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Abstract. In this paper we discuss the growth rates of the maximum term of composition of
entire functions with their corresponding left and right factors.

1 Introduction, Definitions and Notations.

Let f be an entire function defined in the open complex plane C. The maximum term
w(r, f)of f= > ayz"on|z| =risdefined by 1 (r, f) = max (lan| ™). We do not explain the

n=0
standard definitions and notations in the theory of entire function as those are available in [7] .
In the sequel the following two notations are used :

log[k] x = log (log[k_l] x) fork=1,2,3,---;

log[o] r = x

and
exptlz = exp (exp“"_l] :Jc) fork=1,2,3,---;
explz = &

To start our paper we just recall the following definitions:

Definition 1.1. The order ps and lower order A; of an entire function f are defined as follows:

log?) M loe? A
py = lim supw and Ay = lim infl08” M (. f)

0o logr r—00 logr

Definition 1.2. [4]Let [ be an integer > 2. The generalised order p[;] and generalised lower order

)\Ef] of an entire function f are defined as

og!! log! M (r, f)

p[;] = lim sup% and /\Ef] = lim infli-

r— oo logr r—00 ogr

When | = 2, Definition 2 coincides with Definition 1.
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Juneja, Kapoor and Bajpai[2] defined the (p, ¢) th order and (p, ¢) th lower order of an entire
function f respectively as follows:

(] [p]
pr (p,q) =lim supM and \f (p,q) = liminfM

r—oco log[q] r 7—00 log[Q] r ’

where p, ¢ are positive integers with p > q.
For p = 2 and ¢ = 1, we respectively denote ps (2,1) and Af (2,1) by py and Ay.
Since for 0 < r < R,

Pl f) < M f) < 5o (R £) {ef-16])
it is easy to see that

g u(rf) ) i plog” n (),

Pi lfls;fp logr ’ 7—00 logr
[ 1
0 = timsup 8 S S) I g 08 (S

oo logr r—00 logr

and

log!”! log!?!
ot (p,q) = lim supw, s (p,q) = lim plog” m(r f)
' r—00 log[q] r ’ r—00 log[‘Z] r

Definition 1.3. Let “a” be a complex number, finite or infinite. The Nevanlinna’s deficiency of

9

a” with respect to a meromorphic function f are defined as

5(a;f) =1 _lirnlilipw — 11,{‘,ng~

In this paper we wish to prove some results relating to the growth rates of maximum terms of
composition of two entire functions with their corresponding left and right factors on the basis
of (p, ) th order ( (p, q) th lower order ) where p, q are positive integers with p > gq.

2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [5] Let f and g be any two entire functions with g(0) = 0. Then for all sufficiently
large values of r,

1 1 /r
> ul-pu(=,g)— .
p(r fog)=sn <8u (4,9) 19(0)] ,f>
Lemma 2.2. [1] If f and g are any two entire functions then for all sufficiently large values of r,

M(r, fog) <M (M(rg),f).
Lemma 2.3. [3] Let g be an entire function with Ay < co and assume that a;(i = 1,2,...n;n <

00) are entire functions satisfying T(r,a;) = o{T(r,g)}. If > 0(a;, g) = 1, then

i=1

fim L9 _ 1
A eV (rg)
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Lemma 2.4. Let f be an entire function with non zero finite generalised order p[fl] (non zero finite
generalised lower order )\[;}). If p—q = 1—1, then the (p, q)- thorder ps(p, q) (lower (p, q)- th order X¢(p, q))
of f will be equal to 1. If p — q # 1 — 1, then p(p, q) ( Af(p,q) ) is either zero or infinity.

Proof. From the definition of generalised order of an entire function f we have for all sufficiently
large values of r,

log (r,f) < (p[}] + s) logr 2.1
and for a sequence of values of r tending to infinity,
log! 1 (r,f) > (p[;] - E) logr. (2.2)

Next let @ and b be any two positive integers.
Now from (2.1) we have for all sufficiently large values of r,

log" ™ pu(r, ) < log"tr 4+ 0(1)

log[”a] w(r, f) < log““] r+O(1)
145 . = .

