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Abstract In this paper, a generalization of the Painlevé test is constructed to investigate the
sufficient condition of the generalized Painlevé property (GPP). The analysis is successfully
extended to investigate the G PP of the 2a— order (0 < a < 1) conformable ordinary differential
equations. Thenceforward, applying the analysis to the conformable first and second Painlevé
equations (CP; and CPyy) complete the study of GPP of these equations. This procedure
parameterizes general solutions of the C' P; and C' Py in terms of the relevant serieses and shows
that the general solutions are a—meromorphic in z to its critical points. In particular, it is shown
that a special choice of the parameter in the C' P;; admits a special solution in term of Airy
function. In addition, some properties of C'P; and C Py are discussed.

1 Introduction

Fractional calculus (F'C) is regarded as a generalization of the classical differentiation and in-
tegration for arbitrary non-integer (real or complex) order. F'C' is almost as old as the classical
calculus and goes back to times when Leibniz and Newton invented differential calculus. After
1974, the interest in studing the fractional calculus has been rapidly growing. Fractional deriva-
tives and integrals have many uses and they themselves have arisen from certain requirements in
applications. Some of known fractional derivatives are conformable, Riemann-Liouville, mod-
ified Riemann-Liouville, Caputo, Hadmard, Erdélyi-Kober, Riesz, Griinwald-Letnikov, Mar-
chaud, and others; see [1]-[9]. The first work devoted exclusively to the subject of conformable
calculus was published in 2014 by Khalil, Alhorani, Yousef, and Sababheh [9]. Unlike other
definitions, this definition prominently compatible with the classical derivative and it seems to
satisfy all the requirements of the standard derivative. The importance of the conformable deriva-
tive lies in satisfying the product and quotient formulas. Moreover, it has a simple formula for
the chain rule. After Khalil’s definition, abundant articles have devoted entirely the conformable
calculus for its effectiveness on other mathematical disciplines [10]-[40].

The classification of Painlevé equations originated by Painlevé [41], Gambier [42] and Fuchs
[43] around the beginning of the twentieth century, while they were studying problems posed by
Picard [44]. A differential equation is said to have the Painlevé property if its solutions have no
movable branch points; that is, the locations of multi-valued singularities of any of the solutions
are independent of the particular solution chosen and so are dependent only on the equation.
Painlevé, Gambier and their colleagues showed that, within the Mobius transformation, there
were fifty canonical equations of the form w” = F(z,w,w’) with this property. Among all
these equations, six of them are irreducible and can not be solved by known functions; thus
they define new functions known as Painlevé transcendents and denoted by P;, Pry,..., Pyj.
The other forty-four equations are either integrable in terms of previously known functions or
reducible to one of the six Painlevé transcendents [45, 46]. Although the Painlevé equations
were discovered from strictly mathematical considerations, they have frequently appeared in
many physical problems, and possess rich internal structure. The Painlevé equations play an
important role for completely integrable partial differential equations (PDFE) [46].

The Painlevé test plays a significant role in the analysis of nonlinear differential equations.
It is the most widely used and the most successful technique for detecting integrable differential
equations [47]-[50]. The test has been applied to many differential equations and, for those pass-
ing the Painlevé test, the indicators of integrability such as the existence of enough conservation
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laws, the Lax pair, the Daraboux transform, the Bécklund transform can always be found. How-
ever, despite the overwhelming evidence that the integrability of a differential equation should
be a closely related to the behavior of its solution near movable singularities, the rigorous study
of such a relation has been lacking [51].

It is worth mentioning that this approach is not studied yet with fractional differential equa-
tions. The main object of this paper is to develop the method of the analysis of the generalized
Painlevé test to investigate the generalized Painlevé Property. This method which utilizes the
development of the Painlevé test is applied successfully to to the conformable first and second
Painlevé equations (C'P; and C' Pyy). The C Py can be obtained as the similarity reduction of the
conformable Korteweg-de Vries (CKdV) and modified Korteweg-de Vries (CmKdV) equa-
tions [40]. Furthermore, for a certain choice of the parameter, C' P;; admits a one-parameter
family of solutions in terms of Airy function. Also, P; and C'P; can be obtained from CPjj
by the process of contraction. Moreover, many properties which the conformable fractional
Painlevé equations possess are illustrated as: Isomonodromy Problems, Generalized Hirota Bi-
linear Form, Hamiltonian Structure, Generalized Backlund Transform, and others.

2 Conformable Calculus

We begin by recalling a brief introduction on the basic definitions and theorems in the con-
formable calculus that we shall frequently use throughout the paper.

Definition 2.1. [9] Given a function f : [0,00) — R, the conformable derivative of order « of f
is defined by
flzte2'=) — f(2)

Da[f(2)] = lim : , @

forall 2 > 0, o € (0,1]. If D,[f(2)] exists for z in some interval (0,a), a > 0, and
lim,_,o+ Do [f(2)] exists, then D, [f(0)] = lim,_,o+ Do [f(2)].

If, in addition, f is differentiable, then D, f(z) = '~ “d’;(z).

Definition 2.2. [9] I,[f(z)] = I[z*"'f(2)] = [i &
mann improper integral, and « € (0, 1].

C‘ d( where the integral is the usual Rie-
Theorem 2.3[9] Let « € (0, 1] and f, g be a-differentiable at a point z > 0, then
(1) Dalaf(2) +bg(2)] = alDof(2)] + b[Dag(2)], foralla,b € R.
(i) If f(z) = 2%, then D,[f(2)] = kzF=2, forall k € R.
In particular:
« If f(z) = Z-, then D, [f(2)] = L.
« If f is the constant function defined by f(z) = ¢, then D, [f(z)] = 0.

(iii) Dalf(2)9(2)] = f(2)Dalg(2)] + 9(2) Dalf (2)]-

(1v) Dy [12)] = sPlGHIDalsle],

Lemma 2.4[15] Let 0 < « < 1, f be a-differentiable at g(z) > 0, and g be «-differentiable at
2> 0, then D,[(fog)(=)] = Dulf(9(=))] Dalg(2)]lg(=)]"".

Corollary 2.5[22] Let 0 < a < 1, f be differentiable at g(z), and g be a-differentiable at z > 0,
then Do [(fog)(2)] = [f'(9(2))]Dalg(2)].

