m_| ‘
— . _ (-D*% ( [1 B, (3, m=t0tl) QJH)))
J J
B = =) =
3'11) bt m,x+ m) [’?—1

[1 hp(2x + 2) | 226ma)=2(2p~1)201(ma)

Corollary 2.3. The equality

holds for all n € N.
Proof. Let n € N. From Definition 1.1 we know that

_ T,(n)p(n)
Bp(n,n) = W
Then, by using (1.6) we get
By(n,n) — Ly (n)Lp(n) —

21T, (1) =1T, (n)Tp(n + 1)27[%5

I (n)I (%)2[%]7(2%1).
Typ(n+3)

Using Definition 1.1 we obtain the formula

By(n,n) =217
O

Corollary 2.4. For all n € N, the equality

1 1 1 =

Bp(n7 n)Bp(n =+ 57 n+ E) — (71)2(2)272(2n71)+2[ ] (hp(Zn))fl
holds, where £ : Z,, — {1,2, ..., p} assigns to x € Z, its residue € {1,2, ..., p} modulo pZ,
Proof. Let n € N. Using Definition 1.1 we have

1 1. Tyn)
By(n,n)Bp(n+ 5,n+3) = T, (2n) L,(2n+1)

From the equalities (1.1) and (1.5) we get that

1 1 (Fp(%)rp(zn)zf(an1)2[271; ])2
By(n,n)By(n+ 5.+ 3) = T, (2n)T, (2n)hy (2n)

(Fp(%))z(r‘p(zn))zz_z(zn_l)ﬂ[z"%] |
(FP(Zn))th(zn)
(FP(%))QZ‘Z(Z"—UH[%]
hy(2n)
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Finally, by using the equality (1.3) we obtain

1
By (n,n)By(n + %771 + %) = (—1)2(2)2_2(2"_'”2[ ’
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