(2.3)

i.e.,

log[ log[

Ifwetake l+a=pand 1 +b=gqg thenp—g=((—-1)+ (a—0).

We discuss the following three cases:

Case L. Let a = b. Then from (2.3) we get for all sufficiently large values of r,
o(1)

log"u(rf)
log[q] ro logh*al

(]
i.e., lim supw

<1 24
r—oo  logly @5

Similarly from (2.2) we have for a sequence of values of r tending to infinity,

log” u(r.f) |, O()
logr log!'*l
(]
i.e., limsupM
rooe logltly

> L (2.5)

Now from(2.4) and (2.5) we have

py(p,qg) =1 whenp—g=1-1.

Casell.Leta > b (i.e., p — g # 1 — 1). Then from (2.3) we have for all sufficiently large values
of r,

[]

T—00 lOg[q] T
ie., pr(p,g) = Owhenp—qg#1—1.
Case III. Also let us choose ¢ and bsuchthata < bandl+a > 1 +b (ie., p—qg#1—1).
Then from (2.2) it can be proved for a sequence of values of r tending to infinity that

[p]
Jim sup &£ f)

> o0
r—00 IOg[q] r

ie., pr(p,q) = oowhenp—q#1—1.
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Therefore combining Case II and Case III (not violating the condition p > ¢), it follows that
ps(p, q) is either zero or infinity.

Similarly we may prove the conclusion for A¢(p, ).

This proves the lemma. O

3 Theorems.
In this section we present the main results of the paper.

Theorem 3.1. Let f, g, h and k be four entire functions such that 0 < ps (p,q) < 0o, A, (a,b) >
0,0< pz] < oo and pg(m,n) < p%], where m,n, a,b p, q are all positive integers with m > n;

a>byp>qgandl > 1. Then

log®! p(r,hok)

(i) lim sup = o
r—oo logh p(r, f o g) +log" i (r,g)
ifb = l—1andq>m;
[a]
(i¢) limsup llog plr,ho k) = o
roo logP =0y (r, f o g) +1og™ 1 (r, g)
ifb = l—1andq<m;

[a]
(idi) lim sup— log _lr 1o ][Cn)z] -
r—oo log® 1 (r, f o g) +1og™ u(r,g)

ifq > mandl <b+1<n+1I;

[a] (1]
00 log[”] w(r,fog)+ log[m] w(r,g) (s (p,a) + 1) pg (m, )

ifg>m,b=1landn =1;

[a]
) Jim sup log" p(r,h o k) > A (a,b)
r—oo logl? 11 (r,fog)+ log!™ 4 (r,g) — (pr(p,a) +1)pg(m,n)

ifg>mandb—1+1=n>2;

=0

(vi) limsup log® u(r h o)
et Tog T o g) +log™ (1)
ifg<mandl <b+1<n+1I

a l
(vii) lim sup log” (r,h o k) > P (a.1)
r—oo logPtm =11 (1 f o g) +1og™ i (r,g) — 1+ pg(m,m)

ifg<m,b=landn =2

and

(viii)  limsup log u(r, ho k) S (a,b)
r—00 log[P+m+n—q—1] u(r’ fo g) + 10g[m] m (7‘, g) ~ 1+ Pg (m,n)

ifg<mandb—14+1=n>2
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Proof. Since for 0 < r < R,

p(r f) < M) < 20 (R ) (el 161} G.1)

In view of Lemma 2.2 and the above inequality we obtain for all sufficiently large values of r
that

p(r,fog) < M(r,fog) <M(M/ (ryg),f)
log” 1 (r,fog) < log? M (M (r,g),f)
ie., log? y(r, fog) < (ps(p.q)+e)logl? M(r,g). (3.2)

Now the following cases may arise :
Case I. Let ¢ > m. Then we have from (3.2) for all sufficiently large values of r,

log? 11 (r, f 0 g) < (ps (p,q) + ) log™ I M (r,g) . (3-3)

Now from the definition of (m,n) th order of g we get for arbitrary positive ¢ and for all suffi-
ciently large values of r,

(pg(m,n) +¢)log™ r (3.4)
(pg(m,n) +¢e)logr. (3.5)

log™ M (r, g)