Definition 2.6[15] Let f be a function with n variables zy, ..., z,, and the conformable partial
derivative of f of order 0 < oo < 1 in z; is defined as follows

1—
o f(n 2) = lim f(21, s zict, zi €2, % Zitty ooy 2n) — f(21, 0y 20)
Bzio‘ T e—0 3 '
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Theorem 2.7[15] The Clairaut’s theorem for partial derivatives of conformable fractional orders.

Assume that f(t,s) is function for which 2= {% (t,s)} and ;’T/; (2 f(t,s)] exist and are

continuous over the domain D C R2 then

o~ [ 0P a8 [o°
o |:6Sﬁf(t, S):| = 958 [Wf(tvs)] :

In the remainder of this section we propose usefulness concepts which have been used in our
study. We refer to the literatures [29]-[36] for basic structures of these concepts.

Definition 2.8. Let o € (0, 1] and 2,29 € [0, o). An a—power series about zj is an infinite
series of the form
oo « « n
z z
E an<—0> , an €R,
« Q
n=0

which converges for all z in the domain such that |z — zp| < § (6 > 0) and diverges otherwise,
where 0 is called the radius of convergent of the given series.

Definition 2.9. Let o € (0, 1] and z, 2 € [0, oo). If f is an infinitely a—differentiable at z,
then the a—Taylor series for the function f at z is

16 =% aoufo) (5 -2 )
n=0

forall |z— 29| < 8 (6 > 0), ¢ is the radius of convergent of the given series, and D" f(z() denotes
the sequential a—derivatives on f(z) determined at the point zp; that is,

D2 () = Da (Daf(2)), Dif(z) =D (DEVf(:)), m=3.4,--.

Definition 2.10. Let o € (0, 1] and z, zp € [0, 00). A complex valid function f(z) is said to be
an a—analytic function at a point zy if f(z) possesses a convergent a—power series

= E n|l———), an €R,
f(z) n:Oa < - ) an €
for all |z — z9| < & (6 > 0), J is the radius of convergent of the given series.

Remark 2.11. A function f(z) is an a—analytic (or an a—holomorghic) if it is an a—analytic at
each point in the domain.

Remark 2.12. Every a—analytic is an infinitely a—differentiable.

Remark 2.13. f(z) is an a—analytic function if and only if f(z) possesses an a—Taylor expan-
sion.

3 Generalized Painlevé Test

(Throughout this paper, we let g—ni, forn = 1,2,..., a € (0, 1] denote the conformable
derivatives.)

In this section we will construct the theory of generalized Painlevé test. We begin by proposing
rigorously some basic concepts in the generalized Painlevé property.

Definition 3.1. The generalized Painlevé property:

A conformable ordinary differential equation (CODZFE) in the complex domain is said to be of
generalized Painlevé type (or has the generalized Painlevé property) if the only movable singu-
larities of its solutions are poles.
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Theorem 3.2.A necessary condition that an na—order conformable ordinary differential equa-

tion of the form
w - F M 0 <1 (3.1)
T = ZyW, .oy D | <a<l, .

. . . n l)a
where F' is rational in w, ..., and di and a—analytic in z, has the generalized Painlevé

(n—I)a

property;that is, w has a Laurent expansmn about zg of the form
« m o0 «a J
(A (A
w(z)(a a) Zaj(a a), (3.2)
7=0
with (n — 1) arbitrary expansion coefficients, besides the pole position which is arbitrary.
Theorem 3.3.Let f;(wi,wy,...,wm,2), (j = 1,2,...,m) be analytic functions of the variables

Wy, W), ey Wy, With wy = w?, wy = w), ..., w,,, = wY, for z = 2. Then there exists one and only
one system of functions w;(z) = w;, (j =1,2,...,m) a—analytic at the point z = z, and sat-

isfying the system of conformable ordinary differential equations d;;ﬂj = fi(wi,wy, ..., wp,, 2)
with the conditions w;(z0) = w}, where j = 1,2,.
The generalized Painlevé test to the followmg form of 2av—order conformable ordinary dif-

ferential equation
d>*w d*w
_— F —_— .
20 (w, o ,z) , 3.3)

where I is a—analytic in z, and rational in w and ¢ “-« will be treated.

The key step to derive the sufficient condition for equation (3.3) to be possessing the generalized
Painlevé property (GPP) is the creation of a series solution around zy (z arbitrary point) of the
form

o P o Lo\ k+i o Lo\ kBt
wie) =5 (5 - 5) + Sha (5 - 5) 7 ra (-7

o RN (3.4)
20 G (; - E)
The computation of the «—derivative for w(z) is given by
k—1 I . Lo e\ k-
o — gk (2 - L)+ T+ fa (Z-E) T+ s
2o k+1—1 0o ) Lo S k+5—1 .
(k+Der (5 =4) 4 0F b+ da (5 -4)
It is of some interest to set
w(z) = v(2)*, (3.6)
from which we obtain
| +1, fork even;
= %, with ¢, = ’ ’ 3.7
v(z) = evw(z) * { 0, fork odd. ©-7)
Also, it is convenient to write Cf;ﬁ” as
dzO‘ Z bjrr—1( yitkt (3.8)
7=0
With the help of equation (3.7) equation (3.8) becomes
d*w k=1, kel g
= bp_1€;, —% —l—bkekw—l—kae Kofeee 3.9

dz
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Using equation (3.4) and neglecting terms of O [(

written as

. 1—L1

k k+j o K+l %
dw __ k—1 z* 25 -1 P 2y e 2
el R (E - 17) tlman (e —w) tala o

2%
|
o |3y
N—
=
hy
_|_
0
/
o [%
|
oY
N—
=
*
.
+
-

+ bjrrep ! {/3 (% - i“:) + ZJ 1ak‘+_] (

Lo [(Z: B zg)’“*”‘] |

(3.10)
We can simplify equation (3.5) at once in the suitable form
4o k—1 o Lok NN
2 = g (2 - ) (ke Dag (55— E) 4 b+ 2)apen (£ - F)
N o e k-l
+~-~+(k‘+l—1)ak+l,1(%—j’) +(k+l)cl(%—%>
o e\ R+
+0 [(a - ) } .
3.1D)
The comparison between the two equations (3.10) and (3.11) allows to solve for the coefficients
br—1, bk, -, bryi—1, henceforward, we can exhibit an expansion of the form
N
z)kti=l 2 . 12
dza Zbkﬂl +0 <a a) ] (3.12)
Next, consider the transformation
w(z) = v(2)*, (3.13a)
P (o + b (), G13D)

