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Abstract The main purpose of the present paper is to study the commutativity of a quotient
ring R/ P by considering derivations of R satisfying algebraic identities involving the prime ideal
P. This approach allows us to generalize some well known results characterizing commutativity
of rings.

1 Introduction

Throughout this article, R will represent an associative ring with center Z(R). Recall that an
ideal P of R is said to be prime if P # R and for all z,y € R, zRy C P implies that x € P
ory € P. Therefore, R is called a prime ring if and only if (0) is the only prime ideal of R.
R is 2-torsion free if whenever 2z = 0, with € R implies x = 0. For any z,y € R, the
symbol [z,y] will denote the commutator zy — yx; while the symbol = o y will stand for the
anti-commutator xy + yz. A map d : R — R is a derivation of a ring R if d is additive and
satisfies d(zy) = d(z)y + xd(y) for all z,y € R. An additive mapping * : R — R is called an
involution if * is an anti-automorphism of order 2; that is (z*)* = z for all x € R. An element x
in a ring with involution (R, ) is said to be hermitian if * = 2 and skew-hermitian if 2* = —z.
The sets of all hermitian and skew-hermitian elements of R will be denoted by H(R) and S(R),
respectively. The involution is said to be of the first kind if * induces the identity map on the
center Z(R) of R, otherwise it is said to be of the second kind. In the latter case, it is worthwhile
to see that S(R) N Z(R) # {0}.

Recently many authors have obtained commutativity of prime and semiprime rings admitting
suitably constrained additive mappings, as automorphisms, derivations, skew derivations and
generalized derivations acting on appropriate subsets of the rings. We first recall that for a subset
S of R, amapping f : S — R is called centralizing if [f(z),z] € Z(R) for all z € S, in
the special case where [f(z),z] = 0 for all z € S, the mapping f is said to be commuting
on S. In [16], Posner proved that if a prime ring R admits a nonzero derivation d such that
[d(z),z] € Z(R) for all z € R, then R is commutative. Over the last few decades, several
authors have subsequently refined and extended these result in various directions ( see [1], [12],
[13] and [14] where further references can be found).

Long ago Herstein [9] proved that if a prime ring R of characteristic different from two admits
a derivation d such that d(z)d(y) = d(y)d(z) holds for all z,y € R, then R is commutative.
Motivated by this result Bell and Daif [6] obtained the same result by considering the identity
d[z,y] = 0 for all z,y in a nonzero ideal of R. Recall that a mapping f : R — R preserves
commutativity if [f(z), f(y)] = O whenever [z,y] = 0 forall z,y € R. A mapping f: R — R
is said to be strong commutativity preserving (SCP) on a subset S of Rif [f(z), f(y)] = [z, y] for
all z,y € S. In [5], Bell and Daif investigated the commutativity of rings admitting a derivation
that is SCP on a nonzero right ideal. Indeed, they proved that if a semiprime ring R admits a
derivation d satisfying [d(x), d(y)] = [z, y] for all z,y in a right ideal T of R, then I C Z(R). In
particular, R is commutative if I = R. Further, Ali and Huang [2] showed that if R is a 2-torsion
free semiprime ring an d is a derivation of R satisfying [d(z), d(y)] + [z,y] = O for all z,y in
a nonzero ideal I of R, then R contains a nonzero central ideal. Motivated by this results the
authors in [11] introduce the notions of *-SCP, *-Skew SCP and give some commutativity criteria
in case of prime ring with involution. Many related generalizations of these results can be found
in the literature (see for instance [7] and [14]). In [8] Daif and Bell established commutativity
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of semiprime ring satisfying d([z,y]) = [z,y] for all z,y in a nonzero ideal of R, and d a
derivation of R. Further, in the year 1997 M. Hongan [10] proved that a 2-torsion free semiprime
ring R must be commutative if it admits a derivation d satisfying d([x,y]) + [z,y] € Z(R) for
all z,y € I or d([z,y]) — [z,y] € Z(R) for all x,y € I, where I is an ideal of R. In [15]
Oukhtite and all generalized these results for x—prime ring R satisfying any one of the properties:
(i) dley] = 0. (i) d([e,y]) — [o,9] € Z(R). (iid) d([z,y]) + [ ) € Z(R). (iv) d(z o y) = 0.
(v)d(zoy)—xoy € Z(R), (vi)d(zoy) +zoy € Z(R) for all z,y € J, where J is a nonzero
Jordan ideal of R.

