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Abstract In this work, we prove some fixed point theorems for integral type contractive
conditions in the setting of complete S-metric spaces and give some consequences of the main
results. Also we give some examples in support of the results. Our results extend and generalize
several results from the existing literature. Specially our results generalize the results of Ozgiir
and Tas [13].

1 Introduction

Banach contraction principle [1] is one of the milestones in the development of fixed point the-
ory. Its significance lies in the vast applicability to a great number of branches of mathematical
sciences, for example, theory of existence of solutions for nonlinear differential, integral and
functional equations, variational inequalities and optimization and approximation theory.

A mapping T: X — X, where X is a nonempty set and (X, d) is a metric space, is said to
be a contraction if there exists b € [0, 1) such that for all z,y € X,

d(T(x),T(y)) < bd(z,y). (1.1

If the metric space (X, d) is complete then the mapping satisfying (1.1) has a unique fixed point.
Inequality (1.1) implies continuity of 7.

There are many generalization of this principle. These generalizations are made either by
using different contractive conditions or by imposing some additional condition on the ambient
spaces. On the other hand, a number of generalizations of metric spaces have been done and one
of such generalization is an S-metric space.

In 2012, the concept of an S-metric has been introduced and studied as a generalization of a
metric. This concept has been given by Sedghi et al. [24] as follows.

Definition 1.1. ([24]) Let X be a nonempty set and S: X* — [0, 00) be a function satisfying the
following conditions for all z, y, z, t € X:

(S1) S(z,y,2) =0ifandonly if z = y = z;

(S2) S(z,y,2) < S(z,2,t) + S(y,y,t) + S(z, 2, t).

Then the function S is called an S-metric on X and the pair (X, S) is called an S-metric
space (in short SMS).

Example 1.2. ([24]) Let X = R™ and || - || anorm on X, then S(z,y, 2) = ||ly+2z— 2|+ ||y — ||
is an S-metric on X.

Example 1.3. ([24]) Let X = R™ and || - || anorm on X, then S(z,y, 2) = ||z — 2| + |ly — 2| is
an S-metric on X.

Example 1.4. ([25]) Let X = R be the real line. Then S(z,y,z) = |z — z| + |y — 2| for all
x,y,z € Ris an S-metric on X. This S-metric on X is called the usual S-metric on X.

In literature, several fixed point theorems have been given for self mappings satisfying various
contractive conditions on an S-metric space (see [3, 4, 6, 10, 11, 12, 21, 22, 23, 24, 25]). One
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of the celebrated results among these works is the Banach contraction principle on a complete
S-metric space which was generalized by Sedghi et al. [24]. The statement of the result is as
follows.

Theorem 1.5. ([24]) Let (X, S) be a complete S-metric space and let T: X — X be a self-
mapping of X such that

S(Tz, Ty, Tz) < kS(z,y,z2), (1.2)
Sforall z,y,z € X, where k € (0, 1) is a constant. Then T has a unique fixed point in X.

On the other hand some generalizations of the well-known fixed point theorems obtained on
S-metric spaces via some new fixed point results (see [11, 12, 24, 25] for more details).

In 2014, Mlaiki [7] introduced the notion of complex valued S-metric space and showed
the existence and uniqueness of a common fixed point of two self-mappings in such spaces and
also illustrated some examples to validate the results. In [8], the same author introduced o — v
contractive mapping in S-metric spaces and proved the existence of fixed point for such mapping
under some conditions imposed on self-mapping 7. In 2016, Souayah and Mlaiki [26] have
introduced an extension of S-metric spaces called S,-metric spaces and proved the existence
of fixed point for a self-mapping defined on such spaces and also proved some results on the
topology of the S,-metric spaces (see, also [9]).

Later, different applications of some contractive conditions have been obtained on S-metric
space such as differential equations, complex valued functions etc. (see [7, 10, 14, 15, 16]).

Now a days, fixed point theory has been examined for various contractive conditions. Indeed,
one of those is integral type contraction which was introduced by Branciari [2] in 2002 and
proved a fixed point result for mappings defined on a complete metric space satisfying a general
contractive type condition of integral type. The Branciari’s [2] result is as follows.

Theorem 1.6. ([2]) Let (X, d) be a complete metric space, h € (0,1), ¢: [0,00) — [0,00) is a
Lebesgue-integrable mapping which is summable on each compact subset of [0, 0o), nonnegative
and such that for each € > 0,

/ o(t)dt > 0,
0

andlet T: X — X be a self-mapping of X such that

d(Tz,Ty) d(z,y)
/ e(t)dt < h / o(t)dt,
0 0

forall x,y € X. Then T has a unique fixed point v € X such that lim,,_, .. T"w = u for each
w e X.

