Palestine Journal of Mathematics

Vol. 12(2)(2023) , 217-224 © Palestine Polytechnic University-PPU 2023

ON r-CLEAN IDEALS
Dian Ariesta Yuwaningsih, Indah Emilia Wijayanti and Budi Surodjo
Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 16D25; Secondary 16D70, 16E50, 17C27.
Keywords and phrases: clean ideal, r-clean ring, r-clean ideal, regular element, idempotent element.

The first author would like to thank the Center for Education Financial Services and the Indonesia Endowment Funds
for Education for their doctoral scholarships. In addition, all authors are grateful to Universitas Gadjah Mada for the 2022
"Rekognisi Tugas Akhir" research grant and the reviewers’ valuable suggestions and comments to improve this paper.

Abstract Let R be an associative ring with identity. Ring R is considered clean if each
element is the sum of an idempotent element and a unit element. A clean ring is generalized to
an r-clean ring by generalizing the unit elements to regular. A ring R is said to be r-clean if each
element is the sum of an idempotent element and a regular element. We introduce the notion
of the r-clean ideal, a natural generalization of the clean ideal. Furthermore, we present some
properties of the r-clean ideal and offer several sufficient and necessary conditions for a clean
ideal to be r-clean.

1 Introduction

Let R be an associative ring with identity. According to [1], the element @ € R is said to be
clean if it is the sum of an idempotent element and a unit element. Then, the ring R is said to
be clean if each element is clean. Referring to [2], an element » € R is considered regular if
there is an element s € R such that it satisfies r = rsr. We know that each unit element in R is
regular. By generalizing the unit element to a regular element, [3] generalizes the definition of a
clean element to an r-clean element. An element a € R is said to be r-clean if it is the sum of
an idempotent element and a regular element of R. Therefore, a ring R is called an r-clean ring
if each element is r-clean. Thus, the r-clean ring is the generalization of the clean ring.

On the other hand, the set of all r-clean elements does not necessarily form an ideal. For
example, if given a ring Z then the set of all r-clean elements in Z is K = {—1,0, 1,2}. Notice
that K is not ideal in Z. This phenomenon is the background to the emergence of the definition
of the r-clean ideal. This article defines the r-clean ideal, a generalization of the clean ideal
introduced by [4]. In addition, some properties of the r-clean ideal are presented. At the end of
this article, we present several sufficient and necessary conditions for a clean ideal to form an
r-clean ideal.

Throughout this article, R is an associative ring with identity unless stated otherwise. Fur-
thermore, Id(R) is the set of all idempotent elements in R, Reg(R) is the set of all regular
elements in R, U(R) is the set of all unit elements in R, and A is the index set.

2 Definition of -Clean Ideals

We begin with the definition of r-clean ideal as follows.

Definition 2.1. An ideal I of R is called an r-clean ideal if every element of I is a sum of an
idempotent and a regular element of R.

Every ideal of r-clean rings is clean. However, non r-clean rings contain some r-clean ideals.

Example 2.2. Let R be an R-clean ring and R;, not an r-clean ring. Set R = R; x R,. Then,
R is not an r-clean ring. Set an ideal P = R; x {Og,} of R. We can show that P is an
r-clean ideal of R. Given any (x,0g,) € P. Then, x; € Ry. Since R; is an r-clean ring,
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we have an idempotent element e € R; and a regular element ¢ € R; such that x = e + a.
Hence, (z,0r,) = (e + a,0g,) = (e,0r,) + (a,0g,). Clearly, (e, Og,) is an idempotent element
of R. Moreover, since a € Reg(R;), there exist d € R such that a = ada. So, we obtain
(a,0g,) = (ada,0g,) = (a,0g,)(d,0r,)(a,0g,), for an (d,0g,) € R. So, (a,0r,) € Reg(R).
Thus, (z,0g,) is an r-clean element of R. Therefore, P is an r-clean ideal of R.

Example 2.3. Let {I;},c be the family of ideals of R and R an r-clean ring. Then,

(1) () I; is an r-clean ideal of R.
ieA

(i1) > I, is an r-clean ideal of R.
i€A

Example 2.4. Let R and S be rings, and f : R — S is the ring homomorphism. If R is an r-clean
ring, then

(i) Ker(f)isan r-clean ideal of R.
(i) f~1(9) is an r-clean ideal of R.

3 Some Properties of r-Clean Ideals

In this section, we present some properties of r-clean ideals. The first property shows that the
infinite intersection of the r-clean ideals is an r-clean ideal.