the « derivative of w(z) is given by

w _ dwdoy
dze  dv dz®’

which can be written as
d*v 1 _pd%w

— = . .14
dzo k' de® .14
Hence,
d*v 1 .
Consequently, equation (3.3) can be converted to be as
P d [be—10" 1+ bpo® 4 - T (3.16)
TRa T g LK1 k ) .
which simplifies at once to the form
T = Lptohl 4 (kb — Dby oh 222 4 Sheok 4 (k)b 42 317
+...+§Zig«vk+l 1+(l€—|—l71) k+1— 2325.
Substitution of = from equation (3.15) into equation (3.17), leads to
ZZZ}:dC;ZZ' k= 1+(kkl)bk 10572 [bg—1 4 bpo + - - - 4 uv']
+¢iLiZlLkUk+bkvk l[bk |+ by + - +uv]+-~~ (3.18)

+du k+i— 1+(k+l D 2 [bp—1 + brv + - +uvl]
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2a . .
However, 4% must satisfy the equation

d*ew d*w
dz2o¢

= w,dza,z) :F(vk,bk_lkal +bkvk—|—-~-+uvk+l71,z). (3.19)
Now, by equating the right hand sides of the two equations (3.18) and (3.19), one can achieve
the following relation

izzj —pl—k=lp (Uk, bk_lkal 4 bkvk e uvk-klfl7 Z)

— [bp—1 +bpv+ -+ ud'] [(1 = Pbg—o T+ bot + (14 S o]
_ |:dabk—] d%bii—2, —1 )

-1
dz® v + + dz> v

Finally, we can conclude that the given 2a—order conformable ordinary differential equation
(3.3) is equivalent to the system of a—order conformable ordinary differential equations (3.15)
and (3.20). If the right hand sides of equations (3.15) and (3.20) are a—analytic functions of
the variables u, and v with the initial values u(z9) = u°, v(29) = v°, hence, the conditions
of Thr 3 will be obtained, and so, in the neighborhood of z; there exists one and only one
system of c—analytical functions v = v(z) and u = u(z) which satisfy the second order system
of differential equations with the initial conditions u(zp) = u’, v(2) = v°. Henceforth, the
given 2a—order conformable ordinary differential equation has an a—analytic solution in the
neighborhood of zj, and so, the 2a—order conformable ordinary differential equation has the
generalized Painlevé property (GPP).

4 Conformable First and Second Painlevé Equations and the Generalized
Painlevé Test

This section is an application to the methodology which has been developed in Section 3. The
application will be treated each of the conformable first and second Painlevé equations.

4.1 Conformable First Painlevé Equation

Consider the following conformable first Painlevé equation (C'Py)

d2aw P

The essence of the generalized Painlevé test is to establish the a—analytic structure of w(z) with
respect to z in the entire complex z—plane.

Claim: The only algebraic singularities of equation (4.1) are movable double poles. In
duU)()

addition, equation (4.1) has a unique a—holomorphic solution w(z, 2o, wo, ;2% ) in some neigh-

borhood of z = zp with w(zg) = wy, and ‘iﬁ’ (20) = d;;so.

According to the theory of the generalized Painlevé test, the algorithm is constructed from
three steps.

(i) Finding the dominant behavior:
For this aim we consider

« o k
w~a<zzo> , (4.2)

(0% (%

from which we will obtain

dz?e « «

2 a a\ k—2
d “’_ak(k—l)(Z—ZO) . 4.3)
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Direct substitution of w and ’f;?;” into equation (4.1), gives
La o k2 Lo a2k a

ok(k—1) ( 0 ) ~ 65° ( - 0) + 4.4)

(07 «Q (07 «Q

Equation (4.4) can be rewritten in an alternative form as
o pa\F2 o g\ 2%z zY
ok(k—1) (—0) ~ 652 (—0) + <—°> + 2. (4.5)
«@ @ «@ @ @
Next, we need to calculate the possible values of k for which there is a balance between
two or more than two terms in the equation, here we find k¥ = —2. A successful ansatz for
4.6)

(67 (0%

the dominant behavior is
d?oy
~ 6w?.
de‘X

Substitution of equation (4.2) into equation (4.6), gives
o(l—0)=0,

this implies 0 = 0 or 0 = 1, we neglect 0 = 0 and take o = 1.
(ii) Finding the resonances:
The next step in the algorithm is to determine the resonances, for this purpose we need to

define w(z) as follows:
a a\ 72
&l ) : 4.7

Using the definition of w equation (4.7) into the dominant equation (4.6), leads to

o
Z0_

o a4 o ey . 4
(% g>& A 3>pa((§r_4 &) e (5 ) 4.8)
2op (5 -4) wer (5 -E)T

(4.9)

from which one can achieve
(r—=2)(r—=3)p=120p.
Forp#0ando =1, (r + 1)(r — 6) = 0, thus, the resonances are r = —1, 6.

(iii) Finding the constant of integration: The key step for finding the constant of integration

is by assuming w to be in the form
(4.10)

Wz =,

, e o
7=0
One can obtain,
d®w 0 ] pre Z(())’ -3
e =2 0= a (-2 4.11a)
§=0
P X 2 2 j—4
T =2 -3 (—-2) (4.11b)
7=0
(4.11¢)
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Direct Substitution of equations (4.11) into equation (4.1), and collecting similar terms,
leads to

o0

. z ZO z ZO ZO o
Z[(]_ (j—3)a —62% kak] (a_a> —(a—a>—a—0. “4.12)

=0
Equating the coefficients of the various powers of <% — %) to zero, one can obtain the

coefficients a’;s for (j > 0).

Henceforward, equation (4.10) becomes as
()= (2 o) T o (o) (Y
wiz) =\ «a 10 o « @ 6\ « «
P z5 4 00 2¢ z5 j=2
+C<U‘F) +Zj:saj(7—z) :

with zp and c are arbitrary constants, and the coefficients a;, for j > 8, are uniquely given
by the relation

(4.13)

j—8

6
- ° e i8S 4.14
a; (j+l)(j_6)k2=(:)ak:+2a] k=6 J = (4.14)

The resulting series (4.13) is a convergent series in a neighborhood of z.