After Theorem 1.6, a lot of research works have been carried out on generalizing contractive
conditions of integral type for different contractive mappings satisfying many known properties
(see [18, 19]). Affine work has been done by Rhoades [20] extending the result of Theorem 1.6
([2]) by replacing the condition (1.3) by the following condition:

d(Tz,Ty) m(z,y)=max {d(m,y),d(az,Tm),d(y,Ty),w }
[ ez | o, (13)
0

0

foreachc € [0,1) and z,y € X.

In 2016, Rahman et al. [17] have established a common fixed point result of Altman integral
type for four self-mappings in the context of S-metric spaces and gave an example in support of
the result.

Recently, Ozgiir and Tas [13] have studied new contractive conditions of integral type on
S-metric spaces and established some fixed point theorems for various contractive conditions
of integral type and gave examples in support of the established results. Also they obtained an
application to the Fredholm integral equation.

Motivated by Ozgiir and Tas [13] and some others, we investigate some fixed point theorems
for contractive conditions of integral type in the framework of S-metric spaces and give some
examples in support of the results. The results presented in this paper extend and generalize
several results in the existing literature.
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2 Preliminaries

At first we recall some basic results about S-metric spaces.

Definition 2.1. ([24]) Let (X, S) be an S-metric space.

(1) A sequence {u,} in X converges to v € X if and only if S(uy,u,,u) = 0asn — oo,
that is, for each ¢ > 0, there exists ng € N such that for all n > ng we have S(up, un,u) < €.
We denote this by lim,, o0 U, = u OF U, — u as n — 0.

(2) A sequence {u,} in X is called a Cauchy sequence if .S (uy,, tn, um) — 0 as n,m — oo,
that is, for each ¢ > 0, there exists ny € N such that for all n, m > ng we have S (un, tn, U ) < €.

(3) The S-metric space (X, S) is called complete if every Cauchy sequence in X is conver-
gent in X.

Lemma 2.2. ([24], Lemma 2.5) Let (X, S) be an S-metric space. Then, we have S(z,x,y) =
S(y,y,z) forall x,y € X.

The above Lemma 2.2 can be considered as a symmetry condition on an S-metric space.

Lemma 2.3. (/24], Lemma 2.12) Let (X, S) be an S-metric space. If x,, — x and y, — y as
n — oo then S(xy, Tn,yn) — S(z,x,y) asn — oo.

In the following lemma we see the relationship between a metric and S-metric.

Lemma 2.4. ([4]) Let (X, d) be a metric space. Then the following properties are satisfied:
(1) Sa(z,y,2) = d(z,2) + d(y, z) forall z,y,z € X is an S-metric on X.
(2) up, = win (X, d) if and only if u,, — win (X, Sq).
(3) {un} is Cauchy in (X, d) if and only if {u,} is Cauchy in (X, Sq).
(4) (X, d) is complete if and only if (X, Sq) is complete.

We call the function Sy defined in Lemma 2.4 (1) as the S-metric generated by the metric d.
It can be found an example of an S-metric which is not generated by any metric in [4, 12].

3 Main Results

In this section, we shall prove some unique fixed point theorems for integral type contractive
conditions in the setting of complete S-metric spaces.

Throughout this paper we assume that ¢: [0, 00) — [0, o) is a Lebesgue-integrable mapping
which is summable on each compact subset of [0, co), nonnegative and such that for each ¢ > 0,

/0E p(t)dt > 0. (3.1

Theorem 3.1. Let (X, S) be a complete S-metric space, and the function ¢: [0,00) — [0, 00) be
defined as in (3.1) and let T: X — X be a self-mapping of X such that

S(Tz, Tz, Ty) S(z,z,y) S(z,z,Tx)
/ p(t)dt < (Il/ so(t)dt+qz/ p(t)dt
0 0 0
S(y,y,Ty) S(z,x,Ty)
+43 / o(t)dt + g4 / p(t)dt
0 0

S(y,y,Tx)
s / p(t)dt
0

max{S(z,z,y),5(y,y,7y),S(y,y,Tx)}
+4s / o(t)dt
0
S(z,z,Tx)S(z,xz,Ty)
/ZS(I,z,Ty)+5(y-,y,Tr)+S(y,y,Ty)

+a7 p(t)dt, (3.2)

0

forall z,y € X, where q, @2, q3,q4, G5, 46, q7 are nonnegative reals such that q; + q» + q3 +3q4 +
296 + g7 < 1. Then T has a unique fixed point u € X and we have T™w = u for each w € X.
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Proof. Let xy € X and the sequence {z,,} be defined as T"xy = x,, forn = 1,2,.... Suppose
that 2,4+ # x,, for all n. Using the inequality (3.2), the conditions (S1), (S2) and Lemma 2.2,
we have