Proposition 3.1. Let {I; };ca be the family of ideals of R and I; an r-clean ideal for each i € A.

Then, (N I; is an r-clean ideal of R.
1EA

Proof. Since {I;};ca is a family of ideals of R, it is clear that () I; is an ideal of R. Let

ieA
a € () I;. Then, a € I; for each i € A. Since I, is r-clean for each i € A, we havea = e+ r
ieA
with e € Id(R) and r € Reg(R). Hence, a is an r-clean element of [ I;. Thus, () I; is an
icA ieA
r-clean ideal of R. O

Next, we show that the homomorphic image of the r-clean ideal is also r-clean.

Proposition 3.2. Let R and S be rings, f : R — S is the ring epimorphism, and P an r-clean
ideal of R. Then, f(P) is an r-clean ideal of S.

Proof. Since P is an ideal of R and f is a ring epimorphism, f(P) is anideal of S. Lety € f(P).
There exists z € P such that y = f(z). As P is an r-clean ideal, we have z = e + r with
e € Id(R) and r € Reg(R). Then,

y=f(z)=fle+r)=f(e)+ f(r).

It is clear that f(e) € Id(S). Since r € Reg(R), r = rtr forant € R. So, we obtain
f(r) = f(rtr) = f(r)f(t)f(r), for an f(¢) € S. Thus, we get f(r) € Reg(S). Which implies
that y is an r-clean element of f(P), so f(P) is an r-clean ideal of S. i

Referring to Proposition 3.2, the following presents the sufficient condition for an ideal factor
to be r-clean.

Proposition 3.3. Let N be an ideal of R, P an ideal of R containing N, and f : R — R/N is
the ring epimorphism. If P is an r-clean ideal of R, then P/N is an r-clean ideal of R/N.

Proof. Assume that f : R — R/N is a ring epimorphism, and P is an r-clean ideal of R. Refer-
ring to Proposition 3.2, we have f(P) is an r-clean ideal of R/N. Since f is a ring epimorphism,
we obtain f(P) = P/N. Thus, P/N is an r-clean ideal of R/N. ]

The converse of Proposition 3.3 is not necessarily true, as the following example shows.
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Example 3.4. Let f : Z — Zg be a ring epimorphism with f(a) = a mod 6, for every a € Z.
Let H = {0,2,4} is an r-clean ideal of Z¢. Clearly, f(27Z) = H. But, 27 is not an r-clean ideal
of Z.

According to [5], in the following, we give the sufficient condition for an element of ring R
to form a regular element.

Lemma 3.5. Let a € R, and y € R satisfy a — aya is a regular element of R. Then, a is a regular
element of R.

Furthermore, [5] defines an ideal I of R as a regular ideal if every element of it is a regular
element of R.

Let I be an ideal ring R. Then, according to [6], we say that idempotents lift modulo I if for
each z € R such that z — 2% € I, there exists an idempotent e € R such that e —x € I. Moreover,
the converse of Proposition 3.3 will hold if we give the following sufficient conditions.

Proposition 3.6. Let P and I be ideals of R satisfies I C P, I a regular ideal of R, and suppose
that idempotents can be lifted modulo 1. If P/I is an r-clean ideal of R/I, then P is an r-clean
ideal of R.

Proof. Assume that P/I is an r-clean ideal of R/I. So, for every a € P we have a + I is an
r-clean element of R/I. There exist e + I € Id(R/I) such that (a — e) + I € Reg(R/I). It
means that there is = € R such that it satisfies ((a —e) + I)(z + I)((a —e) +I) = (a —€) + 1.
From here, we get (a — e) — (a — e)z(a — e) € I. Since I is a regular ideal, then according to
Lemma 3.5, we get a — e € Reg(R). Since idempotents can be lifted modulo I, we may assume
that e is an idempotent of R. Thus, a is an r-clean element of R, which implies P is an r-clean
ideal of R. O

Next, we give a sufficient and necessary condition for the infinite direct product of ideals to
form an r-clean ideal.