<
ie., log™ M(r,g) <

Also for all sufficiently large values of r it follows from (3.5) that
log™ =" M (r, g) < rlpalm:mi+e), (3.6)
So from (3.3) and (3.6) it follows for all sufficiently large values of r that
log? 11 (r, f 0 g) < (ps (p,q) + &) riPalmm)Fe), 3.7)
Case II. Let ¢ < m. Then we get from(3.2) for all sufficiently large values of r that
log” i (r, f 0 g) < (ps (p,q) + ) exp™ D 1og™ M (r,g). 3-8)
Again from (3.5) for all sufficiently large values of r,

exp[m—q] 10g T(pg(m,n)+e)

expl™=log™ M (r,g) <
ie., exp™ log™ M (r,g) < explm=a— 1 plpo(mom)te), (3.9)
Now from (3.8) and (3.9) we obtain for all sufficiently large values of r that
(7 (p.q) + ) expl™ o1 ples(mon) 2

Xp[m7q72] T(pg(man)+5)

log” p(r, fog) <
ie., log?™ 1y (r,fog) <

o

ie., logP*™ == (1 fog) log!™ =42 explm—a-2 p(pg(mn)+e)

NN

p+m—q—1]

ie., logl plPg(mmn)te) (3.10)

Since py(m,n) < p%]

p(r, fog)
, we can choose (> 0) in such a way that

pg(m,n)—l—€<p£€l] — . (3.11)
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By Lemma 2.1 we obtain for a sequence of values of r tending to infinity,

1
log pi(r,hok) > logp <8u (gk) ,h) +0(1)
e., log u(r,hok) > (A (ab) —¢)log u (2 k) +0(1)
i [a] b—l+1] 1. [i—=1] (T
i.e.,log® p(r,hok) > (\, (a,b) — ¢) log log M(Z,k> +O(1). (3.12)

Now the following two cases may arise :
Case IIL. Let b = [ — 1. Then from (3.12) we get for a sequence of values of r tending to infinity
that

e
log' p(r,h o k) > (An (a,b) — <) (g) (=) +0(1). (3.13)

CaseIV.Letb—1+1 = d > 0. Then from (3.12) it follows for a sequence of values of r tending
to infinity that
(-9

log u(r, o ) > (A (a,b) — ) log (%)

Now from the definition of (m,n) th order of g we have for arbitrary positive ¢ and for all
sufficiently large values of r,

(3.14)

10g™ 11 (r, g) < (pg(m,n) + €) log™ 7. (3.15)
Let ¢ > m. Then we have from (3.2) and (3.4) for all sufficiently large values of r,

log” 11 (r, f 0 9) < (py (. q) +€) (pg(m,n) + ) log" 7. (3.16)

Now if b =1 — 1and ¢ > m , we get from (3.7) , (3.13) , (3.15) and in view of (3.11) for a
sequence of values of r tending to infinity,

log ju(r, h o k)
log u(r, f o g) + log™

w(r,g)

m_,
O (a,0) - 2) (5) ) + o(1)
" (py (poq) + &) rlealmm+e) 4 (p, (m,n) + €) log" 7

logl®
., limsup ol og " pr, hol[c)]
r—oo log® p(r, f o g) +1log™ p(r, g)
which proves the first part of the theorem.

Again we obtain from (3.10) , (3.11) ,(3.13) and (3.15), for a sequence of values of r tending
to infinity when b =1 — 1 and ¢ < m

= 0Q,

log (1o k) L ey -9 ()% 1o
tog =1 (1, [ o g) +10g™ (r,g) ~ 1ol 7 £ (py(m,m) + ) log" ¢
[a]

., limsup log® u(r, h o k) = 0.

r—00 log[’ﬁm*q*” p(r,fog)+ log[m] w(r,g)
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This proves the second part of the theorem.
When b >1—1and ¢ > m, from (3.14) , (3.15) , and (3.16) we get for a sequence of values of
r tending to infinity,

IOg[a] :U‘(T, ho k')
log[P] wulr, fog)+ log[m] ()
()\h(aa b) - E) log[d] (%)(p[li]*f)