S(I7L7$7L7mn\l) S(Twn—lvT‘Tn—l;TIn)
/ o = [ o
0 0

S(Tp—1,Tn—1,Tn) S(@n—1,Tn—1,TTn_1)
< Q1/ dt+Q2/ o(t)dt
0 0
S(zn,zn,TTn) S(@n—1,8n—1,TTn)
+Q3/ dt+Q4/ p(t)dt
0 0
S(Tn,Tn,TTpn_1)
+Q5/ p(t)dt
0
max{S(zn_1,Zn—1,TTn-1),S(@n,Tn,TTn),S(Tn Tn,TTn_1)}
+ds / o(t)dt
0
S@p_12n_1,T2p_1)S(@n_1,2n_1,T2n)
28(zy 12y, T2n)+S(en,2n, T, _)+S@n,2n,Tzn)
+r / o(t)dt
0
S(Inflwznflvmn S(Tn—1,%n—1,Zn)
= / (t)dt + ¢ / p(t)dt
0 0
S(Tn,Tn,Tnil) S(Tp—1,%n_1,%n11)
+CI3/ o(t) dt+Q4/ p(t)dt
0 0
S(ZTn,Tn,Tn)
+QS/ p(t)dt
0
max{S(Zn—1,Tn—1,Zn),S(Tn Tn,Tn11),S(Tn,Tn,Tn)}
+Q6/ p(t)dt
0
S@p_1@n—1:2n)S(@y 1T n 1 Tpi)
25(@pn _1:%n 12T )15 @0 20,20 ) +5(@n o,y )
+gr / o(t)dt
0
S(Tp_1,%n_1,Tn)
< (m+e+atata) / p(t)dt
0

S(xw ,an,ﬂfn+])
(g3 + 241 + a6) / o(t)dt. (3.3)
0

which implies

S(Tn,Tn Tpil) S(Tp_1,Tn_1,Tn)
/ ot)dt < <Q1+Q2+(J4+Q6+Q7) / (1)t
0 1—q—2q4—qs 0

(3.4)
If we take p = (%), then we find p < 1 since ¢ + @ + ¢3 + 3q4 +2q6 + ¢7 < 1.
Using the inequality (3.4) again, we obtain
S(@n Tn s Tnt1) S(zo,xo,x1)
/ o < [ p(t)dt. (3.5)
0 0

Taking the limit as n — oo, in inequality (3.5), we get
S<$n;ajnx$n+]>

lim o(t)dt =0, (3.6)

n—oo 0
since 0 < p < 1. The condition (3.6) implies

lim S(Zn, Zn, Tne1) = 0. 3.7

n—0o0
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Now, we show that the sequence {x,,} is a Cauchy sequence. Assume that {x,, } is not a Cauchy
sequence. Then there exists an ¢ > 0 and subsequences {m;} and {n;} such that m; < n; <

m;y1 with
S(xmwwmwxm) > g,
and
S(‘rmmxmmmni—l) < €.
Now, using Lemma 2.2, we have

S(aj’rm—l sy Tmy—1, xni—l) S ZS(xmi—l sy Tmy;—1, me)

< zs(wml—l»mmi—l;xmi)‘i‘s,

and

S(mrni—l sTm; —1 133717;71)

fim o(t)dt < / T ()t
0

1—00 0

Using the inequality (3.2), (3.4), (3.8) and (3.11), we obtain

€ S(Tm; sTm; Tn,
/ p(t)at < / (t)dt
0 0
S(Txm;—1,TTm; 1, TTpn; 1)
= / p(t)dt
0
S(@m;—1:Tm;—1,Tn;—1)
< u/ o(t)dt
0
< u/ o(t
0

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

which is a contradiction with our assumption that 0 < p < 1. Thus, the sequence {z,} is a
Cauchy sequence in X. Hence by completeness hypothesis of X, there exists u € X such that

Tn.l‘() = Uu.
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From the given inequality (3.2), we find

S(Tu,Tu, Ty 1) S(Tu,Tu,Txy)
/ o = | ()it
0 0

S(uyu,n) S(w,u,Tu)
QI/ w(t)dt+qz/ o(t)dt
0 0

S(Tn,xn,TTy) S(u,u,Txy)
+a3 / p(t)dt + qa / p(t)dt
0

IN

max{S(u,u,Trn),S(Tn ,Tn,TTn),S(Tn,xn,Tu)}
/ o(t)dt
0

S(u,u, Tu)S(u,u, Tay)
I5(w, T an) 1S (@n on, Tw 5 (@n o0, Ton)

p(t)dt

S(u,u,zq) S(u,u,Tu)
= @ / o(t)dt + g / o(t)dt
0 0

S(Tn,Tn Tni1)