The present paper is motivated by the previous results and we here continue this line of
investigation by considering a generalization to any ring rather then a prime ring. More precisely,
we will establish a relationship between the structure of a quotient ring R/ P and the behavior of
derivations of R satisfying some identities involving the prime ideal P.

2 Main results

We will use frequently the following fact whose proof will be left to the reader. Indeed, this fact
and the following lemmas are very crucial for developing the proofs of our main results.

Fact 1. Let R be aring, I a non zero ideal of R, P a prime ideal such that P & [ and a,b € R.
Then alb C P implies thata € P orb € P.

In [[3], Theorem 2.2] it is proved that if P is a prime ideal of a ring R and d a derivation of
R such that [[z,d(z)],y] € P forall z,y € R, then d(R) C P or R/P is a commutative ring.
Using similar arguments with some modifications, we get the following lemma which plays a
crucial role in developing the proofs of our main results.

Lemma 2.1. Let R be a ring, I a nonzero ideal, P a prime ideal such that P & I and d a
derivation of R. Then [d(x),x] € P for all z € I if and only if R/P is a commutative integral
domain or d(R) C P.

Lemma 2.2. Let R be a ring, I a nonzero ideal, P a prime ideal such that P & I and R/P is
2-torsion free. If d is a derivation of R, then [d(x),z] € Z(R/P) for all x € I if and only if R/ P
is a commutative integral domain or d(R) C P.

Proof. We are given that
[d(z),z] € Z(R/P) forall x € I. 2.1

Writing 22 instead of = we find that

22[d(x), z] + 2z[d(z), x|z + [d(z),z]2? € Z(R/P) forall z € I. (2.2)
By view of (2.1), equation (2.2) yields
4d(z),z]a? € Z(R/P) forall z € I. (2.3)
Since R/ P is 2-torsion free it follows that
[d(z), z]2? € Z(R/P) forall z € I. (2.4)
Commuting the last equation with d(x) we arrive at
[d(z), 22z =0 forall z e I. (2.5)
Using the hypothesis with equation (2.5) we get
[d(z),2]?d(z)z =0 forall z € I. (2.6)
Right multiplying (2.5) by d(x) and combining with (2.6), we obtain

[d(x),z]> =0 forall z ¢ I. 2.7)
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Since the center of a semiprime ring contains no nonzero nilpotent elements then [d(x),z] = 0
for all z € I. Hence by Lemma 2.1 we conclude that R/ P is a commutative or d(R) C P. O

In [10], Hongan established commutativity of 2-torsion free semiprime ring R which admits
a derivation d satisfying d([z, y]) + [z,y] € Z(R) forall z,y € I or d([z, y]) — [z,y] € Z(R) for
all x,y € I, where I is an ideal of R. Our next aim is to generalize this result in two directions.
First of all, we will assume that the above algebraic identities belongs to Z(R/P) where P is any
prime ideal rather than the zero ideal. Secondly, we will treat more general differential identities
involving two derivations.

Theorem 2.3. Let R be a ring, I a nonzero ideal of R, P a prime ideal such that P & I and
R/ P is 2-torsion free. If d is a derivation of R then the following assertions are equivalent:

(1) dlz,y] — [z,y] € Z(R/P) forall z,y € I;

(2) R/ P is a commutative integral domain.

Moreover, if d[z,y] € Z(R/P) forall z,y € I, then d(R) C P or R/P is a commutative integral
domain.

