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Abstract In this paper, we study and analyze new higher-order iterative methods free from second order derivative for
solving nonlinear equations. The new proposed method is obtained by composing an iterative method obtained in Noor et
al. [1] with Newton’s method and approximating the first-appeared derivative in the last step by a combination of already
evaluated function values. The convergence analysis of our methods is discussed. It is established that the new method have
convergence order ten. Numerical tests show that the new method may be viewed as an alternative to the known methods.

1 Introduction

Finding iterative methods for solving the nonlinear equation f(z) = 0 is an important area of research in numerical analysis.
It has interesting applications in several branches of pure and applied science. Due to their importance, several numerical
methods have been suggested and analyzed under certain condition. These numerical methods have been constructed using
different techniques such as Taylor series, decomposition method, quadrature formula, variational iteration method, and
homotopy perturbation method and its variant forms. For more details, see [1-10]. In this paper, we revised and modify the
method which given in Al-Subaihi et. al. [11], using predictor—corrector technique, and by replacing the second derivatives
of the function by its suitable finite difference scheme. The error equation is refined theoretically to show that the proposed
technique has tenth -order convergence. Commonly in the literature the efficiency of an iterative method is measured by
the efficiency index defined as I ~ p'/? [12], where pis the order of convergence and dis the total number of functional
evaluations per step. Therefore these methods have efficiency index 10'/5 ~ 1.585 which are higher than 2'/2 ~ 1.4142 of
the Steffensen’s method (SM) [13]. Several examples are given to illustrate the efficiency and performance of this method.

2 Iterative methods

Consider the nonlinear equation of the type

flx)=0 (6]
For simplicity, we assume that r is a simple root of Eq. (1) and x is an initial guess sufficiently close to r. Using the Taylor’s
series expansion of the function f(x), we have
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First two terms of the equation (2) gives the first approximation, as
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This allows us to suggest the following one-step iterative method for solving the nonlinear equation (1).
Algorithm 2.1. For a given z, find the approximate solution z,, | by the iterative scheme
R (025
- n
" f(@n)
which is the Newton method. It is well known that algorithm 2.1 has a quadratic convergence.
Again from (2) we have
€=z f (IO) 4)

F'(@0) + % (& — z0) £ (20)
Substitution again from (3) into the right hand side of (4) gives the second approximation
2f (o) f' (o)
2f72(w0) — f(wo) f" (o)
This formula allows us to suggest the following iterative methods for solving the nonlinear Eq. (1).
Algorithm 2.2. For a given z(, compute approximates solution x,, | by the iterative scheme

Lyl = Ty — 2f(@n)f' (zn)
T A @) — fwn) [ ()
This is known as Halley’s method and has cubic convergence [6]. Using Algorithm 2.1 as a predictor and Algorithm 2.2 as a

corrector, Noor et. al. [14] suggest and analyze a two-step iterative method for solving the nonlinear equation.
Algorithm 2.3. For a given z, compute approximates solution x,, ;1 by the iterative schemes
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Algorithm 2.3 is a two-step predictor—corrector Halley method and has sixth-order convergence [14]. Noor et al. in [1]
approximate the second derivatives f’’(yr )by the function

flyn) = f(zn)

Yn — Tn

7)== (2 ) + ) =3 ) = Prlaamm) ®

Yn — Tn
Now using the technique of updating the solution, therefore, using Algorithm 2.3 as a predictor and Algorithm 2.1 as a

corrector, we suggest and analyze a new three-step iterative methods for solving the nonlinear equation (1).
Algorithm 2.4. For a given x(, compute approximates solution x,, | by the iterative schemes

_ f(@n)
n)

f'(=
Zf(yn) ( n)
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Algorithm 2.4 has twelfth-order convergence. Per iteration this method requires three evaluations of the function, and three
evaluations of first derivative. We have that the efficiency index of the method 2.4 is 121/6 ~ 1.513.

To improve the efficiency index, we approximate the first-appeared derivative in the last step f’(zr) by a combination of
already evaluated function values using divided differences. This procedure was used by A. Cordero et al. [15].