>
(p#(pq) + ) (pg(m,n) + &) log™ 7 + (pg(m, n) + &) log™ r
logl®
i.e., limsup 5 08 ’u(r’ho];l] =xifl<b+1<n+1;
r—oo log® (7, f o g) 4+ log™ pu(r, g)
again
logl®
lim sup og” pulr.hok)
r—soo log[p] w(r,fog)+ log[m] w(r,g)
]
> pi An(a,b) itb=1n=1;
(ps(p,q) + 1)pg(m,n)
and also

[a]
lim sup log™ u(r, ho k)
P00 log[p] w(r, fog)+ log[m] w(r, g)
)\h (a, b)
(ps (P, @) + 1) pg (m,n)

This respectively proves the third , fourth and fifth part of the theorem.
Again when b > [ —1 and ¢ < m, combining (3.10) , (3.14) and (3.15) we obtain for a sequence
of values of r tending to infinity,

ifb—Il+1=n>2.

log!) pu(r, b o k)
logP ™™ =01 (v, £ o g) + log™ 1 (r, g)
(An(a,b) — ¢) logH(5) s =)
log["] r -+ (pg(m7 n)+e) log[”] r

log! ju(r, h o k)

i.e., limsup ] =x0ifl<b+1<n+1;
s 1og? T (1, £ 0 g) + 1og™ i (1, g)
also
[a]
lim sup log® u(r, h o k)
r—oe logPt ™ =11y o g) 4+ log™ 1 (r, g)
(1
> M itb=1,n=1
Z T+ pylm, )
and again u
. log“ pu(r,h o k)
lim su
rovse: Tog” =1 (1 £ o ) + logh™ u(r, g)
> Mifb—l+1:n>2,
1+ pg(m,n)

from which the sixth , seventh and eighth part of the theorem follows respectively . O
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Remark 3.2. The condition p,(m,n) < pi and ps (p,¢q) < oo in Theorem 3.1 are essential as
we see in the following examples:

Example 3.3. Let
f=9g=h=k=expz.
Also let
p=m=a=2andqg=n=>b=1.

Then
ple, pgzlzpkandAhzl.

Now in view of the inequality 1 (r, f) < M (r,f) < F-p (R, f) {cf.[6]} and T(r,g) <
log™ M(r, g), we get that

logp(r,hok) < logM(r,hok)
3exp (2r)

< 3T(2r,hok) ~
(4m3r)?

1
i log® p(r,hok) <2r — 5 logr+0(1)

and
r
logu(r,fog) = logM(z,feog)+0(1)
> 7. fog)+o(n) ~ 220
@)’
. [2] T 1
i.e.,1og” u(r, fog) > 3 Elogr—i— O(1).
So

log? pu(r, ho k)
2

2r— 11 o1
< limsup r—zlogr+O(l)

lim sup — -
w(r,g) r—oc 5 — 5logr+O(1) +log%

r—oo log® pu(r, f o g) + log

log® pu(r, h o k)
B

i.e., limsup
roo log® u(r, f o g) + log
2r — %logr +0(1)

< limsu =1
o r~>oop%+%10g’f'+0(1)

u(r, g)

b

which is contrary to Theorem 3.1.

Example 3.4. Let

(]

f=exp?z,g=h=expzand k = exp (z?)

and
p=m=a=2andg=n=>b=1.

Then
pr =00, pg=1<2=ppand Ay = 1.
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Now
logpu(r,hok) < logM(r,hok)=logexp? (r?)
e., logu(r,hok) < exp (7“2) ,
and logu(r, fog) > logM (5.fog)
> BT = expl? (L~
e., logu(r,fog) > logexp (2) exp (2)
and log® u(r,g) > log" M(g,g) =1
Therefore
log? pu(r,h o k;) - logexp (r?)
log® u(r, f o g) +1og? u(r,g)  ~  logexp? (5) +O(1) +log® expr
- log? pu(r,h o k:) - r?
7 log® u(r, fog) +log® u(ryg) T exp(3) +logr+0(1)
. limsup— log? w(r, hok‘) .
r—oo log? pu(r, f o g) +10g? u(r, g)

which is contrary to Theorem 3.1.

