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Abstract. In this article we have introduced the difference triple sequence spaces cg(Ap),
A(Ay), AE(A,), 13, (A,) and B (A,), applying the difference operator A, for a fixed p € N on
the sequence (zy,,,) and examine whether the spaces being symmetric, solid, convergence free
etc. We have also obtained and proved some inclusion relation too.

1. Introduction and Preliminaries :

A triple sequence (real or complex) can be defined as a function z : N x N x N — R(C),
where N, R and C denote the set of natural numbers, real numbers and complex numbers respec-
tively. The different types of notions of triple sequences was introduced and investigated at the
initial stage by Sahiner et. al. [2] and Dutta et. al. [4] and others. Recently Savas and Esi [7]have
introduced statistical convergence of triple sequences on probabilistic normed space. Later on,
Esi [1] have introduced statistical convergence of triple sequences in topological groups.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
[8] as follows:

Z(A) = {(zn) € w: (Az,) € Z}, for Z = ¢, ¢, 1, the spaces of convergent, null and
bounded sequences, respectively, where Ax,, = x,, — x,, 11 for all n € N. Tripathy and Esi[5]
introduded the notion of difference sequence space as A,z = (Apzy) = Tp — Tyt for all
n € N and m € N be fixed. Later on it was studied by Tripathy and Sarma [6] and introduced
difference double sequence spaces as follows: .

Z(A) = {(pn) € w: (Azpp) € Z}, for Z = 2, c3, 1%, the spaces of convergent, null and

02 “o0
bounded double sequences respectively, where Az, = Tymn — Tmn+l — Tmtln + Tmtlnt1 10T

all m,n € N.

Definition 1.1 [2]: A triple sequence (zy,,,,) is said to be convergent to L in Pringsheim’s
sense if for every ¢ > 0, there exists N(e) € N such that .

|Zimn — L| < € whenever I > N, m > N, n > N and we write [im 1, n—c0Timn = L.
Note: A triple sequence is convergent in Pringsheim’s sense may not be bounded [2].

Definition 1.2 [2]: A triple sequence () is said to be Cauchy sequence if for every ¢ > 0,
there exists N(e) € N such that.

|xlmn_$pqr|<€WheneVeI'lZpZN’quZN’anzN.

Definition 1.3 [2]: A triple sequence (x;,y,) is said to be bounded if there exists M > 0,
such that |z, | < M foralli,m,n € N.

Definition 1.4 [4]: A triple sequence (x;ny, ) is said to be converge regularly if it is conver-
gent in Pringsheim’s sense and in addition the following limits holds:
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iMoo Timn = Lim (l,m S N)

limm— 0o Timn = Lin (l,n S N)

im0 Timn = Lmn (m7 ne N)

Let w® denote the set of all triple sequence of real numbers. Then the class of triple se-
quences ¢, ¢, I3, % and 3B denotes the triple sequence spaces which are convergent to zero
in Pringsheim’s sense, convergent in Pringsheim’s sense, bounded in Pringsheim’s sense, regu-
larly convergent, bounded and convergent respectively.

These classes are all linear spaces.

It is obvious that ¢j C ¢, > C 3P I, and the inclusion are strict.

Theorem 1.1: The spaces ¢, ¢, I3, 3 and ¢*5 are complete normed linear spaces with the
normed.

H$|| = Supl,m,n xlmn‘ < o0

Proof: simple.

mn, =3

nl, m=25
Example 1.1 [2]: Let 2}y, =

Im, n=17

8, otherwise

Then (zy,,,) — 8 in Pringsheim’s sense but not bounded as well as not regularly convergent.

Example 1.2: Let x;,,,,, = 1, for all [, m,n € N. Then (z;,,,) is convergent in Pringsheim’s
sense, bounded and regularly convergent.

Definition 1.5 [4]: A triple sequence space E is said to be solid if (jmn®imn) € E whenever
(Zimn) € F and for all sequences () of scalars with |ay,,,| < 1, forall [, m,n € N.

Definition 1.6 [4]: A triple sequence space E is said to be monotone if it contains the canoni-
cal pre-images of all its step spaces.

Remark 1.1 [4]: A sequence space is solid implies that it is monotone.

Definition 1.7 [4]: A triple sequence space E is said to be convergence free if (yimn) € £,
whenever (zy,,) € F and z;,,, = 0 implies y;,,, = 0.

Definition 1.8 [4]: A triple sequence space E is said to be symmetric if (z;,,) € F implies
(:cﬂ(l),r(mwn)) € E, where 7 is a permutation of N x N x N.