+q7

S—

S(uvuvwirl )
a5 wwﬁ+%/’ p(t)dt
0

S—

S(zn,xn,Tu)

p(t)dt

max{S(u,u,wn,),S(In,zn,z‘nH),S(xn,wn,Tu)}

+qs

S—

+
)
[=)}

S—
BS)
=

I
SN

S(u,u, Tu)S(u,u,zp )

T(w,a,2,3 1) 8@ n on, T TS (@n 2n 2y 1)

+q7

o\
—~
~
N
U
Sy

(3.13)

Taking the limit as n — oo in (3.13) and using the condition (S1) and Lemma 2.2, we get

S(Tu,Tu,u) S(Tw, Tu,u)
/ o(t)dt < (g2 + g5 + g6) / o(t)dt, (3.14)
0 0

which implies S(Tu, Tu,u) = 0, that is, Tu = u since g2 + g5 + g6 < 1. This shows that u is a
fixed point of T'.
Now, we show that the uniqueness of the fixed point. Let u; be another fixed point of 7" with
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u; # u. Using the inequality (3.2) and Lemma 2.2, we obtain

S(u,u,up) S(Tu,Tu,Tu)
[ e = p(t)dt
0 0
S(w,u,ur) S (w,u,Tu)
/ @(t)dtJrqz/ o(t)dt
0 0
S(ur,ur, Tuy) S(w,u,Tuy)
+q3 / p(t)dt + qa / o(t)dt
0 0

S(uy,uy,Tu)
+4gs / p(t)dt
0

/max{S(u,u,Tu),S(ul Jur,Tu),S(ur,ur,Tu)}

IN
=

+g6 o(t)dt
0
S(u,u, Tu)S(u,u,Tuy)

/Zs(u-,u,Tu])JrS(ul sup, Tu)+S(up,uyp, Tuy)

p(t)dt

S(u,u,ur) S(u,u,u)
= ql/ ()dt—i—Qz/ o(t)dt
0

S(uy,u,up) S (u,u,uy)
s / t)dt + s / p(t)dt
0 0

S(up,up,u)
+qs / )dt
0

max{S(u,u,u),S(u,ur,ur),S(ur,u,u)}
+4as /

(=]

o(t)dt

(=]

S(u,u,u)S(u,u,uy)

25(u,u,up)+S(uyp,up,u)+S(uyp,up,uy)
a7 o(t)dt
0

S (w,u,up)
= (q1+aq+q5+gs) / o(t)dt, (3.15)
0

which implies S(u, u, u;) = 0, that is, u = u; since q; + g4 + g5 + g6 < 1. Consequently, T has
a unique fixed point in X . This completes the proof. O

If we take ¢ = hand ¢ = ¢3 = q4 = ¢s = g6 = ¢; = 0 in Theorem 3.1, then we obtain the
following result.

Corollary 3.2. ([13]) Let (X, S) be a complete S-metric space, and the function ¢: [0,00) —
[0,00) be defined as in (3.1) and let T: X — X be a self-mapping of X such that

S(Tz,Tz,Ty) S(z,z,y)
/ e(t)dt < h / o(t)dt, (3.16)
0 0

Sforall z,y € X, where h € (0,1) is a constant. Then T has a unique fixed point u € X and we
have T"w = u for each w € X.

Remark 3.3. (1) Corollary 3.2 is a generalization of Branciari [2] fixed point result from com-
plete metric space to the setting of complete S-metric space.

(2) In Corollary 3.2, if we set the function ¢: [0,00) — [0,00) as ¢(t) = 1 for all ¢ € [0, 00),
then we obtain Theorem 3.1 of [24] for n = 1.

(3) Corollary 3.2 is also a generalization of Sedghi’s et al. result [24] to the case of integral
type contraction condition.

(4) Theorem 3.1 is a generalization of Theorem 2.4 of Ozgiir and Tas [13]. Indeed, if we take
q1 =hand ¢ = ¢3 = @4 = g5 = g6 = q7 = 0 in Theorem 3.1, then we get Theorem 2.4 of [13].
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(5) Since an S-metric space is a generalization of a metric space. Corollary 3.2 is a general-
ization of the classical Banach fixed point theorem [1].

(6) If we set the S-metric as S: X — C and take the function ¢: [0,00) — [0,00) as
©(t) = 1 forall ¢t € [0, 00) in Corollary 3.2, then we get Theorem 3.1 in [14] and Corollary 2.5
in[7] forn = 1.

