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Abstract. In this article we have introduced the difference triple sequence spaces c3
0(∆p),

c3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p), applying the difference operator ∆p for a fixed p ∈ N on
the sequence (xlmn) and examine whether the spaces being symmetric, solid, convergence free
etc. We have also obtained and proved some inclusion relation too.

1. Introduction and Preliminaries :

A triple sequence (real or complex) can be defined as a function x : N ×N ×N −→ R(C),
where N, R and C denote the set of natural numbers, real numbers and complex numbers respec-
tively. The different types of notions of triple sequences was introduced and investigated at the
initial stage by Sahiner et. al. [2] and Dutta et. al. [4] and others. Recently Savas and Esi [7]have
introduced statistical convergence of triple sequences on probabilistic normed space. Later on,
Esi [1] have introduced statistical convergence of triple sequences in topological groups.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
[8] as follows:

Z(∆) = {(xn) ∈ w : (∆xn) ∈ Z}, for Z = c, c0, l∞, the spaces of convergent, null and
bounded sequences, respectively, where ∆xn = xn − xn+1 for all n ∈ N . Tripathy and Esi[5]
introduded the notion of difference sequence space as ∆mx = (∆mxn) = xn − xn+m for all
n ∈ N and m ∈ N be fixed. Later on it was studied by Tripathy and Sarma [6] and introduced
difference double sequence spaces as follows: .

Z(∆) = {(xmn) ∈ w : (∆xmn) ∈ Z}, for Z = c2, c2
0, l

2
∞, the spaces of convergent, null and

bounded double sequences respectively, where ∆xmn = xmn − xmn+1 − xm+1n + xm+1n+1 for
all m,n ∈ N.

Definition 1.1 [2]: A triple sequence (xlmn) is said to be convergent to L in Pringsheim′s
sense if for every ε > 0, there exists N(ε) ∈ N such that .

|xlmn − L| < ε whenever l ≥ N, m ≥ N, n ≥ N and we write liml,m,n−→∞xlmn = L.

Note: A triple sequence is convergent in Pringsheim′s sense may not be bounded [2].

Definition 1.2 [2]: A triple sequence (xlmn) is said to be Cauchy sequence if for every ε > 0,
there exists N(ε) ∈ N such that.

|xlmn − xpqr| < ε whenever l ≥ p ≥ N, m ≥ q ≥ N, n ≥ r ≥ N .

Definition 1.3 [2]: A triple sequence (xlmn) is said to be bounded if there exists M > 0,
such that |xlmn| < M for all l,m, n ∈ N .

Definition 1.4 [4]: A triple sequence (xlmn) is said to be converge regularly if it is conver-
gent in Pringsheim′s sense and in addition the following limits holds:
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limn−→∞xlmn = Llm (l,m ∈ N)

limm−→∞xlmn = Lln (l, n ∈ N)

liml−→∞xlmn = Lmn (m,n ∈ N)

Let w3 denote the set of all triple sequence of real numbers. Then the class of triple se-
quences c3

0, c3, l3∞, c3R and c3B denotes the triple sequence spaces which are convergent to zero
in Pringsheim′s sense, convergent in Pringsheim′s sense, bounded in Pringsheim′s sense, regu-
larly convergent, bounded and convergent respectively.

These classes are all linear spaces.

It is obvious that c3
0 ⊂ c3, c3R ⊂ c3B ⊂ l3∞ and the inclusion are strict.

Theorem 1.1: The spaces c3
0, c3, l3∞, c3R and c3B are complete normed linear spaces with the

normed.

‖x‖ = supl,m,n|xlmn| <∞

Proof: simple.

Example 1.1 [2]: Let xlmn =


mn, l = 3
nl, m = 5
lm, n = 7
8, otherwise

Then (xlmn)→ 8 in Pringsheim′s sense but not bounded as well as not regularly convergent.

Example 1.2: Let xlmn = 1, for all l,m, n ∈ N . Then (xlmn) is convergent in Pringsheim′s
sense, bounded and regularly convergent.

Definition 1.5 [4]: A triple sequence space E is said to be solid if (αlmnxlmn) ∈ E whenever
(xlmn) ∈ E and for all sequences (αlmn) of scalars with |αlmn| ≤ 1, for all l,m, n ∈ N.

Definition 1.6 [4]:A triple sequence space E is said to be monotone if it contains the canoni-
cal pre-images of all its step spaces.

Remark 1.1 [4]: A sequence space is solid implies that it is monotone.

Definition 1.7 [4]: A triple sequence space E is said to be convergence free if (ylmn) ∈ E ,
whenever (xlmn) ∈ E and xlmn = 0 implies ylmn = 0.