Proposition 3.7. Let R; be a ring, and P; an ideal of R;, for each i € A. The ideal |] P; is an
ieA
r-clean ideal of 1] R; if and only if P; is an r-clean ideal of R; for each i € A.
i€A
Proof. Let any i € A and assume that
f: I8 — B
ieA

(Ti)ieA = Ty,

for each (7;)ien € [] R, is a ring epimorphism. Since [] P; is an r-clean ideal of [, R,
ieA ieA
referring to Proposition 3.2 we have f([] P;) = P; is an r-clean ideal of R;. Thus, P; is an
i€A

r-clean ideal of R;, for each i € A. Conversely, let (z;);ca € [ P Since P; is an r-clean ideal
i€A

of R; foreachi € A, we obtain z;; = e; +r; withe; € Id(R;) and r; € Reg(R;), forevery i € A.

As a result, we obtain

(zi)iea = (i +1i)ien = (€i)ien + (Ti)ien-
Since e; € Id(R;) for each i € A, we have e;e; = e;. So,
(eiei)ien = (ei)iea(ei)iea = (€i)iea-
Thus, (e;)ica € Id([] R;). Moreover, since 7; € Reg(R;) for each i € A, we get r; = r;s;7;

i€A
foran s; € R;, for every ¢ € A. Hence, we get

(T’vz)ie/\ = (Tz'Si?"i)ieA = (Ti)ieA(Sqi)ieA(T’qz)ieA,

for an (r;);ea € [] Ri. Thus, (r;);ea € Reg([] R;). Therefore, we get (z;);ca is an r-clean
€A €A
element of [] R;. This shows that [] P, is an r-clean ideal of ] R;. ]
i€A i€A i€A
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Recall that an ideal I of R is an exchange ideal provided that for any = € I, there exists an
idempotent e € I such that e — 2 € R(z —2%). Moreover, an Abelian ring is a ring in which each
idempotent element is central. According to [8], the Abelian ring R is r-clean if and only if R
exchange ring. Using this property, we give the necessary and sufficient conditions for an ideal
to form an r-clean ideal.

Proposition 3.8. Let R be an Abelian ring and I an ideal of R. Then, I is an r-clean ideal if and
only if I is an exchange ideal.

Proposition 3.9. Let I be an ideal of R. Then, I is an r-clean ideal if and only if each x € I can
be written as x = r — e where v € Reg(R) and e € Id(R).

Proof. Letx € I. We have —x € I and satisfy —x = e 4+ r, where e € Id(R) and r € Reg(R).
So, we get x = (—r) — e with e € Id(R) and —r € Reg(R). Conversely, let x € I. Then,
—x € I. According to the hypothesis, —z = r — e with r € Reg(R) and e € Id(R) is obtained.
Consequently, z = (—r) + e with —r € Reg(R) and e € Id(R). This implies x is an r-clean
element of R, so I is an r-clean ideal of R. O

Let I be an ideal of ring R and e a central idempotent element of R. Then, we can form a
ring eRe. In the following, we give the necessary condition for an ideal I of R to be an r-clean
ideal.

Proposition 3.10. Let I be an r-clean ideal of R, and e a central idempotent of R. Then, ele is
an r-clean ideal of eRe.

Proof. Let the function f : R — eRe with f(r) = ere for each r € R. Then, f is a ring
epimorphism. Since [ is an r-clean ideal of R, referring to Proposition 3.2 we obtain ele is also
an r-clean ideal of eRe. O

Next, we provide the necessary conditions for the ideal (1z — e)I(1g — €) to be an r-clean
ideal of (1g —e)R(1gr — e).

Proposition 3.11. Let I be an ideal of ring R, e¢ a central idempotent element of R, ele an r-
clean ideal of eRe, and (1g — €)I(1r — e) an r-clean ideal of (1r — e)R(1r —€). Then, I is an
r-clean ideal of R.

Proof. Let & = 1 — e. By using Pierce Decomposition, we get

R =cRe®ecRe® eRe ® eRe

and
I =celedeledeledele.

Since e is a central idempotent element, We obtain

R—cRewere= | ¢ Or
Or eéRe
and
I =eledele = ele E)R_ .
Or ele

LetAecTwithA=|

O; 1 , where a € ele and b € elé. Since ele is an r-clean ideal of
R

eRe and €l¢ is an r-clean ideal of éRé, we have a = 11 +e¢; and b = rp +e; withr; € Reg(eRe),

ry € Reg(eRe), e; € Id(eRe), and e; € Id(éReé). As a result, we get

ri+e  Ogr | Og er Or
Or m+e Or m Or e |

a OR
Or b

A= n
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Asry € Reg(eRe) and r, € Reg(eRe), there exists y; € eRe and y, € éRé such thatr) = ryy;ry
and r, = ry,715. S0, we obtain

r1 Or y1 Ogr r1 Or _ | myim Or _|m Or
Or m Or 2 Or m Or  m1ym Or m

0 0 . .
Thus, | ' R | e Reg(R). Clearly, an TR ¢ Id(R). Hence, A is an r-clean ideal of
Or 1 Or e
I, so I is an r-clean ideal of R. O

In the following, we generalize the Proposition 3.11.

