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Abstract In this paper, statistical convergence is generalized by using regular Norlund mean
N(p) where p = (p,) is a positive sequence of natural numbers. It is called statistical Norlund
convergence and denoted by the symbol st-N(p).

Besides convergence properties of st-N(p), some inclusion results have been given between
st-N(p) convergence and strongly N(p) and statistical convergence.

Also, st-N(p) and st-N(q) convergences are compared under some certain restrictions.

1 Introduction and Backround

Statistical convergence of real (or complex) valued sequences was first introduced by Fast H. [6]
and Steinhaus I. J. [18] independently in the 1951 as a generalization of ordinary convergence.
This subject has been applied various field of mathematics by many authors such as Erdos P.-
Terenbaum G. [5], Freeedman A. R.- Sember J. J. - Raphael M. [7], etc. Besides, Connor J.[3,
4], Fridy J. A. [8], Fridy J. A.- Orhan C. [9], Salat T. [16], Schenberg I. J. [17]. Statistical
convergence is closely related to the natural density of the subset K of natural numbers N ( see
more in [2]).

Forn € N, let K(n) := {k | k < n,k € K} for K C N. Then, the natural density (or
asymptotic density) of K C N is denoted by §(K), and

1
O(F) = Tim E;mn)(m (1.1)

if this limit exists. In (1.1) the symbol x K(n)(.) denotes the characteristic function of the set
K(n).

A real (or complex) sequence z = (z,,) is said to be statistical convergent to [ € R (€ C),
if the set K(¢) := {k | k < n, |z — | > €} has natural density zero for every ¢ > 0, i. e.,
d(K(g)) = 0. This limit is denoted by x,, — I(st).

Throughout this paper, let p = (p,) be a sequence of nonnegative natural numbers with
po=0andp, >0foralln € Nand P, := >} _ .

The Norlund mean of the sequence = = (z,,) is defined by t,, := P% > h i Pr—kt1Tk.

The sequence z = (z,) is said to be N(p) convergent to [ € R if the sequence (¢,,)nen
convergent to [ € R, and strongly N(p) convergence to [ if

. 1 &
nhﬁn;o o §pn—k+l |z, — | = 0.

and it is denoted by x,, — I (N(p)).

Definition 1.1. The sequence = = (z,,) is said to be statistically Norlund convergent to [ if

i
oo P,

D PukiiXx(e) (k) =0, (1.2)
k=1

holds. It is denoted by x,, — [ (st-N(p)).

The case p, = 1 in Definition 1.1 is coincide with usual statistical convergence [8]. This
kind of generalization of statistical convergence has been given by Fredman and Sember in [7]
by using any regular matrix summability method.
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Let us recall that if the summability method transforms convergent sequence to convergent
sequence with the same limit, then it is called regular.

It is clear from [15] that the method N(p) is regular if and only if &~ — 0, n — ooc.

Especially, by using regular Norlund mean different kind of generahzatlon of statistical con-
vergence has been given in literature such as [1], [11], [12], [13], [14] and etc.

The next lemma plays key role in the proofs of Theorems 2.9 and 2.10.

Lemma 1.2. [15] If N(p) is regular, then the series p(z) =Y oo | pp,a"~ ' and P(z) = 377 | Pa"~!

are convergent for all || < 1.

It is easy to see that the following series are convergent for all |z| < 1,

— - nfl_@_Q(x)
0 =2kt = e = P

and

:ih xnfl:M: P(.’E)
a0~ A

where q(z) = 307 goz™ !, Q(z) = Y02 Qna™ . Also, by comparing their coefficients
klpn+---+knpl = qn, k1Py + ...+ kn Py :Qna (13)

hlqn+~-~+hnq1 = Pn;, thn++thl :Pn (14)

is obtained.