Proof. We are given that

dlz,y] — [z,y] € Z(R/P) forall z,y €. (2.8)

Replacing y by [y, t], we get

[d(z), [y,t]] + [z, d[y,t]] — [z,[y,t]] € Z(R/P) forall t,z,y € I. (2.9)
Combining (2.8) with (2.9), we may conclude that
[d(2), [y, 1] € Z(R/P) forall t,z,y e I. (2.10)
Substituting ty for y, one can see that
[d(x), t[y, 1] € Z(R/P) forall t,z,y e I. (2.11)

Therefore commuting with d(x) we find that

[t[d(x), [y, t] + [d(z),t][y,t],d(x)] =0 forall t,z,y €I (2.12)

and thus

20a@), iy, 0, d@)] + [d@), 4, d@]ly ] =0 forall toyel  (213)
Replacing y by yt and using the 2-torsion freeness of R/ P, one can verify that
[d(x),t]> =0 forall t,xz €I (2.14)

in such a way that
[d(x),[t,y]]? =0 forall t,z,yel. (2.15)

By view of (2.10) equation (2.15) yields
[d(z),[t,y]] =0 forall t,z,ycI. (2.16)
Substituting ty for y we get
[d(z),t][t,y] =0 forall t,z,yc I. (2.17)
Writing ry instead of y, we arrive at
[d(z),t]r[t,y] =0 forall rt,z,y e, (2.18)

thereby obtaining

[d(@), (I/P)[d(z),{] =0 forall t,z € I. (2.19)
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Since P is a semiprime ideal then [d(z),t] € P for all ¢,z € I. Using Lemma 2.1 we are forced
to conclude that R/P is commutative or d(R) C P in which case the hypothesis assures that

[z,y] € Z(R/P) for all z,y € I and thus I/P is commutative. Hence R/P is a commutative
integral domain.

Now, if d[z,y] € Z(R/P) for all z,y € I; replacing y by [y, | we obtain

[d(z), [y,t]] + [x,d[y,t]] € Z(R/P) forall t,z,y €l (2.20)

whence
[d(z),[y,t]] € Z(R/P) forall t,z,y € I. 2.21)

That is just equation (2.10), so we may argue as before that d(R) C P or R/P is a commutative
integral domain. O

Remark 2.4. Using the same technics as in the preceding proof, it is obvious to see that d[z, y| +

[z,y] € Z(R/P) for all z,y € I implies that R/ P is a commutative integral domain.

In ([10],Theorem 1) it is proved that if R is a 2-torsion free semiprime ring, I a nonzero ideal of
R, and d a derivation of R. Then the following assertions are equivalent:

(1) d[z,y] — [z,y] € Z(R) forall z,y € I;

(2) d[z,y] + [z,y] € Z(R) forall z,y € I,

(3) I C Z(R).

As an application of our Theorem 1, the following proposition gives an improved version of
([10],Theorem 1).

Corollary 2.5. Let R be a 2-torsion free semiprime ring, I a nonzero ideal of R, and d a deriva-
tion of R. Then the following assertions are equivalent :

(1) dlz,y] — [z,y] € Z(R) forall x,y € I,

(2) dlz,y] + [z,y] € Z(R) forall z,y € I;

(3) R is commutative.

Proof. Assume that d[z,y] — [x,y] € Z(R) for all z,y € I. By view of the semiprimeness
of the ring R, there exists a family I" of prime ideals such that (. P = {0}, thereby obtain-
ing [d[z,y] — [z,y],r] € P forall P € I'. Invoking Theorem 2.3 we conclude that R/P is a
commutative integral domain for all P € T" which, because of (. P = {0}, assures that R
is commutative. Similarly, if d[z,y] + [z,y] € Z(R) for all z,y € I, then the same reasoning
proves that R is commutative. O

As mentioned before, our present objective is to prove the following theorem which general-
izes [[10], Theorem 1].

Theorem 2.6. Let R be a ring, I a nonzero ideal of R, P a prime ideal such that P & I and
R/ P is 2-torsion free, di and dy two derivations of R. The following assertions are equivalent:
(1) [di(2), 9] + [2,da(y)] — [2,y] € Z(R/P) forall x,y € I;

(2) R/ P is a commutative integral domain.