Proposition 3.12. Let I be an ideal of ring R, and ey, ey, - - - , ey, orthogonal central idempotents
of Rwithei+ey+---+e, = lg. Then, e;le; is an r-clean ideal of e; Re; foreachi =1,2,---n
if and only if I is an r-clean ideal of R.

Proof. One direction allows from Proposisi 3.11 by induction. Conversely, let I be an r-clean

ideal of R and ey, e, - - , e, orthogonal central idempotents of R withe; +e; 4+ ---+ ¢, = lg.
Consider that
61161 OR te OR
n OR 62]62 cee OR
I = @ eilei =
i=1
OR OR tee enIen
Letany i € {1,2,--- ,n} and we form a function f : I — e;Ie;. We have f a ring epimorphism.
Since I is an r-clean ideal of R, we have e;I¢e; also an r-clean ideal of e¢; Re;. Thus, e¢;I¢e; is an
r-clean ideal of e; Re; foreachi =1,2,--- ,n. O
R 0 . o I 0.
LetT = be the lower triangular matrix ring and K = ideal of T'.
M S M J
0
Next, we provide necessary conditions for the ideal K = Mg to be r-clean.

Proposition 3.13. Let R and S be rings, M an (R, S)-bimodule, I an ideal of R, J an ideal of S,
0 I 0

and T = i the lower triangular matrix ring. If K = is an r-clean ideal
M S M J

of T, then I is an r-clean ideal of R and J is an r-clean ideal of S.

I 0. . 0 . .
Proof. Let K = M J ] is an r-clean ideal of T'. Let [ “ b ] € K. Since K is an r-clean

m
ideal, then
0 0 0
a _| A L ’
m b fofi T2 T3
. fi 0 s _ B .
with € Id(T) and € Reg(T). So, a = fi +ry dan b = f3 4 r3. Since
o Ty T3
T y1 O

€ Reg(T), there exists € T such that

T2 T3 Y2 Y3
(81 0 . T 0 (8} 0 Y1 0
T3 T2 T3 L Y2 Y3

™ 0 o Tyiri 0
T3 rYITL + T3yt +T3yaTa T3y |
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0
Hence, r; € Reg(R) and 3 € Reg(S). Moreover, since [ ;l f ] € Id(T), we obatin
2 J3
fi 0 fi O _ fi O
2 fa 2 fi 2 fi
f12 0 fi O
hiv+ B 13 ofi
So we get f; € Id(R) and f5 € Id(S). Hence, a is an r-clean element of R and b is an r-clean
element of S. Thus, I is an r-clean ideal of R and J is an r-clean ideal of S. O

Next, the following is given the converse of Proposition 3.13.

Proposition 3.14. Let R and S be rings, M an (R, S)-bimodule, I an ideal of R, J an ideal of S,

R 0 0
T= the lower triangular matrix ring, and K = an ideal of T. Assume
M S M J

that one of the following conditions holds:
(i) I and J are clean.
(ii) one of the ideals I and J is clean and the other one is r-clean.

Then, the ideal K of T is r-clean.

Proof. Referring to [7], it is clear that if I and J are clean, then K is clean. So it is r-clean. On

0
the other hand, let I be r-clean and let .J be clean. Then for every A = v ] € K, we have
m.y
z=e +rdany =ey+uforey,e; € Id(R), r € Reg(R), and u € U(R). Assume that r = rpr
for some p € R. Let A = E + W where E = °l and W = | " . It is clear that
e m U
0 0 0 0
E € Id(T) and we have the equality [ " =" ] ﬁ O ] [ " ]
m U m U —u "mp u m u
This condition implies that W is a regular element if 7". Hence, A is an r-clean element of K.
Thus, K is r-clean. O

According to [4], we know that if I is a clean ideal of R, then M, (I) is a clean ideal of
M,,(R). So, using this property, we give the sufficient condition for M,, (I) to be an r-clean ideal
of M, (R).

Proposition 3.15. Let I be a clean ideal of R. Then, M,,(I) is an r-clean ideal of M, (R).