It is more convenient to rewrite equation (4.13) in the following alternative form

o\ —2 a2 a3
w(z) = 22 & L2 22 A ) L (22 &
« « 10 « a « 15 « «
o 5

0
e . (4.15)
re(5-4) vo|(5-2)]
The a—derivative for w(z) is given by
d%w z% 2 -3 | 2 2 12% 2% Z
e 4(?‘%) —ﬁ(a —%) -5 (5 -2
B o o3 o Lond (4.16)
HE-E) vae(2-5) vo(5- %)
N ay =2
The requirement for studying asymptotically of w ~ o (% — %0) , 1s in considering a
transformation
w=uv"2, 4.17)

such that, v vanishes at z and ¢ &7+ is finite. Furthermore, we need to show that v(z) is
a—analytic at zp from its CODE . Thus, w has a branch point of order —2 at the point 2.
It follows immediately that

v=ew? withe = +1. (4.18)

Moreover, we need to define the given formal expansion

dza Zb 73 (4.19)

Corresponding to the relation (4.18), equation (4.19) can be expressed as

(jizw —b_ 3€w2 +b_rw+b_ 1ew2 +bo + bjew T -I—bzw + byw _T : (4.20)

N
Substituting equation (4.15) into equation (4.20) and neglecting terms of O (z— - %) ] ,

gives

o a Lo =3 3 a 7S -2
T —bae(5-F) viabo (£ -E) Ty o

+bo+ble(% %)Y%‘Hn(%—z‘
+...’

)3},%3 4.21)
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where

Y =1+

2% (2% 2§ Y 2o 28 i 2% 0
-—— ) -——=|———= — - — . 4.22
10a(a a) 15<a ! te o) o (4.22)

Using the expansion

" m(m
(1+2) —1—|—mx—|—72!

and collecting similar terms, equation (4.21) reduces to

e b (5 8) o (5 ) T (- 8) e
+ [ b e (2= A 4 [Fose— b +b) (5 -E) @24

24, —l<az<l, (4.23)

2 a et
oo i) o2 3]

In order to find the values of b;s, we need to compare between the two equations (4.16) and
(4.24), henceforth, the following values of the b’~5 will be obtained

-1 -1
b3=-26b,=0,b_1=0,b=0, by = Z—,bgz—,b3:7ec,--- (4.25)
2 a 2
Thus,
d*w 1 2¢ 1
= 2ev — v — =0? SRNE 4.2
o €V 26 - v 21) + Tecv® + (4.26)
Next, we will use the two transformation formulas:
w(z) = v(z)72, (4.27a)
d*w(z) 51z 1, ., 3
T = —2ev(z) ™" — EGEU(Z> - §U<Z) + eu(z)v(z2)”. (4.270b)
Hence, we get
d*w d*v
= 23—, 4.2
dz™ v dz® (4.28)
Equation (4.28) can be reduced to
d*v -1 ;d%w
— = . 4.2
dze 27 dze (4.29)
Substituting equation (4.27b) into equation (4.29), gives
d*v 1 z¢ 15 1 o
— = —e— - = 4.
e €+46a’0 +4v 26uv 4.30)
The a—differentiation of equation (4.27b), leads to
d*w d*v 1 1 z d*v da d*u do‘v
—  =6evte— — = = —v— 4 v’ 3euv® —. 4.31
de O e T T e Ve T e T e 43D
With the help of equation (4.30), equation (4.31) becomes as follows
'5;2’ =6tz -1 (%:)2114 — ez 0’ + u® — 10 + Jewd” 4.32)
3 wlod *3dou :
v° 4 ev dzo -
Finally, the 0r1g1na1 differential equation (4.1) and first equation (4.27a), implies
d2aw 4 P’
=06V~ —. 4.
g 6v™ " + " (4.33)
Thus, the comparison between the two equations (4.32) and (4.33), leads to
du 2\? 3z, 2 .1 5 5 , 3 L,
— = = e T —ev’ — = =~ . 4.34
1o e(a) v+8av eauv +4ev 4uv +26uv 4.34)

In summary, it is apparently from the structure of the two equations (4.30) and (4.33) that
this system of equations has a unique solution which is a«—analytic in the neighborhood
of 2o and satisfies the initial conditions u(z9) = u°, v(z9) = 0. So we can say that C'P;
equation (4.1) possess the generalized Painlevé property (GPP).
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4.2 Conformable Second Painlevé Equation

In order to study the generalized Painlevé property of the conformable second Painlevé C Pry
d**w
dz2

we apply the methodology which is derived in Section 3.

— 2w’ + %w +1, (4.35)

Claim: The only algebraic singularities of equation (4.35) are movable poles of order one.
Furthermore, there is a unique solution w(z, zo, wo, %) satisfies equation (4.35). This solution
is a—holomorphic in some neighborhood of z = 2y, where it takes on the value wy while its

. . d®wy
derivatives equals <2¢.
z

(i) Dominant behavior:
Coinciding with the computation of the dominant behavior, we need to define

(o7 « k
w~o (Z - ZO) , (4.36)
« (6
and this yields
w ke — 1) (22 -0 o 4.37)
dz2e 7 « « ' ’
Using equations (4.36) and (4.37) to substitute w and % in (4.35), gives
2 ze\F? 3 (2% Z o 2 (22 2o \*
ok(k —1) ( —~ 0) ~ 20 ( - 0) + 0= ( — 0) +. (438)
« [0 (0% o o [0 «

Equation (4.38) simplifies at once to the form

e (5-8) 20 (-5)" o (%)

[e3 (03 [e3

. Nk (4.39)
+od (£ ) 4.
For which two or more than two terms in the equation may be balancing the value of k£ must
be £k = —1, hence, the dominant equation will be given by
d20¢,w 3
pr 2w, (4.40)

Substituting from (4.36) into (4.40), as a result we will obtain
o(l1-0%) =0,
and so, 0 = 0 or 0 = ¢, we neglect 0 = 0 and take o0 = ¢ with e = +1.