Example 3.4. Let X = R, a > 1 be a fixed real number and the function S: X* — [0,00) be
defined as a
=—(ly— -2
S(ay,2) = 7 (ly — 2l + |y + = — 2z]),

for all z,y, z € R. It can be easily seen that the function S is an S-metric on X. Now we show
that this S-metric can not be generated by any metric d. On the contrary, we suppose that there
exists a metric d such that

S(z,y,2) = d(z,2) + d(y, 2), (3.17)
for all z,y, z € R. Hence, we find
2a
S(z,x,2) =2d(z,2z) = o |z — 2|,
and
a
d(z,2) = a+1\x—z\. (3.18)

Similarly, we get

2a
S(yayaz) = 2d(ya2’) = m|y—z|,

and
d(y,2) = ——ly — | (3.19)
Y, z) = a+1 Y-z .
Using the equations (3.17), (3.18) and (3.19), we get
a a a
_ )= -2 e P
=t ly+z=2e) = e =24 =y - 2],

which is a contradiction. Consequently, S is not generated by any metric and (R, S) is a complete
S-metric space.

Let us define the self-mapping 7: R — R as T'(z) = % for all z € R and the function
:]0,00) = [0,00) as p(t) = 2t for all ¢ € [0, 00). Then we get

/ o(t)dt :/ 2tdt = * > 0,
0 0

for each € > 0. Therefore T satisfies the inequality (3.16) of Corollary 3.2 for h = % Indeed,
we have
2 2
a 2 2a 5
R PH < 77 |r—
(a+1)2|‘r y| — (a+1)2|‘/1’. y| )
for all x,y € R. Thus, T has a unique fixed point + = 0 in R.

Theorem 3.5. Let (X, S) be a complete S-metric space, and the function ¢ [0,00) — [0, 00) be
defined as in (3.1) and let T': X — X be a self-mapping of X such that

S(Tx,Tx,Ty) S(z,2,y)
/ e(t)dt < a / p(t)dt
0 0

max{S(z,z,y),S(z,x,Tx),S(y,y,Ty)}

+a2 /
0

max{S(z,z,y),S(y,y,Ty),S(y,y,Tx)}

“+asz /
0

(3.20)
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forall x,y € X, where a1, ay, a3 are nonnegative reals such that ay + 2a; + 2a3 < 1. Then T
has a unique fixed point u € X and we have T"w = u for each w € X.

Proof. Let zp € X and the sequence {z,,} be defined as T"xy = x,, forn = 1,2,.... Suppose
that z,,.| # =, for all n. Using the inequality (3.20), the conditions (S1), (52) and Lemma 2.2,
we have

S(w'ruwn-,anrl) S(Ta?n—lyTxn—thEn)
/ ot = [ p(t)de
0 0

S(Tp_1,Tn_1,Tn)
< o / p(t)dt
0
maX{S(iUn—];a:n—l:CEH))S("EW,—I;In—l7Twn—])’S<I”’$"’Tw">}
+a2/ o(t)dt
0
max{S(zn—1,2n—1,2n),S(Tn,Tn,TTn),S(Tn ,Tn,TTn_1)}
+a3/ p(t)dt
0
S(Tp—1,%n—1,Tn)
= a]/ @(t)dt
0
max{S(pn_1,Tn_1,2n),S(@n_1,Tn_1,Zn),S(Tn,Tn,Tni1)}
tay / p(t)dt
0
max{S(Tn_1,Tn—1,Tn),S(Tn ,Tn,Tni1),S(Tn,Tn,Tn)}
s / o(t)dt
0
S(Tn—1,Tn—1,Tn)
< (a]+a2+&3)/ p(t)dt
0

S(il?n,:l)n,zn+1)
+(az + a3) / o(t)dt, (3.21)
0

which implies

S(Tn,Tn, Tny1) S(Tp—1,Tn—1,Tn)
/ (p(t)dt < (W) / (p(t)dt.
0 1 —az —as 0

(3.22)

If we take d = (m), then we find d < 1 since a; + 2a; + 2a3 < 1. Using the inequality

17&270.3

(3.22) again, we obtain

S(Tn,Tn,Tni1) S(wo,x0,x1)
/ p(t)dt < d” / (t)dt. (3.23)
0 0

Taking the limit as n — oo, in inequality (3.23), we get

S(xnyxnawn+l)

lim o(t)dt =0, (3.24)

n—oo 0
since 0 < d < 1. The condition (3.24) implies

lim S(zn,Tn, Tne1) = 0. (3.25)

n— 00

Now, we show that {z,,} is a Cauchy sequence. By the similar arguments used in the proof of
Theorem 3.1, we see that the sequence {z,,} is Cauchy. Then there exists v € X such that

n —
T"xy = u,
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since by hypothesis (X, .S) is a complete S-metric space. From the given inequality (3.20), we

find
S(Tu,Tu,Typi1) S(Tu,Tu,Txy)
/ p(t)dt = / o(t)dt
0 0

S(u,u,xy)
ay / p(t)dt
0

/max{S(u,u,w,L),S(u,u,Tu),S(I” T, TTp)}

IN

+ap o(t)dt

0

/max{S(u,u,xn),S(u,u,Tzn),S(:L’n,:z:n,Tu)}

+as o(t)dt

0

S(u,u,xn)
= a / (t)dt
0

max{S(u,u,mn),S(u,uJ u>7S(In11n11n+])}
/()

max{S(u,u,mn),S(u,u,zn+ )vS(zTHzn’j u)}
“ /
0

Passing to the limit as n — oo in (3.26) and using the condition (S1) and Lemma 2.2, we get