Proof. Let I be a clean ideal of R. Referring to [4], we have M,,(I) is a clean ideal of M,,(R).
Thus, M, (I) is an r-clean ideal of M,,(R). m|

We have stated earlier that the r-clean ideal is a generalization of the clean ideal. Thus, every
clean ideal is an r-clean ideal, but the converse is not necessarily true. In the following, we give
several sufficient conditions for an r-clean ideal to be clean.

Proposition 3.16. Let I be a non-zero ideal of ring R. Then, if I is an r-clean ideal of R and Og
and 1 are the only idempotents in R, then I is a clean ideal of R.

Proof. Let I be an r-clean ideal of R. Let z € I. We have z = e + r for an e € Id(R) and
r € Reg(R). If r = 0p, thenx = e = (2e — 15)(1g — ). Clearly, 1 z — e € Id(R). Considering
(2e — 1g)(2e — 1g) = 1R, so we get 2e — 1 € U(R). Thus, z is a clean element of R. But if
r # Og, then there exists y € R such that r = ryr. As aresult, we getry € Id(R). Since O and
1 are the only idempotents in R, we have ry = Og or ry = 1g. If ry = Og, then r = ryr = 0g
is a contradiction. Therefore, ry = 1g. Similarly, yr = 1g. Thus, » € U(R). Hence, x is a clean
element of R, so [ is a clean ideal of R. O
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Furthermore, let R be an Abelian ring. According to [8], if @ € R is a clean element of R and
e € Id(R), then

(i) aeis aclean element of R.
(i1) If —a is a clean element of R, then a + ¢ is also a clean element of R.

Using the properties above, we give sufficient and necessary conditions for an ideal to be an
r-clean ideal.

Proposition 3.17. Let R be an Abelian ring. The ideal I of R is an r-clean ideal if and only if 1
is a clean ideal of R.

Proof. Let I be an r-clean ideal of R. Let 2 € I. Then, z = e + r with e € Id(R) and
r € Reg(R). Since r € Reg(R), there exists y € R such that r = ryr. Clearly, ry,yr € Id(R).
Assume e’ = ry, so

(re + (g —e))(ye' + (1g—¢€")) = réye +re'(lg—¢')+ (1g —€)ye
+(1r =€ )(1r —¢')
= rye’ +0r +0g + (1g — €')
e +1rp—¢
= 1p
Next, since R is an Abelian ring, we get
(ye' + (Ig —€))(re' + (1r —¢€")) = ye're +ye'(l1g —€')+ (1r —€')re’
+(1g —€)(1r —¢€)
= yre +1p—¢
eyr+1p—¢
ry(yr) + 1r — €
r(yr)y +1g —¢

(ry)® +1g — ¢
e’ 4+ 1p—¢
e +1rp—¢€

= l1g.

Thus, re’ + (1g — €’) € U(R). Furthermore, note that u = re’ + (I1g — ¢’). So, we have
e'u=ere/ +0r = €e're’ = ryr = r. Now, assume f = 1g —¢’. Then, f € Id(R). Consider the
equationr + f = ¢'u + f. So, we get —r = f + (—(¢’u + f)). Next, note that

v = re+(1g—¢)
re' + f
= (du)e'+f
= ¢cu+ feU(R).
As aresult, we have —(¢’u + f) € U(R). Hence, —r is a clean element of R. Thus, 7 + e = z is
a clean element of R, so [ is a clean ideal of R. Conversely, it is clear and needs no proof. O

Proposition 3.18. Let R be a ring with no zero divisors and I an ideal of R. Then, I is an r-clean
ideal if and only if I is a clean ideal of R.

Proof. Let I be an r-clean ideal of R. Let x € I. Then, z = e + r with e € Id(R) and
r € Reg(R). There exists y € Rsuchthatr = ryr. If r = Og, thenz = e = (2e—15)+(1g—e).
Clearly, 1z — e € Id(R) and (2e — 1g) € U(R). So, z is a clean element of R. However, if
r # Og, since R contains no zero divisor elements, from equation r = ryr, we getr —ryr = Og.
So, yr = 1g. Similarly, ry = 1g. Hence, r € U(R). Thus, z is a clean element of R, so [ is a
clean ideal of R. Conversely, it is clear and needs no proof. O
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Based on [8], a ring is said to be reduced if it has no (non-zero) nilpotent elements. These
rings are Abelian. So we have the following property.

Proposition 3.19. Let R be a reduced ring and I an ideal of R. Then, I is r-clean if and only if
1 is clean.
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