Remark 3.5. The condition p, (m,n) < Ay in Theorem 3.1 is necessary which is true in general
only if ps (p,q) > 0 otherwise the condition p, (m,n) < p, will be violated.The following
example ensures this comment:

Example 3.6. Let
f=h=Fk=expzand g =exp(z?).

Also let
p=3,m=a=2andg=n=>b=1.
Then
;fzpf(3,l):0<oo, pg=3>1=ppand A\, = 1.
Now

logpu(r,hok) = logM(3.hok)+O0(1)

T(S,hok)+0(1) ~ o (3)

@y’

v

1
i, log? p(rhok) > — Elogr+0(1).

0| 3

IN

log u(r, f 0 g) log M(r, f o g) = expr”
e., log™ u(r, f o g)

and log® ;(r, g)

IN

3logr.

IN

log? M(r,g) = 3logr.
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Therefore
log? 1u(r, h o k) £ —3logr+0(1)
log® u(r, f o g) +log? u(r.g) 6logr
log? u(r,h o k)

i.e., lim =
= logl u(r, f o g) +log? p(r, g)
Theorem 3.7. Let f and g be any two entire functions such that \¢(p, q)and A, are both finite
and p, q are any two positive integers with p > q. Also suppose that there exist entire functions
a;(i =1,2,...n;n < 0o0) satisfying
(A) T(rya;) =o{T(r,9)} asr — oo and

(B) >_6(ai,g) = 1. Then for any R > 2r,
i=1

~—

(]
roct log u(R, g) ™

Proof. In view of (3.1) we have from Lemma 2.2, for all sufficiently large values of r,

]Og[p] % (7", f o g) < log[p] M (M (Ta g) ) f) . (317)

Since e(> 0) is arbitrary and T'(r,g) < log* M (r,g) < 3T(2r,g), from (3.17) and in view of
(3.1) we get for a sequence of values of r tending to infinity that

log? u(r, fog) < (Ar(p.q)+¢)log” M (r.g)
i.e., log[p] p(r,fog) < (Ap(p,q) +¢)logM (r,g)
ie., log” p (r,fog) < 3(\f(p,q) +e)T(2r,9)
log” u(r.fog) _ 3(\(p.a) +e)T(2r,g) (3.18)
logu(R,g) log M(2r, g)
Since ¢ (> 0) is arbitrary , by Lemma 2.3 it follows from (3.18) that
[p]
liminf 08 (. fog)  3A(p.a)
roo log (R, g) G
This proves the theorem. O

Theorem 3.8. Let f and g be any two entire functions such that p¢(p, q)and A, are both finite
and p, q are any two positive integers with p > q .Also suppose that there exist entire functions
a;(i =1,2,...n;n < 00) satisfying

(A) T(r,a;) =o{T(r,g)} as r — oo and

n

(B) >>4(ai,g) = 1. Then for any R > 2r,
i=1

(p]
lim Suplog w(r, fog) < 3p;(p,q)
T—>00 log H(Rag) ’/T

The proof of Theorem 3.8 is omitted as it can be carried out in the line of Theorem 3.7.

Theorem 3.9. Let f be an entire function such that p¢(p, q) < oo, where p, q are positive integers
withp > q > 1. Also let g be entire.If \fo4(p, q) = oo then for every positive number [3,

m log” pu(r, f o g)
= log" pu(rf, f)
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Proof. Let us suppose that the conclusion of the theorem does not hold.Then we can find a
constant o > 0 such that for a sequence of values of r tending to infinity

log!”! p(r, fog) < alogh u(r’, f). (.19)

Again for ¢ > 1, from the definition of p (p, q) it follows that for all sufficiently large values of
r

log" u(r®.£) < (ps (p.9) +)log” (")
ie., log” u(r?, f) < (ps (p,g) +€)log” r + O(1). (3.20)

Thus from (3.19) and (3.20) we have for a sequence of values of r tending to infinity that

log” u(r, fog) < a(ps(p.q)+e)log?r+0(1)

log"” u(r, f o g) o (py (p,q) +2)log” r + O(1)
log[q] r - log[q] r
o dogP u(r fog)
1.€., lklggfw - >\fog(p7 Q) < 00.