Moreover, if [di(z),y] + [x,d2(y)] € Z(R/P) for all x,y € I, then R/P is a commutative
integral domain or (d,(R) C P and dy(R) C P).

Proof. We are given that

[di(z),y] + [z, da2(y)] — |z,y] € Z(R/P) forall z,y € I. (2.22)

Substituting [y, ¢] for y, we obtain

[di(2), [y, t]] + [, [d2 (), t]] + [2, [y, 2 (V)] = [, [y, t]] € Z(R/P) (2.23)
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for all ¢, z,y € I. Combining (2.22) with (2.23), we may write

[di(2), [y, t]] + [z, [d2(y), 1] = [, [di (y), t]] € Z(R/P) forall t,z,y €I (2.24)
Taking y = t in the last equation one can see that
[x,[d(t),t]] € Z(R/P) forall t,z €, (2.25)

where d = d; - dy, and thus for x = z[d(t), t] we arrive at

[z, [d(¢),t]][d(t),t] € Z(R/P) forall ¢,z € I. (2.26)
Using equation (2.25), equation (2.26) yields

[d(t).] € Z(R/P) forall tel. (2.27)

By view of Lemma 2.2 we conclude that R/P is commutative or d(R) C P in which case the
hypothesis forces

dy[z,y] — [z,y] € Z(R/P) forall z,y eI (2.28)

Using Theorem 2.3 we obtain the required result.

Assume that

[d1(2),y] + [z, d2(y)] € Z(R/P) forall z,y € I. (2.29)
Replacing y by [y, t], we obtain

[di(x), [y, t]] + [z, [d2(y), t]] + [z, [y, d2(t)]] € Z(R/P) forall t,z,y € I. (2.30)

Subtracting (2.29) from (2.30), we are forced to conclude that

[di(x), [y, t]] + [z, [d2(y), t]] — [, [di(y),t]] € Z(R/P) forall t,z,y € I. (2.31)

That is just equation (2.24), so we may argue as before that R/P is commutative or (d; —
d>)(R) C P; using equation (2.29) one can see that

di[z,y] € Z(R/P) forall z,ye€l. (2.32)

By view of Theorem 2.3 we conclude that R/P is commutative or dj(R) C P in which case
using the hypothesis we deduce that d,(R) C P. O

As a consequence of Theorem 2.6, if R is a prime ring, then

[di(x),y] + [x,d2(y)] — [z,y] € Z(R) forall z,yel
assures that R is a commutative integral domain. The following corollary proves that the similar
conclusion remains valid on semiprime rings.

Corollary 2.7. Let R be a 2-torsion free semiprime ring, I a nonzero ideal, d, and d, two deriva-
tions of R. Then the following assertions are equivalent:

(1) [y (), 9] + [z, do(y)] — [, y] € Z(R) for all 2,y € I:

(2) R is commutative.

Proof. Assume that [d;(z),y| + [z,d2(y)] — [z,y] € Z(R) for all z,y € I. By view of the
semiprimeness of the ring R, there exists a family I" of prime ideals such that (), P = {0},
thereby obtaining [[d(z),y] + [z,d2(y)] — [z,y],r] € P for all P € I'. Invoking Theorem
2.6, we conclude that R/ P is a commutative integral domain for all P € I" which, because of
Nper P = {0}, assures that R is commutative.O

In [4] Ashraf and Rehman proved that, if R is a prime ring, [ is a nonzero ideal of R and d is
a derivation of R such that d(z o y) — (x oy) = 0 for all z,y € I, then R is commutative.
The fundamental aim of the next theorem is to establish a generalization of the above result
by investigating the behaviour of the more general expression di(z) oy +zody(y) —zoy €
Z(R/P) for all z,y € I. More precisely we will prove the following result.
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Theorem 2.8. Let R be a ring, I a nonzero ideal of R, P a prime ideal such that P & I and R/ P
is 2-torsion free, d, and dy two derivations of R. Then the following assertions are equivalent:
(1) di(z)oy+zody(y) —woy e Z(R/P) forall x,y € I,

(2) R/P is a commutative integral domain.