(ii) Resonances:
To find the Resonances, it is convenient to write w in the form

o a\ —1 @ a\ 1
wza(z—zo) +p(z—zo) : (4.41)
(6% (6% (6% (8%

Employing w in the dominant equation (4.40), the relevant equation will be given by

a o\ —3 o a3 o ay\ —3
20 (2 -E) Tt - -2p(L-E) N2t (2 o)
2 s Lo r—3 5 [ 2o Lo 2r—3 3 (40 Lo 3r—3
60p(jf%) + 60p (77%) +2p (77%) .

Consequently,

(4.42)

(r—=1)(r —2)p = 65°p, (4.43)

if p # 0, and for o = ¢, we get (r + 1)(r — 4) = 0, and so, the resonances are r = —1, 4.
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(iii) Constant of integration:
In order to provide a constant of integration, we suppose there is a series solution around
p g PP
an arbitrary point 2y in the complex z—plane of the form
e Pt e Jj—1
w(z) = z;aj (a - a(’) (4.44)
=
From which we will obtain
d*w > 2 20\'7?
= j—1a; ([ — -2 445
s ;O )aj(a a) , (4.45)
O =S (- 1)~ Dy = By (@.45b)
dea j:O .] j J a a 9 .
>~ J a a\ J—2
=33 a; (Z - z0> , (4.45¢)
§=0 k=0 @ @
o J l PR Lo j—3
w =33 a4 gk ( - °> , (4.45d)
§=0 1=0 k=0 @ @
[e's) j —1
2= CARE N A AN
awzaj<a a) a<a ) (4.45¢)
7=0
The substitution of equations (4.45) into equation (4.35) with some simplification, gives
7)J -
“ (4.46)

J_3 Z, oo

_ A . 2z
) j=205-2 ( a o
rs.

[e%) . . j l
S50 |G =106 = 2)ay = 250 Yhp ajmrai-rar] (5 -
@ 2o .7_3
") +~v=0.
J

«
2% _ A
«

> s a3 (F

The conventionally treatment of equation (4.46) leads to compute the coefficients a

Henceforth, the formal expansion of w(z) near z = z( can be given by
« 2
o g )

we)=e(F-E) el () Sl (5o 3
. N R a4 (4.47)
—i—c(%—%) +O[(zazg) }
It is of some interest to rewrite equation (4.47) in an equivalent form as:
o 2 -1 o e 2 o s 2
we) =e(F-F) e (5 ) - bl (5 -F)
o N N a4 (4.48)
+e(m-d) +o|(=-4) ]
However, the a—derivative for w(z) is given by
de 2\ 72 1 o 20 1 2% 1( 3) 20
Fr=e(5-3) de(F-d) dem e (5 - %)
S RN ° (4.49)
+3c(2-4£) 40 {(;—3) }
. ay —I
Now, to prove that w ~ o (% — %) is a asymptotic, we define a new variable
w = 1)717 (450)
v=w"", (4.51)

from which one can obtain
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by construction, v vanishes at zy, whereas, j 2 is finite.

Now, we need to show that v(z) is a—analytic at 2y from its CODE, and so, it follows from
v = w~! that w has a branch point of order —1 at z.
First step, we have to set

dza Z b 202 (4.52)
It follows immediately that:
d*w 2 —1 -2
s =bw +b_w+by+bjw F+bw "4 --- (4.53)

The successive application of w equation (4.48) into equation (4.53) with neglecting terms
N a4
of O {(f’a - %) },leads to

a @ 2\ 2z !
=i () (s 3) v

[e%

(4.54)

o4

(o3

where

Y =1+

—1z2% (22 22\° 1 P 2 22\*
<o (—) —56(374—6)(——;) tee ———) |- (4.55)

With the help of the expansion (4.23), and by usual simplifications equation, (4.54) can be
reduced to the relation

dw—p_ 2[( - %)_2*%%*%6(374‘6) (if)—i—Zce(z:f)z}
+bo [ (2-8) " —ge (2 -8) - 4Br+o (£ - )1 (4.56)
-I-bo-i—ble(‘i:—f)—l—bz(f—f)z—i—O[(f—f)

Corresponding to the two equations (4.49) and (4.56), the values of the ;s will be given
as:

—1 2z« -1

bz——ebl—o b() 77[)1:7_767[)2:50’... (4.57)
2 a 2
In this case, dzn equation (4.52) reads
d*w 1 2® 1 )
— P 4.
T €V 26@ (2—1—76>v—|—501) + (4.58)
As a next step, we will use the two transformation formulas:
w(z) =v(2)", (4.59)
(flz:u = —ev 2 — %e% - <; + ’}/€> v+ u(z)v(z)z (4.59b)
The a—derivative of equation (4.59a), gives
d*w ,d%v
=—v" 4.
dz® dz (4.60)
from which we can obtain & &
v , d%w
- = . 4.61
dz® Y dz® (4.61)

22 has the expression

d*v 1 2%, 1 3 4
— =€+ —e—v + | =+ 0 — . 4.62
e € zeav (2 ’}/6)’0 uv 4.62)
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The a—derivative of equation (4.59b), leads to

dz2e Y gpe T 2T

d* 2 _zd%v 1 1
2 dz® dz dz®

d“v  ,d%u de
SN ) TS L, iy (4.63)

Direct substitution of jz}j equation (4.62) into equation (4.63), yields
% =203+ 20714 2¢(4 —i—’ye) —2euv — Je — (3 +ye)e
—56(54-76); —(§+’}/6) v — (3 +’ye)uv + 2Ly (4.64)

+ 2euv + e%qu +2 (% + 'ye) vt — 2utv
Now, the C'P;; equation (4.35) and equation (4.59a), implies that

d*w
dz2a

In this case, the two equations (4.64) and (4.65), give

=203+ %v_l +. (4.65)

Lo = 5 (+me) 2+ (5 +7¢) v+ (4 +76) w? (4.66)
—e%uv -2 (% + ’YE) v* + 2ut’?