To explain the idea, consider the Taylor polynomial of degree 2 for the function f(2x)

_ 2
F(em) = £(um) + (on — o) () + E2 0L gy ©
This implies that
£(gn) = Lo =T m) G Zym) gy g, ) — Gz ¥m) gy 0
(zn — yn) 2 2
where
Flzn, yn] = f(zn) = fyn)
(2n — yn)
then from (7)
2 nsy In| — ! n
(2n — Yn)
again from (6)
F'(zn) = f'(yn) + (20 — yn) " (yn) )
Substitute the estimation of f’(yy ) and f”/(yy) into the last expression, to get
fl(zn) = flzn, Yn] + (2n — yn) fl2n; Yn, yn] (10)
where ,
f[zn:ynvyn] = —f[zn,yn] =/ (yn)
(Zn - yn)
from (5) and (7) in (9) we can have another approximation formula to the function f/(zy )as
1
I (zn) = flensynl + 5 (20 = yn) Py (@, yn) (11)

Now by substituting (10) into (5), we obtain the following new proposed three-step iterative method for solving equation (1)
which are the main motivation of this paper.
Algorithm 2.5. For a given xz(, compute approximates solution x,, ;1 by the iterative schemes

_ f($n)
TN f(aa)
Zn = Yn — 2f(yn) f' (yn) )
z[f,(yn)] — flyn) f(znv Yn)
_ _ f(zn)
Tptl = Zn
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Algorithm 2.5 is called the predictor-corrector Modified Halley method (MHS1) and has tenth-order convergence. Per itera-
tion of the iterative method 2.5 requires thee evaluations of the function and two evaluations of first derivative. We have that
the efficiency index of the method 2.5 is 10'/> = 1.585 which is better than 12!/% ~ 1.513 of the method 2.4 and is better
than 127 = 1.426 of the method 2.3.

Again by substituting (11) into (5) , we obtain the following new proposed three-step iterative method for solving equation
(1):

Algorithm 2.6. For a given zy, compute approximates solution x,, 4 by the iterative schemes

_ f(@n)
n)

[z
2f(yn)f' (yn)
20f(yn)I? = f(yn) Py (xn,yn)

2f(zn)
2f[2n, Yn] + (2n — yn)Pf(xnv Yn)
Algorithm 2.6 is called the predictor-corrector Modified Halley’s method (MHS2) and has tenth-order convergence. Per
iteration of the iterative method 2.6 requires thee evaluations of the function and two evaluations of first derivative. We have

that the efficiency index of the method 2.6 is 101/ ~ 1.585 which is better than 12!/6 ~ 1.513 of the method 2.4 and is
better than 12!/7 =~ 1.426 of the method 2.3.
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To be more precise, we now approximate f’(yn ), to reduce the number of evaluations per iteration by a combination of
already known data in the past steps. Toward this end, an estimation of the function P(t) is taken into consideration as
follows

Py(t) =a+b(t —xn) +c(t — afn)za le(t) =b+2c(t —zn)

By substituting in the known values

Py(yn) = f(yn) = a +blyn — xn) + c(yn — Tp)?
Pg(yn) = f/(yn) =b+ zc(yn - mn),

’

Py(zn) = f(zn) = a, Pg(xn)zfl(xn)zb
we could easily obtain the unknown parameters. Thus we have
f/(yn) =2f[xn, ynl _f/(xn) :Pg(ivmyn) (12)

then algorithm 2.6 can be written in the form of the following algorithm.
Algorithm 2.7. For a given x, compute approximates solution x,,; by the iterative schemes

__ f=a)
" " f'(zn)
Zn = Yn — 2f(yn) Py )
" " Z[Pg]z - f(yn)Pf
2f(zn)

Tn+l = Zn

- 2f[zn, yn] + (2n — yn)Pf

Algorithm 2.7 is called the predictor-corrector Modified Halley’s method (MHS3) and has seventh-order convergence. Per
iteration of the iterative method 2.7 requires thee evaluations of the function and one evaluations of first derivative. We have
that the efficiency index of the method 2.7 is 7//4 & 1.626 which is better than 10> ~ 1.585 of the method 2.6 and this is
the main motivation of our paper.

3 Convergence analysis

Let us now discuss the convergence analysis of the above mentioned methods Algorithm 2.5 and Algorithm 2.7. In a similar
way, we can discuss the convergence of other algorithms.

Theorem 3.1. Let r be a sample zero of sufficient differentiable function f :C R — R for an open interval I. If zyis
sufficiently close to r, then the two step method defined by our algorithm 2.6 has convergence is at least of order ten.