S(Tu,Tu,u) S(Tu,Tu,u)
/ o(1)dt < (a2 + a3) / o(b)dt,
0 0

which implies S(Tu, Tu,u) = 0, that is, Tu = wu since az + a3 < 1. This shows that u a fixed
point of T'.

Now, we show that the fixed point of 7" is unique. For this, assume that w; is another fixed
point of T with u; # w. Using the inequality (3.20), the condition (S1) and Lemma 2.2, we

obtain
S(u,u,up) S(Tw,Tw,Tuy)
/ p(t)dt = / o(t)dt
0 0

S(u,u,up)
a / p(t)dt
0

/max{S(u,u,ul),S(u,u,Tu),S(ul sur,Tup)}

IA

“+ap
0

max{S(u,u,u] ):S(u7u)Tul ))S<ul ;UL 7Tu)}
: /
0

S(u,u,up)
= a / p(t)dt
0

max{S(u,u,u >7S<u’u)u):s<u U 7'Ufl)}
“ /
0

ma;i{S(u,u,u )7S<u’uau )!S(ulyu "Uf)}
/
0

S(u,u,up)
= (a1 +az2+a3) / o(t)dt, (3.27)
0

which implies S(u, u,u;) = 0, that is, u = uy since aj + a; + a3 < 1. Thus, the fixed point of T
is unique. This completes the proof. O



SOME FIXED POINT THEOREMS FOR INTEGRAL TYPE...... 315

Remark 3.6. (1) In Theorem 3.5, if we take a; = h and a; = a3 = 0, then we get Corollary 3.2
which is a generalization of Branciari [2] fixed point result from complete metric space to the
setting of complete S-metric space.

(2) Theorem 3.5 is a generalization of Theorem 2.4 of Ozgiir and Tas [13]. Indeed, if we take
a; = h and a; = a3 = 0 in Theorem 3.5, then we get Theorem 2.4 of [13].

(3) Since an S-metric space is a generalization of a metric space. Theorem 3.5 is a general-
ization of the classical Banach fixed point theorem [1].

Theorem 3.7. Let (X, S) be a complete S-metric space, and the function ¢: [0,00) — [0, 00) be
defined as in (3.1) and let T: X — X be a self-mapping of X such that

S(Tz, Tz, Ty) S(z,z,y) S(z,z,Ty)
/ o(t)dt < a/ ga(t)dt—f—b/ o(t)dt
0 0 0
S(y,y,Tx) S(z,z,Tx)
e / o(t)dt +d / o(t)dt
0 0

S(y,y,Ty)
e / o(t)dt
0

[ S(@2,y)]

v /0 (1), (3.28)

forall z,y € X, where a,b,c,d, e, f > 0 are nonnegative reals satisfying a+3b+d+e+ f < L.
Then T has a unique fixed point u € X and we have T"w = u for each w € X.

Proof. Let xy € X and the sequence {z,,} be defined as T"xy = x,, forn = 1,2,.... Suppose

that z,,.; # =, for all n. Using the inequality (3.28), the conditions (S1), (52) and Lemma 2.2,
we have

S(Tn,Tn Tril) S(Txp—1,TTp—1,TTy)
/ ()it = / o(t)dt
0 0

S(Tp—1,Zn—1,Tn) S(@n—1,2n—1,Tan)
< a/ <p(t)dt+b/ (t)dt
0 0
S(xn,xn,TTp_1) S(@n—1,Zn-1,TTrn-1)
+C/ <p(t)dt+d/ p(t)dt
0 0
S(-’L‘n,-'L‘n,T'Tn)
+e/ o(t)dt
0
S(@n,@n,Tan)1+S(@y, 1, @y _1, Tz, 1)
[14+8(@y_1 @y _1:Tn)]
+f o(t)dt
0
S(Tn—15Tn_1,Zn) S(Tp—1,Tn—1,Tns1)
- a/ Lp(t)dt—Fb/ p(t)dt
0 0
S(-’I»‘nqxnmxn) S(wn,hﬂfn—hxn)
+c/ <p(t)dt+d/ p(t)dt
0 0
S(JL’H,QL’H,QCTH.])
ve | plt)dt
0
S(xp,xn, @, )I+S(@y, 1,2, _1,2n)]
[+S(@y 1 @p_1,@n)]
+f p(t)dt
0
S(xnfl,xn—hwn)
< (a+b+d)/ p(t)dt
0