It follows that the system of equations (4.62) and (4.66) has an unique solution which is

a—analytic in the neighborhood of z and satisfies the initial conditions u(zp) = u’, v(zp) =

0. This can be shown that equation (4.35) is possessing the generalized Painlevé property.

In the reminder of this subsection, we will study some special cases.
For an example, from equation (4.66) if we set u = 0, we will have v = _Tle, henceforth,
equation (4.62) becomes as follows:
@ =+ leivz
dz> 2 «
the resulting equation is the so-called a conformable Ricatti equation (CRicatti), which is given
in [40]. Equation (4.67) can be linearized by the transformation

(4.67)

v 20 d%0 (4.68)

€e2%p dz?’

to the given 2a—order conformable linear differential equation

0 ad¥p  1z*
- =0. 4.69
dz?2a o dga *ts 20?7 (4.69)

Solving this linear equation is equivalent to solve the C P;; with v = ‘716.

On the other hand, the successive application of the transformation
w = v~! into equation (4.67), leads to
d*w s 1 2°

oo = = —ew” — Ee;, 4.70)

which is also a CRicatti equation. By the transformation w = éi—f, equation (4.70) can be
transform to the given conformable fractional Airy (C'Airy) equation
d2a¢
dz2e

+ ——¢ 0, 4.71)

when o = 1 equation (4.71) is the classical version of Airy equation given in [52]

Coinciding with the theory of conformable Fourier (C'—Fourier) transform {CI) f o(z

in [16], the successive application into equation (4.71) leads to the following first order ordlnary
differential equation

1
(iz)2® + Ezdicp 0. 4.72)

w22z
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By the usual computations of equation (4.72), One can achieve

D(w) = ce T, 4.73)
where cis a constant of integration. Now, applying the inverse C'—Fourier transform {q&(z) = [ D(w)e'™
in [16], we obtain
o(z) = < / T g (4.74)
™ — 00
It is convenient to use the change of variables y = \_3/—15 % and k = —v/2w transforms (4.74) into
—C 1 B
o(y) = —= < — e HRY g 4 (4.75)
AL

Apparently, the quantity in curly brackets behaves as Airy function (Ai(y)) [52].

5 Some Properties of Conformable Painlevé Equations

Here we would like to present an additional aspect to the introduction Of the conformable
Painlevé equations.

5.1 Isomonodromy Problems Of C' Pr and C Pyy
Conformable Painlevé equations are expressed as the compatibility condition of Lax pairs that

can be used to study asymptotics and connection formulae.

Isomonodromy Problems Of C P;

C P can be considered as the isomonodromic condition (the compatibility condition) for the
linear system

e a4 a\ 2 e} a !
Y (zt) _ <A4 (Z) + A (Z) FA A+ A (Z> )Y(zyt)» (5.1)
0z« « « « «

OPY (z,t) z“ 2o\
BT (Bloz + B, (a) ) Y(2,1), (5.1b)

where A;, i = 4,2,1,0,—-1, and B;, j = 1,—1 are matrices whose entries depend on the
solution u(t) of C'P; equation (4.1), and

B
Ay = —4ios, Ay = 4uos, Ay =2uboy, Ay = —i <2u2 + ;) (03 —ion), A_| = —=01,

Bl = —iO‘37 B,1 = iu(a3 — iUz).

The Pauli matrices o, j = 1,2, 3 are defined by

0 1 0 —i 1 0
(U ) e (T (L) e

The compatibility condition of equations (5.1a) and (5.1b) is

iﬁﬁaY(z,t) B aiaﬁY(z,t)

ot 0z 02> OtF S
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and this yields the condition:

9P A "B

57 ~ o T4 BI=0, (5-5)

where the commutator [A, B] is given by

[A, B] = AB — BA. (5.6)
By using A = A4 (%)4 + A (%)2 +A1E 4+ A+ Ay (%)71 ; and

o

B =B+ B_, (%)_1 , equation (5.5) gives

[A4, Bi] =[Ag, B_1] =0, [A4, B_i]+[Ay, Bi]=0, —B_1+[A_;, B.;]=0,

aaﬂtﬂz +[A1, Bi] =0, % +[A2, B_1] 4 [Ao, B_1] =0, (5.7)
5
i = Bi+ A1, B+ A, BI] =0.

Substituting A;, i = 4,2,1,0,—1 and B;, j = 1,—1, from equations (5.2) into equations
(5.7) yields the C'P;.

Isomonodromy Problems Of C Py

The C' Py can be written as the compatibility condition of the following linear system of equa-
tions:

ad B
PO — (51T + o) @) (5.8
'®(y,7) N AN
= (Az <5> + A1+ Aot Ay (B) D(y,7), (5.8b)

where A;, i =2,1,0,—1, and B;, j = 1,0 are matrices whose entries depend on the solution
w(y) of CPyy equation (4.35), and

(63

Az = —4i037 Al = 411)0'1, A(} = —1 (2’[1)2 + y) g3 — 2;7107 A,1 = —701, (593)
o Yy
B] = —iJ3, B() = waoy, (59b)
The compatibility condition of equations (5.8a) and (5.8b) is given by

ﬁﬁo‘@(yﬂ') 0™ 9P(y,T)

= R CARA 1
orf Oy~ oy>  orf 5-10)
which yields the condition
o°B  0*A
— — —+[B, A =0 5.11
87.,8 8ya +[ ) ] ’ ( )

. 82 B AN 8 . .
Using A = A, (7) + A17 + Ag+ A (7) , B= Blf + By, equation (5.11) gives

[Bi, A2] =0, [Bo, A_1] =0, [Bi, Ai]+ [By, 4] =0,

aaayﬂl = [B1, Ao] + [Bo, Ail, (5.12)
G = B+ [Bi, AL+ [Bo, Ao

Substituting 4;, ¢ =2,1,0,—1, and Bj;, j = 1,0, from equations (5.9) into equations (5.12)
yields the C' Py;.
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The matrices A and B which are given by equations (5.9) are derived from the Lax pair of
CmKdV equation (% —6u? Py | Pu ()>,

3 2
983 () —4i () - 2i (%) w20 ug —ug, +20°
3#3 - 4 kP 2 z,kﬁ - - ) 3 4 LB 3 2'kﬁ 2 1/1($,t)7
(7) U — 2075 Uy — Uy, + 20 1 <?) + 2175 u
(5.13a)
B
%Y (z,t) —i% u
0 t).
ox™ U 2% via?)
(5.13b)
Through the scaling reduction
p=atw, u(zt) =o()tT, A=kti, ¥(x,t)=¥(zN), (5.14)
equations (5.13) is converted to
8 . 2 . o
9 \gt(;’)\) = |:_}32L0'3 (%) + %Udl% + —1 (%’02 + %) g3 — g’UZaJZ:| \P(Z, )\) (5 15)
o -1 ’
+ [%31};; + %v3 + %v} o ()‘Tf) Y(z,\),
a B
% = <i/\503 + val> Yz, N). (5.16)

Thenceforward, the scale

y = (g) 2 v= (§>w A= (§>f T, WA =Yy, (617

converts the Lax pair equations (5.13) to the Lax pair of C'P;; equations (5.8) and (5.9).