Moreover, if di(z)oy+xzody(y) € Z(R/P) for all z,y € I, then R/P is a commutative
integral domain or (dy(R) C P and d»(R) C P).

Proof. We are given that

di(x)oy+xzody(y) —xoy€e Z(R/P) forall z,y e l. (2.33)

If Z(R/P) = {0}, then the hypothesis reduces to

di(z)oy+xody(y) —z0oy=0 forall z,yecl. (2.34)

Replacing y by yz, we obtain

di(x) o (yz) + x o (da(y)w) + 7 0 (yda(x)) —wo (yr) =0 forall x,yel. (2.35)
Therefore
(di(z) o y)x — y[di(z), 2] + (x 0 da(y))x + z 0 (yda(x)) — (xoy)z =0 (2.36)

for all z,y € I. Combining (2.34) together with (2.36) one can see that

—y[di(z), 7] + (z 0 y)da(x) + ylda(x),2] =0 forall z,y € I. (2.37)
Writing ty instead of y, we obviously get
[z,tlydr(z) =0 forall t,x,yec T (2.38)

and thus

[x,t](I/P)dy(z) =0 forall t,z € I. (2.39)

Using Brauer’s trick we are forced to conclude that R/ P is commutative which is a contradiction
or dy(R) C P in which case the hypothesis becomes

di(z)oy—zoye P forall z,y e I. (2.40)
Replacing y by yz, we obtain
(di(z) oy)x —yldi(x), 2] — (xoy)r € P forall z,y e I. (241)
By view of equation (2.40) we find that
yldi(z),z] € P forall x,y €l (2.42)

which leads to
yR[dy(x),z] C P forall z,y € I. (2.43)

Since P C [ it follows that [d;(z),z] € P for all x € I. Consequently d;(R) C P or R/P is
commutative which is a contradiction. Hence the hypothesis reduces to x o y € P and thus for
y = yr we obtain [z, y]r € P, so that [z, y]R[z,y] C P for all 2,y € I which leads to conclude
that 7/ P is commutative. Therefore R/P is commutative, a contradiction.

Hence Z(R/P) # {0}; substituting y for y in (2.33), where Z € Z(R/P), one can verify that

(di(z) oy)z+ (zoda(y)) 2 + (z0y)da(2) — ylo, da(2)] — (v oy)z € Z(R/P)  (244)

for all z,y € I. In light of (2.33), one can see that

(z oy)da(z) — y[x,da(2)] € Z(R/P) forall x,y € I. (2.45)
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Writing z instead of z in the last equation, we arrive at

ydy(z)z € Z(R/P) forall y e I. (2.46)

Since Z(R/P) # {0}, it follows that yd»(z) € Z(R/P); substituting ty instead of y one can
conclude that # € Z(R/P) and thus R/P is commutative or yd,(z) = 0 for all y € I in which
case we obtain d(z) = 0 because of P C I. Taking j € Z(R/P) in equation (2.33) we find that

2(dy(x) —z)y € Z(R/P) forall z,yel (2.47)
thereby obtaining
di(z) —x € Z(R/P) forall z €I (2.48)
and thus B
[di(x),z] =0 forall z € I. (2.49)

Hence R/ P is commutative or d; (R) C P.
If d,(R) C P, then equation (2.48) yields € Z(R/P) for all z € I. Hence R/P is commuta-
tive.