S(l"rnln7ln+l)
+(2b+e+ f) / o(t)dt, (3.29)
0
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which implies

S(Tn,Tn i) a+b+d S(Tp—1,Tn—1,Zn)
<|——m . .
/O o(t)dt < (1 s — f) /O o(t)dt (3.30)
If we take 8 = (%), then we find 8 < 1 since a +3b+ d + e+ f < 1. Using the
inequality (3.30) again, we obtain

S(Tn,Tn,Trt1) S(z0,20,21)
/ o(t)dt < B / o(t)dt. (3.31)
0 0

Taking the limit as n — oo, in inequality (3.31), we get

S(Tn T, Tni1)

lim o(t)dt =0, (3.32)

n—oo 0
since 0 < 8 < 1. The condition (3.32) implies

lim S(xy, Tn, Tne1) = 0. (3.33)

n—oo

Now, we show that {z,,} is a Cauchy sequence. By the similar arguments used in the proof of
Theorem 3.1, we see that the sequence {z,,} is Cauchy. Then there exists v € X such that

mn
T"xy = u,

since by hypothesis (X, .S) is a complete S-metric space. From the given inequality (3.28), we

find
S(Tu,Tu,@pi1) S(Tu,Tu,Txy)
/ ot)dt = / o(t)dt
0 0
S(u,u,xy) S(u,u,Txy)
a / o(t)dt +b / o(t)dt
0 0
S(zn,zn,Tu) S(u,u,Tu)
te / (1)t +d / o(t)dt
0 0

S(xn,xn,TTn)
+e / o(t)dt

S(@n,zn,Ten)1+S(u,u,Tu)]

[1+S(u,u,zn)]
+f/ o(t)dt
u u wn) S(%U@nﬂ)
— a/ ()dt+b/ o(t)dt
0 0
S(Tn,xn,Tu) S(u,u,Tu)
te / ()t +d / o(t)dt
0 0

S(En»mn@nﬂ)
e / o(t)dt
0

S(xp,en @, 1)[1+S(u,u, Tu)]

4 S(w,w,zn)]
+f / o(t)dt. (3.34)
0

IN

Passing to the limit as n — oo in (3.34) and using the condition (S1) and Lemma 2.2, we get

S(Tw,Tu,u) S(Tu,Tu,u)
/ @(t)dt < (c+d) / o(t)dt,
0 0

which implies S(Tw, Tu,u) = 0, that is, Tu = wu since ¢ + d < 1. This shows that « a fixed
point of 7T'.
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Now, we show that the fixed point of 7" is unique. For this, assume that «; is another fixed
point of T' with u; # wu. Using the inequality (3.28), the condition (S1) and Lemma 2.2, we

obtain
S (u,u,up) S(Tu,Tu,Tuy)
/ ﬂmt:‘/ o(t)dt
0 0

S (u,u,uy) S(uw,u,Tuy)
a / o(t)dt + b o(t)dt
0 0

S(ur,ur,Tu) S(u,u,Tu)
e / o(t)dt+ d / o(t)dt
0 0

S(ur,ur,Tuy)
te / (1)t
S(uyp,up,Tup)1+S uuTu)]

[1+S(u,u,uy)]

+f / o(t)dt

(u,u,ur) S (u,u,up)

— . / o(t)dt + b / o(t)dt
0 0

S(uy,ur,u) S(w,u,u)

+c / o(t)dt +d / o(t)dt
0 0

S(ur,uy,ug)
+e / o(t)dt

S(up,up,up)14S(u,u,u)] I+Su u,u)]

1+5(u,u, ul
+f/1 o(t)dt

IN

S(w,u,uy)
— (atb+e) / o(0), (3.35)
0

which implies S(u,u,u;) = 0, that is, u = u; since a + b + ¢ < 1. Thus, the fixed point of T" is
unique. This completes the proof. O

Remark 3.8. (1) In Theorem 3.7, if we take b = ¢ = d = e = f = 0 and a = h then we obtain
Theorem 2.4 of [13].

(2) Theorem 3.7 is another generalization of Theorem 2.4 of [13].

(3) Since Theorem 3.7 is another generalization of Theorem 2.4 of [13], Theorem 3.7 gener-
alizes the classical Banach fixed point theorem.