Definition 1.8 [4]: A triple sequence space E is said to be symmetric if (xlmn) ∈ E implies
(xπ(l)π(m)π(n)) ∈ E, where π is a permutation of N×N×N.

Now we introduced the pth order difference triple sequence spaces as follows:

c3
0(∆p)={(xlmn) ∈ w3 : (∆pxlmn) is regularly null }

c3(∆p)={(xlmn) ∈ w3 : (∆pxlmn) is convergent in Pringsheim’s sense }

c3R(∆p)={(xlmn) ∈ w3 : (∆pxlmn) is regularly convergent }

l3∞(∆p)={(xlmn) ∈ w3 : (∆pxlmn) is bounded }

c3B(∆p)={(xlmn) ∈ w3 : (∆pxlmn) is convergent in Pringsheim’s sense and bounded }

Where ∆pxlmn = xlmn−xlmn+p−xlm+pn+xlm+pn+p−xl+pmn+xl+pmn+p+xl+pm+pn−
xl+pm+pn+p

when p = 1, the above spaces becomes c3
0(∆), c

3(∆), c3R(∆), l3∞(∆) and c3B(∆), which was
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studied by Debnath, Sarma and Das [10].

2. Main Result:

Theorem 2.1: The classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p), c3B(∆p) are linear
spaces.

Proof: Obvious.

Theorem 2.2: The classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p) are
complete normed linear spaces with the norm

‖x‖ = supl|xlpp|+ supm|xpmp|+ supn|xppn|+ supl,m,n|∆pxlmn| <∞

Proof: Let (xi) be a Cauchy sequence in l3∞(∆p), where xi = (xilmn) ∈ l3∞(∆p) for each
i ∈ N .
Then we have,
‖xi − xj‖ = supl|xilpp − x

j
lpp|+ supm|xipmp − xjpmp|+ supn|xippn − xjppn|+ supl,m,n|∆pxilmn −

∆px
j
lmn| → 0

as i, j →∞

Therefore, |xilmn − x
j
lmn| → 0, for i, j →∞ and each l,m, n ∈ N

Hence (xilmn)=(x
1
lmn, x

2
lmn, x

3
lmn, ... ... ... ... ... ...) is a Cauchy sequence in R (Real numbers).

Whence by the completeness of R, it converges to xlmn say, i.e., there exists

lim xilmn = xlmn for each l,m, n ∈ N

Further for each ε > 0, there exists N = N(ε), such that for all i, j ≥ N, and for all l,m, n ∈ N

|xilpp − x
j
lpp| < ε, |xipmp − xjpmp| < ε, |xippn − xjppn| < ε

|∆pxilmn−∆px
j
lmn| = |(xil+pm+pn+p−x

j
l+pm+pn+p)−(xil+pm+pn−x

j
l+pm+pn)−(xil+pmn+p−

xjl+pmn+p) + (xil+pmn − x
j
l+pmn)− (xilm+pn+p − x

j
lm+pn+p) + (xilm+pn − x

j
lm+pn) + (xilmn+p −

xjlmn+p)− (xilmn − x
j
lmn)| < ε

and

limj |xilpp − x
j
lpp| = |xilpp − xlpp| ≤ ε ,

limj |xipmp − xjpmp| = |xipmp − xpmp| ≤ ε ,

limj |xippn − xjppn| = |xippn − xppn| ≤ ε ,

Now

limj |∆xilmn−∆xjlmn| = |(xil+pm+pn+p−xl+pm+pn+p)−(xil+pm+pn−xl+pm+pn)−(xil+pmn+p−
xl+pmn+p) + (xil+pmn − xl+pmn)− (xilm+pn+p − xlm+pn+p) + (xilm+pn − xlm+pn) + (xilmn+p −
xlmn+p)− (xilmn − xlmn)| ≤ ε , for all i ≥ N

Since ε is not dependent on l,m, n

supl,m,n |(xil+pm+pn+p−xl+pm+pn+p)−(xil+pm+pn−xl+pm+pn)−(xil+pmn+p−xl+pmn+p)+
(xil+pmn − xl+pmn) − (xilm+pn+p − xlm+pn+p) + (xilm+pn − xlm+pn) + (xilmn+p − xlmn+p) −
(xilmn − xlmn)| ≤ ε,

Consequently we have, ‖xilmn − xlmn‖ ≤ 4ε, for all i ≥ N
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Hence we obtain xilmn → xlmn as i→∞ in l3∞(∆)

Now we have to show that (xlmn) ∈ l3∞(∆)

|xlmn − xl+pm+pn+p| = |xlmn − xNlmn + xNlmn − xNl+pm+pn+p + xNl+pm+pn+p − xl+pm+pn+p|

≤ |xNlmn − xl+pm+pn+p|+ ‖xNlmn − xlmn‖ = O(1)

This implies x = (xlmn) ∈ l3∞(∆)

Since l3∞(∆) is a linear space.