5.2 The Generalized Hirota Bilinear Form

The fundamental idea behind Hirota’s direct method is changing into new variables in which
the solutions have the simplest form. In this part we discuss how the Painlevé equations can be
written in terms of entire function, and so, in the generalized Hirota bilinear form

The Generalized Hirota Bilinear Form of C P;

Let us introduce the transformation

d2a _ _(pd2a¢+ (doc(p)Z

y =~ 3a (loge(2)) 7 : (5.18)
where d* = jz—aa, and d2* = dd:;a Henceforth,
@y _ Z12p(d%0) a7 + 302 (d0) 1 4p d%pd — A + 6(d0) 5 g
dz2« o* ’
2= ) - 2<Pd2;f(daw)2 +(d79)* (5.19b)

The substitution of equations (5.19) into C'P; equation (4.1), gives

Qd**p — 4d*od**p + 3(d**p)* + %@2 =0. (5:20)
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Now, equation (5.20) can be written in the form
1 4o 2% 5
~D>%(pp) + —p~ = 0. (5.21)
2 «
Hence, equation (5.21) can be rewritten in an equivalent form
(5.22)

[D‘Z‘O‘ + 22} wup =0,
@
which is called the generalized Hirota bilinear representation of C'P;. The generalized Hirota

operator D¥(¢.¢) is given by

N L 14
Di(pup) = [ = ] laminms(pe0) 52
4o o 3o 20 :
=205 - 852452 16 (4:2)
The Generalized Hirota Bilinear Form of C P;f
Let us introduce the transformation
w(z) =L {n Fg;
d*F(z) _L“G(l)} (524
F(z) G(z)

From which we will have
d*w - G3[—3FdO‘Fd2“F + F2d3>F + 2(d“F)3] + F3 [3Gd"“Gd2"“G — G*PeG — 2(d“G)3]

dz2e JaYex

(5.25a)
5 G¥(d°F)} —3FG*(d*F)*d*G + 3F?Gd*F(d*G)* — F?(d*G)?
w pr— .
F3G3

(5.25b)

The substitution from equations (5.25) into C'P;; equation (4.35) with some simplifications,

leads to

(5.26)

Gd*F —3d2* Fd*G + 3d°* Fd**G — Fd®G — = (Gd°F — Fd*G) —vFG =

NGB LATG) (G2 F — 2d° Fd*G + Fd**G) .

FQ
If we use a separate function A(z), then equation (5.26) can be written in a decoupling form as:

Gd**F —2d*Fd°G + Fd**G = —\(2)FG,
(5.27a)

Gd**F — 3d**Fd®G + 3d°Fd**G — Fd’G = [’Za - 3A(2)} [Gd*F — Fd**G] +~FG.
(5.27b)

By using the generalized Hirota DY operator
Do) = (L~ N (p)G(=)]| _ Gd°F — Fd°G
z . - lea ng 1 2 Z1=2=2 — ’

equations (5.27a) and (5.27b) can be written in a condensed form as follows:
[D** + \(2)](F.G) =0, (5.28a)
{Dﬁa - {Z - 3)\(z)] DY — 7} (F.G) = 0. (5.28b)
«
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The generalized Hirota operators D>* and D3® are given by

DX (F.G) = [d“ - jﬁr ey (F.G)

dzt (5.29)
= Gd**F —2d°Fd*G + Fd**G,
3 - a1’
Dz (F‘G) = [E - @} ‘Zlizziz(F°G) (5.30)
= Gd**F — 3d**Fd*G + 3d“Fd**G — Fd’G.
5.3 Hamiltonian Structure
Conformable Painlevé equations can be written as a Hamiltonian system.
Hamiltonian Structure of C Py
CPr can be written as the Hamiltonian system
daq 8H]
e R 5.31
PR (5.31a)
d OH o
ep_ T _ ey 2 (5.31b)
dz® dp Q
where Hj(q, p) is the Hamiltonian defined by
1 «
Hy = ~p* — 24 - g (5.32)
2 «

If we eliminate p from the equations (5.31) then it is easily to show that ¢ satisfies C' Py, and p
is defined by first equation of (5.31). However, the elimination of ¢ from the equations (5.31),

leads to 1
1 /d* 2z%*\?
=4 (= - .
q 6<d2a a) , (5.33)
from which we will obtain
d2ap dap P %
=1+12p(—-—1 . 34
dz? P (dza a > (5.34)

Therefore, if ¢ satisfies C' Py, then p which is given by equation (5.31a) satisfies equation (5.34),
and conversely, if p satisfies equation (5.34), then ¢ which is given by equation (5.33) satisfies
CPy.

Hamiltonian Structure of C Prr

C Py can be written as the Hamiltonian system

daq 3H[[ 2 122

_ —p_2_ 2% 5.35
s ap P4 =5 (5.352)
dap 8H[[ 1
ZF_ =2 — 5.35b
s ap P+t 5, ( )

where Hy(q,p,) is the Hamiltonian defined by

1, [, dee I
H][—Ep _(q +2a)p—(’Y+2)Q- (5.36)

Eliminating p from equations (5.35) then ¢ satisfies C Py, detail as follows: The a—derivative
of equation (5.35), gives
dZaq dap daq 1
=— —2¢— — . .
d2e ~ dzo e T2 (37
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Substituting ‘jl:—f from equation (5.35b) into equation (5.37), leads to
d2aq daq
—— =2 —2q— 3
ga2a 2ty — 200, (5.38)

For ¢ to be satisfying C Py, one can find

p:@+q +§E (539)
Whereas, the elimination of ¢ from equations (5.35), leads to
1 _, [d* 1
== — =y —=|. 4
q=3p [ oo 7 2} (5.40)
Henceforth, one can obtain
2op 1 (dp\® L, 2, 1 1\’
— == — 2p° — —p~ — = = 41
Pazaa =2 (dza> S <7+ 2) ’ (541)

the resulting equation is the conformable P34 (CPs4) which is given in [40]. Furthermore, if ¢
satisfies C' Py, then p which is given by equation (5.39) satisfies (C'P34), and conversely, if p
satisfies (C'Ps4), then g which is given by equation (5.40) satisfies C Pr;. Thus, there is one-to-
one correspondence between solutions of C'Pry and (C Psy).