Suppose that

di(z)oy+xoda(y) € Z(R/P) forall x,y € I. (2.50)
If Z(R/P) = {0}, then the hypothesis becomes

di(z)oy+xzody(y) € P forall z,yel. (2.51)
Substituting yx for y, we arrive at
(di(z) oy)x — yldi(x), 2] + (x o da(y))z + x o (yda(z)) € P forall z,yel.  (2.52)
Combining (2.52) together with (2.51) one can see that
—y[di(z),z] + (x o y)da(x) + y[da(x), 2] € P forall z,y € I. (2.53)

That is just equation (2.37), so we may argue as before that d,(R) C P and the hypothesis forces

di(x)oye P forall z,yel. (2.54)
Replacing y by yz we find that
yldi(x),z] € P forall z,y el (2.53)
which leads to
yR[di(z),z] C P forall z,yel. (2.56)

Hence [d;(x),z] € P forall 2 € I and thus d;(R) C P. B
Now if Z(R/P) # {0}; substituting yz for y in (2.50), where z € Z(R/P) \ {0}, we arrive at

(di(z) oy)z+ (zoda(y))z + (x o y)da(z) — ylw,da(2)] € Z(R/P) (2.57)

for all x,y € I. By view of equation (2.50), it follows that

(xoy)da(z) — ylz,da(2)] € Z(R/P) forall z,y € I. (2.58)

So we may argue as in equation (2.45) to get d»(z) = 0 in which case the hypothesis assures that
fory € Z(R/P) \ {0} we have

2di(z)y € Z(R/P) forall z,yel (2.59)

in such a way that

di(xz) € Z(R/P) forall z €. (2.60)
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Commuting the last equation with T we obtain
[di(z),z]) € Z(R/P) forall z €I (2.61)

hence R/P is commutative or di(R) C P. On the other hand, taking T € Z(R/P) in the
hypothesis we are forced to conclude that 2zd,(y) € Z(R/P), so that by the same technics used
in equation (2.59) one can prove that R/P is commutative or d(R) C P.O

As a consequence of Theorem 2.8, if R is a prime ring, then d; (z) oy +zodax(y) —zoy € Z(R)
for all x,y € I, assures that R is commutative. The following corollary extends this result on
semiprime rings.

Corollary 2.9. Let R be a 2-torsion free semiprime ring, I a nonzero ideal, dy and d two deriva-
tions of R. The following assertions are equivalent:

(1) di(z)oy+zody(y) —zoy e Z(R) forall x,y € I,

(2) R is commutative.

Proof. Assume that R is a 2-torsion free semiprime ring. Then there exists a family I" of prime
ideals such that (), P = {0}. Suppose there exists two derivations d; and d; such that [d; (z) o
y+axody(y)—xoy,r] =0forall z,y € I,r € R. Accordingly, [d;(z)oy+zody(y)—zoy,r] € P
for all P € I and thus Theorem 2.6 yields R/P is commutative for all P € I'. Therefore, for all
x,y € Rwehave [z,y] € Pforall P € I'so that [x,y] =0 forall z,y € R.O

The following example proves that the condition R is 2-torsion free is necessary in
Theorems 2.3, 2.6 and 2.8.

Example 1.

Let us consider R = M,(Z/2Z), it is straightforward to check that R is a noncommutative
prime ring with char R = 2. Moreover, if we take d : R — R the inner derivation defined on R

by d(X) = [4, X]where A= [ © O ) thentoranx = ¢ ° ) v=(* ?)enr
00 c d v 6

we find that

by — Be 0

d[X,Y] - [X,Y] = ( o b pe

> € Z(R).

Hence d satisfies the conditions of Theorems 2.3, 2.6 and 2.8 but R is not commutative.

The following example proves that the condition of the primeness imposed on the ideal is
necessary in Theorems 2.3, 2.6 and 2.8.

Example 2.

. b . . .
Let us consider R = {( g ) la,b,c e R}; where R is a noncommutative ring, I =
c

0 a
0 0
we take the same derivation defined in Example 1 then for all X,Y € R one can check that
d(XoY)—XoY =d[X,Y]—[X,Y] =0forall x,y € I. Hence d satisfies the conditions of
Theorems 2.3, 2.6 and 2.8 but R is not commutative.

an ideal of R. It is clear that R is a 2-torsion free non-prime ring. Moreover, if
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