Hence l3∞(∆) is complete.

Similarly the others.

Theorem 2.3:

(i) c3
0(∆p) ⊂ c3(∆p) and the inclusion is strict. .

(ii) c3R(∆p) ⊂ c3(∆p) and the inclusion is strict.

(iii) c3R(∆p) ⊂ c3B(∆p) and the inclusion is strict.

Proof: The inclusion being strict follows from the following example:

Example 2.1: We consider the sequence (xlmn) defined by

(xlmn)= lmn, for all l,m, n ∈ N

Then xlmn ∈ c3(∆p), but xlmn /∈ c3
0(∆p)

Hence the inclusion is strict.

Example 2.2: We consider the sequence defined by

xlmn =

{
(−1)nlmn, for l = 1,m = 1, 2, 3, 4 for all n ∈ N
−2, otherwise

Clearly xlmn ∈ c3(∆p), but the sequence xlmn /∈ c3R(∆p)

Hence the inclusion c3R(∆p) ⊂ c3(∆p), is strict.

Example 2.3: We consider the sequence defined by

xlmn=


2 , when l = 1,m+ n is even, for all l,m, n ∈ N
−1 , when l = 1,m+ n is odd, for all l,m, n ∈ N
1 , otherwise

xlmn ∈ c3B(∆p), but the sequence xlmn /∈ c3R(∆p)

Therefore, the inclusion is strict.

Theorem 2.4: The classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p) are
not solid for p odd.

Proof: This is clear from the following examples:

Example 2.4: We consider the sequence (xlmn) defined by

(xlmn)= 3, for all l,m, n ∈ N
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Clearly the triple sequence xlmn ∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p)

Consider the sequence of scalars defined by

αlmn = (−1)l+m+n, for all l,m, n ∈ N

Then the sequence (αlmnxlmn) takes the following form

αlmnxlmn = 3.(−1)l+m+n, for all l,m, n ∈ N

Clearly (αlmnxlmn) /∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) (for p odd)

Hence c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) are not solid.

Example 2.5: We consider the sequence (xlmn) defined by

(xlmn)= lmn, for all l,m, n ∈ N

Clearly the sequence xlmn ∈ l3∞(∆p)

Consider the sequence of scalars defined by

αlmn = (−1)l+m+n, for all l,m, n ∈ N

Then the sequence (αlmnxlmn) takes the following form

αlmnxlmn = (−1)l+m+nlmn, for all l,m, n ∈ N

Clearly, when p odd, (αlmnxlmn) /∈ l3∞(∆p) ,

Hence l3∞(∆p) are not solid.

Theorem 2.5: The spaces c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) are not monotone for p odd.

Proof: The proof is clear from the following example:

Example 2.6: Consider the sequence (xlmn) defined by

(xlmn)= 1, for all l,m, n ∈ N

It is clear that xlmn ∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p)

Now we consider the sequence (ylmn) in its pre-image space defined by

ylmn =

{
1, for all l+m+ n is odd, for all l,m, n ∈ N
0, otherwise

Clearly when p odd, (ylmn) /∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p)

Hence the spaces c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) are not monotone.

Theorem 2.6: The classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) are not sym-
metric when p odd.

Proof: The proof is followed by the following example:

Example 2.7: Consider the triple sequence (xlmn) defined by

(xlmn)= m, for all m ∈ N

Clearly the sequence xlmn ∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p)
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Consider a rearrange sequence (ylmn) of (xlmn) defined by

ylmn=


m+ 1 , for m = l, n is even
m− 1 , for m = l+ 1, n is even
m , otherwise

Clearly (ylmn) /∈ c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) (for p odd)

Hence c3
0(∆p), c

3(∆p), c3R(∆p) and c3B(∆p) are not symmetric.

Theorem 2.7: When p is odd, the classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and
c3B(∆p) are not convergent free.

Proof:We provide an example to prove the result.

Example 2.8: Consider the sequence defined by

xlmn =

{
0, if n = 1, for all l,m ∈ N
2, otherwise

Clearly the triple sequence xlmn ∈ c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p)

Let the sequence (ylmn) be defined by

ylmn =

{
0, if n is odd, for all l,m ∈ N
lmn, otherwise

Clearly (ylmn) /∈ c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p), (for p odd)

Hence c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p), are not convergence free.

Theorem 2.8: The classes of sequences c3
0(∆p), c

3(∆p), c3R(∆p), l3∞(∆p) and c3B(∆p) are all
sequence algebra.

Proof: It is obvious.
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