2 New Results

Let us consider the function d, : CN x CN — [0, 00) where CN denotes the set of all complex
variable sequences, as follows:

. 1
dp(,y) = limsup = >~ pn_p10(|zx — yk])

n—oo n k<n

for z = (,,),y = (yn) € CN and ¢ is the function ¢ : [0,00) — [0, 00) where

¢<t>:={ A

1, t>1.

The function d, is a semi-metric and it is called p-semi-metric on CN (for more information

[10D).

Theorem 2.1. The sequence x = (x,) is st-N(p) convergent to | € R if and only if d,,(z,y) = 0
where y,, =l for alln € N.

Proof. Let us assume d,(x,y) = 0 where y,, = [ for all n € N. Then, we have

1
lim su — Dn—k+1 <
k<n
|l‘k — l‘ 2 g

Himsupp-> pognip(oe —1)) , e <l|o—1 <1,

n—o0

< k<n
limsuppiann_kmo(m =), w1l >1
< max{l, }hmsup—an kr1e(|zr — 1))

n—ooo by
v k<n

= max{l, é}dp(m, 1)

for every € > 0.
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This last inequality implies that the sequence (z,) is st-N(p) convergent to /.
Now, assume that z = (x,,) is st-N(p) convergent to [ € R. Then, for every ¢ > 0 we have

1
B an e llze —ul) = 5= > Pr—kr1(|zk — 1)
k<n k < n
|.23k- - l| <e

1
+ o > Pr—kr19(|z — 1)

k<n
o =1 > ¢
< Z Prn—k+1 + - Z Prn—k+1
k:<n k g n
|I’k — l‘ 2 9
Since N(p) is regular, then the following inequality
dp(z,y) = limsup —- an ke1e(lee = yrl)
n—oo k}<7l
1
< shmsup—an k1 —l—hmsupF Z Dn—kt1 <€
n—oo k<’VL n— oo n
k<n
|.’Ek — L| 2 3

holds. This calculation implies that d,(z,y) < ¢ for any £ > 0 where y,, = [ (n € N). So, the
proof is completed. O

Corollary 2.2. If the sequence x = (xy,) is convergent to | then d,(x,y) = 0, where y,, = [ for
alln € N.

Proof. Let us assume x = (xy) is convergent to [. It means that for every e > 0, there exists an
ng = no(e) € N such that |z, —I| < 5 holds for all n > ng. Therefore, the following inequality

dp(z,y) = hHLSUP N an kr1e(lze — 1)
= limsup Z Pr—kr19(|zr — 1) + > pakrip(lak—1))
oo k<no n no+1<k<n

N

. 1 . 1 <
hmsupp— Z Pr—ka1 —I—hmsupF Z Drn—kt1lzr — 1

n— 00 n k<no n— o0 n k=ng-+1

< nohmsupp——kehmsup Z P k+1< _,_,7

n— 00 n— 00 2
" " k=ng+1

holds. It gives that d,(z,y) = 0. i
Following theorem shows that strongly N(p) convergence implies st-N(p) convergence:

Theorem 2.3. If the sequence x = (x,,) is strongly N(p) convergent to | then x = (x,) is st-N(p)
convergent to l.

Proof. Assume that (z,,) is strongly N(p) convergent to . That is

n

. 1
lim —- an7k+l|xk —1=0.

n—oo P, —
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Also, the inequality

PL Zpk|xk—l|— Yoo+ D | prkrlze 1

Pn keK(e) kgK(e)

1 n 1 n
7. an—k+1|$k - l|XK(s)( )>e¢ ? an E+1XK (e )(k’)
" k=1 k=1

v

n
= 51’% kz::lpn—lﬁ—]XK(e)(k')-

holds. After taking limit each side of above inequality when n — oo, then the desired result is

obtained. O

Corollary 24. If x,, — | (n — 00), then x,, — | (st-N(p)).

Remark 2.5. The converse of Theorem 2.3 and Corollary 2.4 are not true in general.