This is a contradiction.
This proves the theorem. O

Remark 3.10. Theorem 3.9 is also valid with “limit superior” instead of “limit” if A4 (p, ) =
oo is replaced by p o4 (p, ¢) = oo and the other conditions remaining the same.

Corollary 3.11. Under the assumptions of Remark 3.10,

[p—1]
hmsuplog wrifog) _

roo logl? ! pu(r8, f)

Proof. From Remark 3.10, we obtain for all sufficiently large values of r and for K > 1,
log” u(r, fog) > Klog” pu(r®, f)

e tog" VU ur fog) > {log" M u(? )}

from which the corollary follows. O

Corollary 3.12. Under the same conditions of Theorem 3.9 if ¢ = 1

(p]
lim 108 pu(r, fog)
=2 log u(r8, f)

Corollary 3.13. Under the same conditions of Remark 3.10 if ¢ = 1

[p]
lim sup 22 wrifog) _

rsoo log pu(rf, f)

Remark 3.14. The condition Aso4(p,1) = oo in Corollary 3.12 is necessary as we see in the
following example.
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Example 3.15. Let f =expz,g=zandp=2,¢q=1,0=1.
Then ps(p, 1) = Apog(p, 1) = 1.

Now
log pu(r, f o g) <log M(r, fog) =log M(r,expz) =r
and T T T
log ju(r, f o g) > logM(E,fog) = logM(i,expz) =5

Then

. log” u(r. fog)
"= log” u(r?, (1)

. logm W (?" fo g)
< lim —= s
— o logP p(r f)
< lim logr
r—>ool()g %

< 1 # oo, which is contrary to Corollary 3.12.

Remark 3.16. Considering f = expz, g = zand p = 2, ¢ = 1,6 = 1 one can easily verify that
the condition pf.4(p, 1) = oo in Corollary 3.13 is essential.

Theorem 3.17. Let f and g be any two entire functions such that pg(m,n) = 1 < A¢(p,q) <
pr(p,q) < oo, where p,q, m,n are positive integers with p > q and m — n = 1.Then for any
R>r,

2
{log[p] M(exp[n_l] T, f o g)}

(@) fim g - Cpp——
og”~ " p(expla=lr, f)log? u(exp=1 R, g)
=0ifg=m
and |
(i) lim log" =971y (expl" U r, f o g) log”! p(expl»=Ur, f o g)
r—00 log[l)_]] u(exp[q—” T, f) log[Q] M(GXP["_I] R, g)

=0ifg<m.

Proof. From the definition of (p, ¢) th lower order of f we have for arbitrary positive ¢ and for
all sufficiently large values of r,

log” p(exp”~"Ir, ) > (As(p,q) — ¢) log” expl~!l
ie., logh” p(exp=r ) > (A\f(p,q) —e)logr
ie., log?~ U p(expla=llr f) > pRso—e) (3.21)

Again in view of (3.1) we obtain from Lemma 2.2, for all sufficiently large values of r that
log? pu(expl"~"r, f o g) < logl" M(M(expl"~"Ir,g), f)

ie., log p(exp™ Uy fog)
< (ps(p,q) + ) log” M(exp"~'I7, g). (3.22)
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Now the following two cases may arise :
Case I. Let ¢ > m.Then from (3.22), we get for all sufficiently large values of r that

log? pu(expl™~'Tr, f o g)
< (pr(p.a+e)log™ " M(exp™ U, g). (3.23)
Now for all sufficiently large values of r,
log™ M(exp"~Vr g) < (pg (m,n) +¢)logr
ie., log™ U M(expn=lr g) < pralmmite, (3.24)

From(3.23) and (3.24) it follows for all sufficiently large values of r,

log[ 2 p(exp™r, fog) < (pr(p,q+ g)rPalmin)te, (3.25)

Case II. Let ¢ < m.Then from(3.22) we have for all sufficiently large values of  that

log” pi(expl" 7, f o g)
< (pr(p,g) +e) expl™ 4 log[m] M(exp[”’l] r,9). (3.26)