Now we introduced the p*”* order difference triple sequence spaces as follows:

3 (Ap)={(Zimn) € W : (ApZimy) is regularly null }

A(Ap)={ (Zimn) € w* : (ApZimn) is convergent in Pringsheim’s sense }
AR(AY)={(T1mn) € w3 : (ApTimy) is regularly convergent }

B (A))={(%1mn) € w3 : (ApTimn) is bounded }

AB(A)={(%1mn) € w3 : (ApTimn) is convergent in Pringsheim’s sense and bounded }

Where Apxl’n’m = Zimn — Limn+p — Lim+pn + Lim+pn+p — Ll+pmn + Ll+pmn+p + Ll4+pm—+pn —
Tl+pm4pn+p

when p = 1, the above spaces becomes cj(A), ¢*(A), F(A), I2,(A) and B (A), which was
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studied by Debnath, Sarma and Das [10].
2. Main Result:

Theorem 2.1: The classes of sequences cj(4,), ¢*(A,), E(A,), B, (Ay), AP (A,) are linear
spaces.
Proof: Obvious.

Theorem 2.2: The classes of sequences cj(A,), ¢*(A,), AE(A,), 2.(A,) and 2P (A,) are
complete normed linear spaces with the norm

HJ?” = 3upl|xlpp| + Sup’rn|xp’mp| + Supn|xppn‘ + Supl,nL,n‘Apxlmn| < 00

Proof: Let (z) be a Cauchy sequence in I3, (A,), where 2¢ = (2! ) € I3,(A,) for each

i €N.
Then we have, ' _ _
o — 27| = supilaty, — | + 5B [y~ Thompl + 50| Thprs — Thpl + SUDL 1 AT, —

Ayl |0
asi,j — 00
Therefore, |z, ~— ] | 0,fori,j — oo and each I, m,n € N
Hence (2%, )=(z} .. &3 . .............)isaCauchy sequence in R (Real numbers).
Whence by the completeness of R, it converges to xy,,,, say, i.e., there exists

lim i, = Ty foreach [, m,n € N

Further for each ¢ > 0, there exists N = N(e), such that for all ¢, j > N, and forall[,m,n € N

1Zp = Tlppl < € N Thmp = Tyl < € |Thpn — Tl <€
|Apx;mn - Apaj{mnl = |(x%+pm+pn+;_) - x?+pm+pn_+p) - (x§+pm+pn - ‘,I"ngperpn) - (‘r;eranrp -

x{—&-pmn{—p) + (x;--kpmn‘i xi—i—pmn) (I;m-‘y—pn-‘rp - I‘l]m—i—pn—&-p) + (‘T?m-#—pn - z?m{—pn) + (zfmn-‘rp -

x-ljmvﬂ»p) - (l‘;mn - x{mn” <€

and

lim; |£cfpp — x{pp| = |xfpp — Tyl <€,

lim, |x;mp — x{)mp\ = |m;mp — Tpmp| < €,

lim, |x§,pn — mg;pn| = |x;pn — ZTppn| < €,

Now

lim, ‘A‘T%mn_Al.{nln| = |($§+pm+p@+p—xl+pm+pn+p)—(xf+pm+pn—$l+pm+pn)—($f+pmn+p—

xl+Pmn+p) + (x§+p7an - wl+10mn) - ('r;m+pn+p - xlm+p"+ﬁ) + (x;erpn - ‘rler:Dn) + (‘r;anrp -
Timntp) — (@40 — Timn)| < €, foralli > N

Since e is not dependent on [, m, n

SUPLm,n |(xf+pm+pn+p — Titpmepntp) — (If+pm+pn — Tl pmepn) — (:E;;-!—pmn-‘rp ~ Tt pmntp)
(szr;mnn - -Tlermn) - (x;eranrp - xlm+pn+p) + ('T’.;mepn - xlerpn) + (x;mnwLp - $lmn+p) -
(x;mn - xlmn)| <6

Consequently we have, ||2}, =~ — @i | < 4e, foralli > N
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Hence we obtain 2} = — Ty, as i — 0o in I3 (A)

Now we have to show that (z;,,,,) € I2(A)

|Ttmn = Titpmapnipl = [Timn — T, + T, — xﬁpm,erner + ‘rllykpm+pn+p — Li+pm-+pn+p
< Jofon — 2t pmepmipl + 12 — Simall = O(1)

This implies @ = (21, € 12, (A)

Since I3, (A) is a linear space.

Hence I2_(A) is complete.

Similarly the others.

Theorem 2.3:

(i) ¢3(A,) C 3(A,) and the inclusion is strict. .

(i) *%(A,) € (A,) and the inclusion is strict.

(iii) AF(A,) C B(A,) and the inclusion is strict.