For simplicity let & = 1. Consider the sequence = = (z,,) and p = (p,,) as follows:

m3, n=m? meN,
0, otherwise.

and p,, = 1 for all n € N. Therefore,

[lvnl]

m % ;Xms)(k') = lim ~ mZ::I 1=0
is hold. But,
lim lil\xk —-0] = lim l[fl]ma
noeen k=1 n—oo n P
I VIV 21)(2[\\/5\] 0 _
e n

Since the sequence is unbounded, then it is not convergence in usual case.
In the next theorem, it is proved if the sequence is bounded, then st-N(p) convergence implies
strongly N(p) convergence.

Theorem 2.6. If the sequence x = (x,,) is bounded and st-N(p) convergent to l, then x,, — 1

(N(p))

Proof. Assume = = (z,,) bounded and

lim 7an k+1XK( )(k) =0

n—oo

holds for any € > 0. Therefore, from the boundedness of (z,,), there exists a positive M > 0
such that |z, —I] < M holds for all n € N. By using this fact, the following inequality

i E Pn—k+1|Te — | = E + E Pr—k+1]|Tre — I
P,
4 k=1

kEK(s) kgK(e)

1 n
= anfk-&-luk_llXK(s)(k Jr*an ket|Te = UXrce(e (k)
Pu k=1 " k=1

n 1 n
< M Pn—k+1XK (s +€*an k1 Xrce(e) (k)
k=1

n ’I’L

holds. After taking limit when n — oo in the above inequality the proof is obtained. O
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Corollary 2.7. If the sequence x = (x,,) is bounded and d,(x,y) = 0 where y,, = l for alln € N
then x = (x,,) is N(p) convergent to l.

Theorem 2.8. st-N(p) convergence implies st-N(q) convergence if and only if there exists a posi-
tive constant M such that for every n,

|k1| Py + k2| Poei + ...+ kn|PL < MQy, (2.1)
and N
. n o
nILrEO @ =0 2.2)
are hold.

Proof. Let (t£) and (¢2) be st-N(p) and st-N(q) transformations of the sequence () respec-
tively, i.e.,
1

Qﬂ,

1 n
tfz = F an*k+1XK(a)(k) and t% =
" k=1

Z An—k+1XK/(e) (k)
k=1
for an arbitrary € > 0. From this, we have
Qntd = anX k(o) (1) + Gn-1XK(e)(2) + . + QXK () (1)
and by using (1.3) we obtain
Qntl = knPit] + kp_1Path + ... + ki Poth.

Therefore, the sequence (¢%) can be represent as follows:

oo
t% = E bn,mt‘?n
m=1

where the matrix (b, ,,,) as

kn—my1 Pm <
b, = Qn 7 m=m
nm -
0, m > n.

Under the sufficiency hypothesis of the theorem, lim,, o b,,,, = 0 for every m, since

_ P, _ P,
lim b, = lim m: lim m:p lim ’Ln:().

n—o0 n—o00 n n—00  Qpn_m+l n—o0 (Q,
Moreover, we have
oo
ki|P, + ... + |kn| P
3 | = Pt bl Py
m=1 Qn
and finally
. kil + ..+ kPl Qn
Z [ — = 2" -
— Qn @n
for every n.
Hence, B = (b,,,,) is a regular matrix; it is also easy to see that the conditions of the theorem
are necessary, and this completes the proof. O

Theorem 2.9. st-N(q) convergence implies st-N(p) convergence if and only if there exists a posi-
tive constant M such that

|h1‘Qn + ‘h2|Qn—1 + ...+ |hn|Q1 S MPn (23)
and
lim h—n =0 2.4)
n—oo P, )
are hold.

The proof can be obtained easily from the proof of Theorem 2.8. So it is omitted here.
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Theorem 2.10. st-N(q) (or st-N(p)) convergence implies st-N(p) (or st-N(q)) convergence if and

only if the associated series Y | |kn| (or 3.7 |hnl|) is convergent.