Proof.
b len)
n — n
f'(@n)
Zn = Yn — Zf(yn)f/(yn) (]3)
n — dn
2[f"(yn))* = fyn) Py
Epr) = 2 — f(zn)
" " Flznsynl + (20 — yn) fl2n; yn, yn]
Let rbe a simple zero of f. Since fis sufficiently differentiable, by expanding f(zr ) an xn ) about r, we get
be a simpl. f f. Si is sufficiently diff iable, b di d f’ b
)2 )3 )4
Flen) = F0) 4 (=)' )+ 22T gy o Cn ) oy g @ m T g g
then
flxn) = f'()len + c2ep, + esep, + caey, + -, (14)
and
(@) = f/(7)[1 4 2chen + 3c3€2, + deged, + Sesed + - -], (15)
(k)
where ¢}, = %ff,(g), kE=1,2,3,...and en, = @ — 7
Now from (14) and (15), we have
x
j{’((xr;)) =en — 263 +2(3 — &3)ed 4 (Tepes — 463 — 3eg)ed +--- )
From (13), we get
Yn =7+ c2eh +2(c3 — B)ed + (—Teacs + 46 + 3eq)ed + - (16)
From (16), we get,
Flyn) = ' (1)[(yn — ) + c2yn — 7")2 +c3(yn — 7")3 +cayn — 7')4 +-0],
F'yn) = F/(r)[1 + 26362 + 4(cacs — S)ed, + (—11c3¢3 + 8¢ + 6cacq)ed + - -]
then
% =€ —2(c3 — ¢3) — (Teacs — 33 — 3ea)ed, +2(8c%cs — 2¢5 — 3¢ — Scaes + 2¢5)€,
— (13¢ac5 — 22¢4¢3 — Ses — 6¢5 — 32¢363 + 1Tcaes — 29¢rc3)el, + -+ -
2 — f(z
Pf(xnvyn) = (Zf/(yn) + f/(l'n) — 3M)
Yn — Tn Yn — Tn
Pi(zn,yn) = f(r)2c2 + (6 ¢ 3 — 264)62 —4(3 c3(c3 — ¢3) —cacs + cs) €} a7

+2(12c3 c3— 2l + s+ 13czeq+(ca—3)cs) el +- -]
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Substituting into (13), to get

2f(yn)f’ (yn) 205 3 6 7
Zn = Yn — =r+c(2c¢ — e + cq)e) +0(ey,) (18)
t T 20 (yn) P — flyn) Py B e
Now, expand f(zy ) about r to get
fzn) = f(MNEQ2E-—caa+ta)d+20(-6a3+93G-33a

+2cc+ o (—30%

f[znvyn] + (zn - yn)f[znvynvyn] = f/(T)[l - C% Cc3 efr‘z +4 0253(05 - C}) ef’b + - }
Substituting into (13), to get

Tpil = 2Zn — (19)
"t " f[z’rhy’n] + (2n _yn)f[zn7yn7yn]
or
Tpyl =T — 0‘2103(203 — e+ o) e:lo + O(eill) (18)
From (19), e, +1 = 41 — r then we will have
eni1 = =332 — ey + i) el +O(el)) (20)
which shows that Algorithm 2.5 is at least a tenth order convergent method, the required result. O

Theorem 3.2. Let r be a sample zero of sufficient differentiable function f :C R — R for an open interval I. If xg is
sufficiently close to r, then the two step method defined by our algorithm 2.8 has convergence is at least of order seven.

Proof. Consider to

Zn = Yn — Zf(yn)Pg
n — n
2[P,]? — f(yn)Pf
Zf(Zn)
T =zn — @n
i " 2f[zn, yn} + (Zn - yn)Pf
Again by using Taylor’s expansion we can get
Py =2f[xn,yn] — f'(zn) = f/(r)[1+ (2 c% —c3) el —2(2 cg —3ccta)e )
+ 8 — 16c3cs + 43 +8crcs — 3cs) el +--]
from (16), (17) and (22) in (21) we get
2f(yn)Py 4 2 5
Zn =Yp — ———————— =1 — e3¢, + (2c3(c5 — c3) — 2cc4)e;, + - - - 22)
mn n Z[Pg]z —f(yn)Pf n ( ( 2 ) ) n
flzn) = f/(r)[—cy c3 € + (203(0% — &) —2c¢4)€d + -], (23)
2f[zn,yn] + (20 — yn) Py = f'(r)[1l = 2c2c3 5, + (2e3(65 — 2¢3) = 3czea) €, - - (24)
Substituting from (23) and (24) into (21), to get
2f(2n) 227 8
Tpal = Zn — =7+ 2c5c5e, + Ole
n+ mn 2f[2n7yn] T (Zn — yn)Pf 2%3%n ( n)
or, in the final form
entl = 20%0_%6; + O(e%) (25)
which shows that Algorithm 2.7 has seventh- order of convergence. O