Proof: The inclusion being strict follows from the following example:
Example 2.1: We consider the sequence (z;,,) defined by
(Timn)=Imn, for all |, m,n € N

Then @iy, € ¢ (Ap), but Zyn & c3(A,)

Hence the inclusion is strict.

Example 2.2: We consider the sequence defined by

(=D)™mn, forl=1,m=1,2,3,4foralln € N
Limn — .
—2, otherwise

Clearly 2, € ¢*(A,), but the sequence y,,,, & F(A)
Hence the inclusion ¢*(A,) C ¢(A,), is strict.
Example 2.3: We consider the sequence defined by

2 ,whenl=1,m +niseven, foralll,m,n € N
Tlmn= —1 ,whenl=1,m+nisodd, foralll,m,n € N
1 , otherwise

Timn € AP (A,), but the sequence x,,, & AF(A,)
Therefore, the inclusion is strict.

Theorem 2.4: The classes of sequences c3(A,), ¢*(4,), AE(A,), 13.(A,) and *B(A,) are
not solid for p odd.

Proof: This is clear from the following examples:
Example 2.4: We consider the sequence (z;,,,) defined by

(Xpmn)=3, foralll,m,n € N
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Clearly the triple sequence Tymy, € c3(Ay), (4,), Af(A,) and B (A,)
Consider the sequence of scalars defined by

Qmn = (=)™ forall [, m,n € N

Then the sequence (mnZimn) takes the following form

QmnTimn = 3.(=1)H™+ forall I, m,n € N

Clearly (mnZimn) & c3(Ap), A(Ap), T(A,) and A8 (A,) (for p odd)
Hence c3(A,), (A,), F(A,) and B (A,) are not solid.

Example 2.5: We consider the sequence () defined by
(Tymn)=Imn, for all [, m,n € N

Clearly the sequence 2, € I3, (Ap)

Consider the sequence of scalars defined by

Qmn = (=)™ forall [, m,n € N

Then the sequence (mnZimn) takes the following form

QUmnTimn = (=) mn, for all [, m,n € N

Clearly, when p odd, (mnZimn) ¢ o (A)

Hence I2_(A,) are not solid.

Theorem 2.5: The spaces c3(A,), ¢(A,), F(A,) and >P(A,,) are not monotone for p odd.
Proof: The proof is clear from the following example:

Example 2.6: Consider the sequence (z,,,,) defined by
(Tpmn)=1,foralll,m,n € N

It is clear that zy,,,, € c3(Ap), (Ap), A(A,) and AP (A,)

Now we consider the sequence (y;,») in its pre-image space defined by

1, foralll+m 4+ nisodd, foralll,m,n € N

Yimn — .
0, otherwise

Clearly when p odd, (yimn) € c3(Ap), (Ap), E(A,) and B (A,)

Hence the spaces cj(4,), (A,), %(A,) and *B(A,) are not monotone.

Theorem 2.6: The classes of sequences c3(A,), ¢3(A,), F(A,) and 3B (A,,) are not sym-
metric when p odd.

Proof: The proof is followed by the following example:
Example 2.7: Consider the triple sequence () defined by
(Timn)=m, for all m € N

Clearly the sequence 2y, € ci(4,), A(4,), AE(A,) and 3B (A,)
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Consider a rearrange sequence (yymn) Of (ymy) defined by

m—+ 1 ,form =1[,nis even
Ymn=4 m—1,form =1+ 1,niseven
m , otherwise

Clearly (Yimn) & c3(Ap), (Ap), AF(A,) and P (A,) (for p odd)
Hence c3(A,), A (Ay), F(A,) and B (A,) are not symmetric.

Theorem 2.7: When p is odd, the classes of sequences cj(4,), ¢*(4,), A (A,), 13,
AB(A,) are not convergent free.

(Ap) and
Proof:We provide an example to prove the result.

Example 2.8: Consider the sequence defined by

0, ifn=1,foralll,m N
Llimn = .
2, otherwise

Clearly the triple sequence @im», € c3(A,), ¢ (A,), AE(A,), 13, (A,) and B (A))
Let the sequence (Y, ) be defined by

0, ifnisodd, foralll,m € N
Yimn = .
Imn, otherwise

Clearly (yimn) & c3(Ap), (Ap), AE(A), Bo(A,) and B (A,), (for p odd)
Hence c3(A,), A(A), A7(4,), 3.(A,) and B (A,), are not convergence free.

Theorem 2.8: The classes of sequences c3(A,), *(Ay), AE(A,), B, (A,) and B (A,) are all
sequence algebra.

Proof: It is obvious.
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