Proof. "=-" Since st-N(q) convergence implies st-N(p) convergence, then from (2.1) there exists
M > 0 such that
O0< k1P, <MQ,

hold for all n € N. It is clear from the last inequality that the sequence (%) N is bounded.
"/ ne
So, from (2.1), we have

P,

n—1 Pnfm-‘rl Qn
ve + |k
p Tt ||

<M-—.

|k1| + |k2| 7. .

for every m < n. Therefore,
ol + Dol ] < M2

because of
Pn—k

lim sup =1

n—oQ n

)

forall k € {1,2,...,m}. The last inequality gives that > ~_, |k, | is convergent.

"«<" It is enough to show that (2.1) and (2.2) are hold for st-N(q) convergence implies st-N(p)
convergence.

From the assumption lim,,_, |k,| = 0 and this gives

Also, from (1.4),
Py=Qihny+ .+ Quh1 <Qn Y |hal

n=—=

holds for all n € N. So that

n=I n=1

holds. This gives the expected result.
The other case can be proved by doing suitable changes above. O

Corollary 2.11. If (p,,) is increasing, then st-N(p) is stronger than statistical convergence.

If we consider monotone increasing (p,,) and ¢, = 1, for all n € N in Theorem 2.9, it is easy
to see that (2.3) and (2.4) are hold. So, the proof is omitted here.

Theorem 2.12. If the sequence (x,,) is st-N(p) and st-N(q) convergent to l, then there exists a
sequence (ry,) of positive integers such that (z,,) is st-N(r) convergent to l.

Proof. Let us denote st-N(q) transformation of the sequence (x,,) by (¢2). Take into consider
the sequence (r,,) as follows:

Tn = Pnq1 + Pn-1q2 + ... + D1Gn, (2.5)

forall n = 1,2, .... The st-N(r) transformation of (z,,) is

' l .
t, = R7n ;TTL—k+]XK(€)(k)

where R,, = r; + 2 + ... + r,. From (2.5), we have
Xk (e) (1) + TaoiXk () (2) + o+ TiX k() ()
p1gi + (P1@2 + p2q1) + oo + (P1Gn + - + Puq1)
PIXK(e)(n) + (P1@2 + P21) XK (o) (0 = 1) + oo + (Prq1 + -+ P1Gn) XK () (1)
p1g1 + (p1g2 + paqi) + -+ (P1gn + -+ Paq1)
PU(@iXr(e) () + XK (n—1) + .+ @uXr(o)(1) + - + Pr@i Xk (o) (1)
pi(gi+ ..+ aqn) + ... + P

plQnt% + ... +anlt(11
plQn eran—l + ... +an1 '

t =
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Therefore, if we consider the matrix 7' = (¢,) as

Pn—k+1Qk
tok 1= Do Pn—in1Qi k<mn,
0, k> n.

then st-N(r) transformation of (z,,) is the T-transformation of the sequence (¢4).
Now, it is enough for to completion of the proof the matrix 7' = (t,,) is regular. It is evident

that
n n
Dtk => [t =1, n=12,..
k=1 k=1

hold. Since, Z?:l Pn—iv1Q; > KP, for K > q; > 0 and for all fixed k € N,

0 < lim gn—kJrlQn < lim pn—k+lQn —0.
n—o0 Zi:]pn—i+lQi n—oo KPP,

Therefore, the sequence (x,,) is also st-N(r) convergent to /.
The st-N(r) convergency of (x,) when it is st-N(p) convergence can be obtain easily by
follows the proof. O

Definition 2.13. It is said to be a properties u(n) is hold statistically almost all n (st-a.a.n) (or
statistically Norlund almost all n (st-N(p) a.a.n)), if the set A = {n € N | u(n) is not satisfied}
has natural density (or st-N(p) density) zero.

In the following theorems st-N(p) and Statistical convergence is compared under the same
restriction on p = (py,).