Example 3.9. Let X = R be the complete S-metric space with the S-metric defined as S(z, y, 2) =
ly — z| + |y + z — 2z| for all 2, y, z € X. Let us define the self-mapping T: X — X as

T(2) x+2, if x€{0,2},
:Z:‘ pr—
3, if otherwise,

for all z € X and the function ¢: [0, 00) — [0, 00) as ¢(t) = 2t for all ¢ € [0, 00). Then we get

/1@@M#:/‘%ﬁ:w2>Q
0 0

for each ¢ > 0. Therefore T satisfies: (1) The inequality (3.2) in Theorem 3.1 for (by taking
r=0andy=1)

o =0p=5¢a=0u=q¢=q¢0p=qg=0;

(i) =¢p=0,p3=%au=¢=¢g=q=0;

(i) 1 =g =q3=0,q04 = §,95 = g6 = q7 = 0;

() =p=@p=qu=q¢=q=0,q¢=;.

(2) The inequality (3.20) in Theorem 3.5 for (by taking z =0 and y = 1)
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Hence in all the above cases 7" has a unique fixed point z = 3. But 7" does not satisfy the
inequality (3.16) in Corollary 3.2. Indeed, if we take = 0 and y = 1, the we obtain

2 2
/ 2tdt =4 < h/ 2tdt = 4h,
0 0

which is a contradiction since h € (0, 1).

4 An application to Fredhlom Integral Equation

In this section, we give an application of the contraction condition (3.16) to the Fredhlom integral
equation

y(u) = h(u) + / K (o, £)y(t)dt, @.1)

where y: [a,b] = R with —co < a < b < oo, K (u,t) is called kernel of the integral equation
(4.1) is continuous on the squared region [a, b] X [a, b] with |K (u,t)] < M (M > 1) and h(u) is
continuous on [a, b].

Let Cla,b] = {f|f: [a,b] — Risacontinuous function}. Now,we define the function S: Cla, b]x
Cla, b] x Cla,b] — [0, 0) by

S(w,y,2) = sup [y(t) —z(t)[ + sup [y(t) + 2(t) — 2z(1)], 4.2)
t<[a,b] t€la,b]

for all z,y,2 € Cla,b]. Then the function S is an S-metric. Now, we show that this S-metric
can not be generated by and metric d. We assume that this S-metric is generated by any metric
d, that is, there exists a metric d such that

S(x,y,2) = d(z, 2) +d(y, 2), 4.3)
for all z,y, z € Cfa, b]. Then we get

S(w,,2) =2d(x,2) =2 sup |a(t) - 2(t)],
t€la,b]

and

d(z,z) = tzlpb] lz(t) — =z(¢)]. (4.4)

Similarly, we obtain

S(yvyvz) = 2d(y72’) =2 sup ‘y(t) - Z(t)|7

t€[a,b]
and
d(y,z) = sup [y(t) —z(t)]. 4.5)
t€(a,b]
From equations (4.3), (4.4) and (4.5), we get
sup [y(t) — 2(t)] + sup |y(t) + z(t) —2z(t)] = sup |a(t) — 2(t)]
tela,b] tela,b] tela,b]
+ sup [y(t) — z(1)],
t€la,b]

which is a contradiction. Hence this S-metric is not generated by any metric d. Thus, (C[a, b], S)
is a complete S-metric space.
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Theorem 4.1. (Proposition 3.1, [13]) Let (Cla,b|,S) be a complete S-metric space with the
S-metric defined in (4.2) and . be a real number such that

| | < #

IS Mo —a)
Then the Fredhlom integral equation (4.1) has a unique solution y: [a,b] — R.

Proof. Let us define the function 7': Cla,b] — Cla, b] as

b
T(y(a)) = h(w) + 1 [ K(a, oy
Now we show that T satisfies the contractive condition (3.16). We get

S(Ty1, Ty1,Ty2) = 2 sup [Tyi(u) — Tys(u)]

u€la,b]

= 2 sup ‘,u/ K (u,t)[yi(u) — yz(u)]dt’

u€la,b]

< 2[plM sup ‘/ yi(u yz(u)}dt‘
u€la,b]

< 2lM sup () — pau) / |
u€la,b]

< ‘/"L|M( ) (yl7yl7y2)

< S(ylaylayZ)v

which implies

S(Ty, Ty, Ty2) S(y1,y1,92)
/ p(t)dt < / o(t)dt.
0 0

Consequently, the contractive condition (3.16) is satisfied and the Fredhlom integral equation
(4.1) has a unique solution y. O

5 Conclusion

In this paper, we prove existence and uniqueness of some fixed point theorems for self-mappings
that satisfy an integral type contraction in the setting of complete S-metric spaces and give some
consequences of the main results. We provide illustrated examples to validate the results in this
paper and also obtained an application to the Fredhlom integral equation. The results presented
in this paper generalize and extend several results from the existing literature.
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