Now for all sufficiently large values of r,

log™ M (exp[" Uy < (pg(m,n) + &) log™ exp™ 1l r

m,n)+e)

N

9)
e., log™ M (exp[" Uy g) < (pg(m,n) +¢)logr
)

i.e. expl™~4 log[ ™A (exp[" Uy g exp™ =4 log r(Ps(

N

i.e. expl™ 4 log[m] M (exp["_'] 7 g) exp™ a1 plpglmom)te), (3.27)

Now from(3.26) and (3.27), we get for all sufficiently large values of  that
log?” ji(exp™ 7, f o g)
< (o5 (poa) +o) eXp[’”’q’” rlPslmm)+e)

ie., logP*! p(exp™r, f o g) < explm=a=2 plos(mn)te)

i.e., log[’”m_q 1 (exp n=1 fo g)
< log™ =12 explm=a-2 (o (m.n)+<)
ie., logPtm=a=1, (exp["_]] r, fo g) L pleg(mmn)te) (3.28)

As pg(m,n) < A¢(p, q), we can choose (> 0) in such a way that

pg(m,n) < X¢(p,q) —e. (3.29)

Now combining (3.25) of Case I and (3.21) we have for all sufficiently large values of r,

log” p(exp" v, fog) _ (ps(p,q+e)rlramm+e
log?~ ! pu(expla=1lr f) — rs(p.a)—e) '
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In view of (3.29), we get from above that

[p] [n—1]
lim sup 2 plexplr fog)

r—oc log? ™1 pu(expla=1lr, f)

[p] [n—1]
ie. Tim 108 plexp T fog) ) (3.30)

r=o log?”~ ! p(expla=tir, f)

Again combining (3.28) of Case I and (3.21) it follows for all sufficiently large values of r that

log[lﬂ‘m*q*l] I (exp["_l] T, f fe) g) < T(Py(man)+5)
logl?~!! p(expla=lr, f) = rslpa)—e)

Now in view of (3.29) we obtain from above that

i log[P+qufl] M (exp[n—l] rf og) B
im sup = = 0
r—o0 log? =Y y(expla—1l 7, f)

lim loglPtm=a=1 (exp["_'] r,fog)

r=00 loglP ! p(expla-tlr, f)

i.e.

(3.31)

)

Since M (r,g) < #2 (R, f), from(3.22) we have for all sufficiently large values of r that

log” p(exp" U7, fog) < (ps(p,q+e)log¥ p(exp™ " R, g)

log” p(exp"~Ur, f o g)
tog (expl™ 1 . g)

< (pr(pg+e).

Since e(> 0) is arbitrary, we get from above that

[p] [n—1]
lim Suplog p(exp™Ur, fog)

<P ) (3.32)
r—oo  logl? pu(expl*=11 R, g) s(p9)

From (3.30) and (3.32) we obtain for all sufficiently large values of r that

2
, {log[”] p(expn=tr, fo g)}
lim sup I
r—oo log ™! u(exple=1lr, f)log” u(expl=1l R, g)

[p] [n—1] [p] [n—1]
lim 108 ul(eXP rfog) o Suplog plexp™r, fog)
r=o0 log? ! jy(expla=lir, f) " roeo logl? p(expn~! R, g)

< 0.p5(p,q) =0.

This proves the first part of the theorem.
Again from (3.31) and (3.32) we get for all sufficiently large values of r that

log”" ™17 1y (expl" =17, f 0 g) log” p(expl"=1Ir, f o g)

lim su
ol 1og ! p(expli1l, £) log u(expln1l R, g)
[p+m—g—1] [n—1] [p] [n—1]
= lim log 5] plexp rfog) Jim sup log [;]L(exp rfog)
r=oe g™ p(expla=t, f) rooo log® p(exp"~1 R, g)

< 0.p5(pq) =0
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log”" ™4~V u (expl" !l f o g) log” p(exp" ! f o g)

i.e., lim ] # =0.
e log p(expla=tir, f)log'® u(expin=1l R, g)
Thus the second part of the theorem is established. O

Theorem 3.18. Let f and g be any two entire functions such that ps(p,q) < oo and pyo4(a,b) <
oo where p, q; a, b are all positive integers with p > q and a > b. Also let \; < oo. Then for any
two positive integers m,n withm —n =1, m > 2 and any R > r,

[a]

[m]

plexpl~tr, f o g)

lim sup log” p(exp~1r, fog).log
p(expln=1r, g)

rooo logl? u(expn=1l R, g).log
< pr(p,@)progla,b).