Theorem 2.14. Assume that p,, > 1 (st-a.a.n). Then, x,, — [ st-N(p) implies x,, — 1 (st) if and
only if

. Pn

limsup — < oco. (2.6)

n—oo N

Proof. From the assumption
5(A)=0

where A = {n € N | p,, < 1}. Therefore, following inequality

—_
S
—_

- > Xrek) = -~ Yo xxkem+ D Xk k)
k=1 keK(e)NA keK(e)NAc
1 1
< - Z Xk () (k) + - Z Xk (e) (k)
keK(e)NA keK(e)NAe
1 P\ 1
< = > xkek)+ W) B > peknxwe (k) 27)
kEK(e)NA kEK (e)NAc
hold. Since K(¢) N A C Aand K(g) N A° C K (e) then
1 1
o Z XK(E)(k) —+0 and P Z Prn—k+1XK(e) (k) =0
kEK(e)NA " keK(e)NAe

when n — oo. So, if we take limit each side of (2.7), we obtain

o
Jim Y e (k) =0
kEK(g)

if and only if (2.6) holds. O

Corollary 2.15. If p,, > 1 for every n € N, then, x,, — l(st-N(p)) implies x,, — l(st) if and only
if (2.6) holds.

Theorem 2.16. Assume that p,, < 1 (st-N(p) a.a.n). Then, x,, — 1 (st) implies x,, — [ (st-N(p))
if and only if
lim sup — < oc. 2.8)

n—oo n
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Proof. Let us consider the set
A={neN|p,>1}.

Then, from the assumption §,(A) = 0.
Therefore, the following inequality

1 n
P an—kJrlXK(E)(k) =
" k=1

)=

(an—k-JrlXK(a)mA(k) + an—kﬂxma)mc(k))

k=1 et
l n 1 n
< B, 2 Pr—k1Xrk(e)na (k) + B, ;pr—k+1XK(5)mAc(k)
1 n n 1 n
< P 2 Pn—k-HXK(e)mA(k) + Pn ;va—k+1XK(5)(k)

hold for all n € N.
So, the st-N(p) convergence of z,, to [ is obtained by st-convergence if and only if

. n
limsup — < oo.
n—oo n

O

Corollary 2.17. If p,, < 1 for all n € N, then, x,, — I(st) implies x,, — I(st-N(p)) if and only if
(2.8) holds.

Definition 2.18. The real valued sequences z = (x,,) and y = (y,,) are called st-N(p) equivalent
if the set {n | zx # yi} has zero st-N(p) density. It is denoted by = =< y(st-N(p)).

Theorem 2.19. If = < y(st-N(p)), then x,, — l(st-N(p)) if and only if y,, — I(st-N(p)).

Proof. Assume that z =< y(st-N(p)) and z,, — I(st-N(p)). If we consider the set A = {n | z,, =
Yn }, it is clear that 6,(A°) = 0. Also, let us denote the set for every € > 0,

K, ={k|k<n,|z,—1] > ¢}

and
Ky={k|k<n,|y—1| > ¢}

such that from the assumption we have
dp(Kz) = 0.

It is clear that
K,=(K,NnA)U(K,NnA°) C K,UA"

and the inequality
Op(Iy) < 0p(K2) + 6, (A%)

hold. If we take limit from each side above we obtain the proof of our assertion.
Similarly, it is proved that y,, — I(st-N(p)) when z,, — [(st-N(p)). O

Remark 2.20. The converse of Theorem 2.19 is not true in general.

Let us consider the sequence z = (z,,) and y = (y,,) as follows:
1

T =14 —, Yn=1——

n n

foralln € N. Since z,, — 1, y, — 1 (n — o), then x,, — 1 (st-N(p)) and y,, — 1 (st-N(p)) for
any regular N(p) method. But the set

A={n|z, #ys} =N

and
6p(A) = 1.

Therefore, (x,,) and (y,,) are not st-N(p) equivalent.
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