4 Numerical examples

For comparisons, we have used the ninth-order Noor et al. [1] (NRM) defined respectively by

_ fl@n)
Yn = Tn f’(wn)
o = Un 2f(yn)f' (yn)

20" (yn)]* = flyn) Py
o f/(xn) + f/(yn) % f(zn)

3f (yn) — f'(2n) I/ (zn)
In this study, we present some numerical examples to illustrate the efficiency and the accuracy of the new developed iterative
methods (Table 1). We compare our new methods namely (MS1) to (MS4), with Noor et al. [1] (NRM). Our examples
are tested with precision ¢ = 10~2%and the following stopping criteria is used for computer programs: |z, | — &n| +
|f (@n)] < .
Displayed in Table 1 are the number of iterations (IT), such that the stopping criteria satisfied, the absolute values of the
function f(xy,) after the required iterations. Moreover, displayed is the distance of two consecutive approximations ¢ =
|Zy, — Ty —1], the time pier second and the computational order of convergence (COC). Where the computational order of
convergence (COC) can be approximated using the formula,

COC ~ In| (zni1 — @n)/(Tn — Tn—_1)|
In|(zn —Tp—1)/(Tn—1 — Tn-2)]

All the computations are performed using Maple 15 with 10000 significant digits. The following examples are used for
numerical testing:

Tn+l = Zn

fi(z) = 2* + 422 — 10, zo=1, fr(z) =sin*z — 2% + 1, xo=13.
fa(x) =cosz — =z, z9 = 1.7, falz) = (x —1)° — 1, z9=2.5.
fs(x) = 23 — 10, zo =2, fo(x) = €% + cosz, 9 =2,
fr(x) = sinx — /2, xo=2.

Results are summarized in Table 1, as it shows, new algorithms are comparable with Noor method [1] and in most cases gives
better or equal results.
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5 Conclusions

In this paper, we revised and modify the method presented recently by Al-Subaihi et. al. [11], and used it for solving of
nonlinear equations. These method based on a Halley iterative method and using predictor—corrector technique. The error
equations are given theoretically to show that the proposed technique have seventh - and tenth -order convergence. The new
methods attain efficiency indices of 1.626 and 1.585, which makes them competitive. In addition, the proposed methods have
been tested on a series of examples published in the literature and show good results when compared them with the previous
literature.

Table 1. Comparison of different methods

Method NRM MHSI MHS?2 MHS3
Si,x=1
IT 4 4 4 4
|f(zn)| 7.51e-4458 2.19E-7691 3.40E-7327 4.34E-2099
) 7.91E-496 1.46E-769 2.83E-733 2.84E-300
Time/s 0.141 0.249 0.141 0.141
coc 9 10 10 7
fr, x0=1.3
IT 4 4 4 4
| flzn) | 6.72E-6932 1E-9999 1E-9999 5.28E-3070
) 8.30E-771 4.19E-1177 1.74E-1111 5.82E-439
Time/s 4.118 4244 4.071 4360
coc 9 10 10 7
f3 x0=1.7
IT 4 4 4 4
| f(zn) | 1.56E-5892 7.95E-9767 2.38E-9827 5.06E-1777
s 7.20E-655 9.16E-977 8.35E-983 4.91E-254
Time/s 4.087 4212 4.181 4.165
coc 9 10 10 7
far X0=2.5
IT 4 4 4 5
| flzn) | 328E-2868 7.37E-5099 1.23E-4696 4.28E-8040
) 2.20E-318 1.60E-510 2.49E-470 3.50E-1149
Time/s 0.109 0.203 0.125 0.156
coc 9 10 10 7
fs, x0=2
IT 4 4 4 4
| flzn) | 1.71E-7415 5.00E-9999 1.00E-9998 1.93E-2986
) 2.05E-824 1.11E-1196 5.09E-1163 4.84E-427
Timels 0.125 0.203 0.110 0.125
coc 9 10 10 7
fo» x0=2
IT 4 4 4 4
| flzn)| 6.07E-7232 0 0 1.42E-2593
) 1.11E-803 6.60E-1164 4.39E-1134 1.10E-370
Time/s 5.008 5.179 4.836 4.883
coc 9 10 10 7
Sf1, x0=2
IT 4 4 4 4
| flzn)| 4.73E-7904 0.10E-9999 0.10E-9999 2.74E-3372
) 1.08E-878 1.88E-1329 1.78E-1346 5.31E-482
Time/s 4.290 4258 4.196 4353
coc 9 10 10 7
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