Proof. For all sufficiently large values of » we have
(Pfog(a,b) +€) log! explt=11 -
(pfog(a,b) + ) logr. (3.33)

log”) u(exp®~r, f o g)

<
ie., logl pu(exp®=lr fog) <

Again for all sufficiently large values of r, it follows that

[m] ‘u(exp[”*l] T, g) > ()\g (m, 7’L) _ 5) log[n] exp[”*l] ,

plexp™Ur g) > (A (m,n) —e)logr. (3.34)

log
ie., log™
Now combining (3.33) and (3.34) we have for all sufficiently large values of r that
log“ p(exp® V7, fog) _ prog(a,b) +¢
M expli=tlr g) = Ag(m,n) —e”

log

As e (> 0) is arbitrary, we get from above that

log u(exp®~"lr, fog) _ prog(a.b)

lim su < . (3.35)
ikl log™ ju(expln=117, g) Ag(m, n)
Now from (3.32) and (3.35) we obtain that
[p] [n—1] [a] [b—1]
lim Suplog p(exp™ U, fog).log" pu(exp®r, fog)
oo logl¥ p(exp=1I R, g).log"™ p(expin=1l7, g)
[a] [b—1] [p] [n—1]
< lim Suplog plexpt"ir fog) Suplog p(exp" U, fog)
r—00 log[m] plexpr=lir g)  rooc log[Q] p(exp"~1 R, g)
pfog(a, b)pf(p7 q)
- Ag(m,n) '
Thus in view of Lemma 2.4, the theorem follows from above. O

Corollary 3.19. Under the same conditions of Theorem 3.18 when m = 2,

log? u(r, f o g)log!®) u(exp®=! 7, f o g)
2 (. g)

lim sup
r—00 IOg[q] ILL(R, g) IOg

< Progla:b)ps(pq)
— Ag M
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Theorem 3.20. Let f and g be any two entire functions such that X¢(p, q)and A, are both finite
and p, q are any two positive integers with p > q. Then for any R > r,

[p+1]

(i) Timinf %8 l“(r’f °9) <4
"2 log ™ (R g)

and
[p]
(i) lim inf—log p(r,fog)

< Ar(p,q).
2 loghl u(R, g) /)

Proof. In view of (3.1) we get from (3.17) for a sequence of values of r tending to infinity that

log” u(r,fog) < (Ar(p,g)+¢)log” M (r,g)
ie., log"pu(r,fog) < (A(p,a)+e)log” u(R,g) (3.36)
ice., logP™pu(r, fog) < log"! (R, g) +O(1)
[p+1] lg+1]
ie., o lu(r, fog)  log u(lR, 9)+0(1) (3.37)
log"*!! (R, g) log""! (R, g)
Also from (3.36), it follows for a sequence of values of r tending to infinity that
log” p(r,fog) _ (As(p.q) +e)log” (R, g) (3.38)
log' (R, g) log'” (R, g)
Since ¢ (> 0) is arbitrary, it follows from (3.37) that
[p+1]
lim inf 28—~ (r.fe9)
e log (R, g)
This proves the first part of the theorem.
As e (> 0) is arbitrary, we obtain from (3.38) that
log!?!
liminf €& LT 29) ) o
r—00 log[Q] M(Rv g)
Thus the second part of the theorem follows. O

In the line of Theorem 3.20, the following theorem may be deduced.

Theorem 3.21. Let f and g be any two entire functions such that py(p, g)and \, are both finite
and p, q are any two positive integers with p > q. Then for any R > r,

[p]
(Z) llm Suplog :u (T7 f o g)

< ps(p,¢
r—00 log[q] /.L(R, g) f( )

and
[p+1]
(i1) limsup10g [+iL]L(’f‘,ng)
r—oo log" i (R, g)

<1
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