5.4 The generalized Bicklund transformations

The generalized Bicklund transformations map solutions of a given conformable Painlevé equa-
tion to solutions of the same Painlevé equation, but with different values of the parameters.

» The generalized Bicklund transformations for C Py are given by

(i) Suppose that w(z; —v) is a solution of the given C Py
d2a P
dZZaw(Z’ 7) w + a w 77 (5 )

then .
dmw(zi =) = = [2(~w)’ + - (~w) +1]

e @ (543)
= ddzza ( w(z,fy))
Thus, w(z; —v) = —w(z;7).
(ii) Also, if w(z;~) is a solution of the C'Pr; equation then
2v+1
w(z;y+1) = —w(z;y) — 7 (5.44)

2w?(z;y) + 27(1“;’2(5;7) + =
are also solutions of C' Pr; with the parameter v &= 1 and provided that

d®w(z;y) 2

2w?(z;) £ 2 . .

« CPry possess hierarchies of rational and algebraic solutions for special values of the pa-
rameters, as we illustrate here.

(i) For every v = n € Z there exists a unique solution of C'Pyy; that is, for w(z;~) is a
solution of C'P;; with v = n € Z, then Béacklund transformation (5.44) becomes as:
2n + 1

2w?(z;m) + Zidasjz(zm) + %

, (5.45)

w(z;n+ 1) = —w(z;n) —

generates a hierarchy of rational solutions of C Py from the "seed solution" w(z;0) =
0. For instance
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whenn =0, w(z;1)=— (i)_l ,

[e3

. 22\l 32 )
whenn =1, w(z;2)= (%) - pRwEiacs

(i1) Forevery v = n+% with n € Z, there exists a unique one-parameter family of classical

solutions of C'P;; generates from the "seed solution" w(z; %) = qlb Z:f , Where ¢ is the

solution of C'Airy equation (4.71). By Bécklund transformation (5.44) each of which
is rationally written in terms of C'Airy functions.

(iii) For all other values of «, the solution of C'P;; is nonclassical (transcendental).

The following special Béckland transformation of C Py

(e}

w <C; ;5> = 2%1510*1(2;0);1—@11)(2;0), (5.46a)

w?(2;,0) =27 {W2 (g; ;5) - E%W (c 7€ ) + ;Ca} (5.46b)

where ¢ = (—2)% 2, ¢ = +1, maps between solutions for v = 0 and solutions for v = 1e,
the detail as follows

e —1 _ 2 2 a _ Zaw oy a—
ddgzv =—(2)7 ew (%) gga 427 ew e anz ]
— o 2 = o
= (2)Feu (f2)" () Few s (547
=eW? 4 (=2)7ew?® — (-2) 7 %,
and )
a-*w d“w 1 d*wd®z
—— =2 2(—2)3ew al_ ()71 4
i cW ace +2(-2)3 dadga (=2)" e, (5.48)
which simplifies at once to the form
d2eW <a 1
—— =2W + W + e 5.49
e T taE (5.49)
Conversely, by solving equation (5.46a) for ‘f;l;”
do‘w 1
i 23ewW, (5.50)
one can actually differentiate equation (5.50) once to be as
dQO"LU 1 d%w 1 d*w daC
— 93 1 a— 1 51
d2e e W e ga ¢ (51

Solving equation (5.46b) for <
equation (5.51), leads to

dC“ , then substituting the result and equation (5.50) into

dZaw P

Ta = 2w+ . (5.52)
Briefly we can say that, the combination of Béacklund transformation equation (5.44) with
the transformation (5.46) provides a relation between two C'P;; equations whose parame-
ters  are either integers or half odd-integers. In other word, there is a mapping between
the rational solutions of C' Py, which arise when v = n for n € Z, and the one-parameter
CAiry function solutions, which arise when v =n + 5 | forn € Z.

C Py has associated Affine Weyl group. An affine Weyl group is essentially a group of
translations and reflections on a lattice. For the Painlevé equations, this lattice is in the
parameter space [46].

Whereas, the composition of two Bécklund transformations is a Backlund transformation,
the affine Weyl group W =< S, 71 > of generalized Bicklund transformations is gener-
ated by
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areflection S: w(z;—) =-w(z;y) ,y€C,

and

: . . — . _ 2=l
atranslation 7Ti: w(z;y£1)=—w(z;7) T (o) 2 AT 2
with

=TT =TT, =1

where 7 is the identity transformation.

5.5 Some Other Properties to the Solutions of C Py
In this part, many properties which C'Pr; possess are studied.

* Generic solution of C'Pr; equation (4.47) are a—meromorphic functions. These generic
solutions have an infinity set of simple poles accumulating at the essential singularity at
z = o0.

« C Py admits the finite group of order 6 of scalings
w=eNY, z=A, y=c¢p, with X} =1, ande® = 1. (5.53)

This immediately yields the set of equations

d2a,w d2a¢
=c— 54
120 € ez (5.54a)
wl = g¢3’ (5.54b)
P=ely (5.54¢)
« «o
Henceforth, the substitution of equations (5.54) into C Py, leads to
dZaw 3 P d2a¢ 3 C(x
that is, w is a solution of C' Py if and only if ¢ is a solution of C'Py;.
« CPr; can be obtained by the scaling reduction
-8 =8
z=at3e, =173 w(z) (5.56)
of the conformable modified Korteweg-de Vries (CmKdV') equation
Jé] [} 3o
8¢—628w+8wza (5.57)

oth Oz = Oxda

where 0 < 5, o < 1, and 3, « are parameters describing the order of the conformable time
and space derivatives, respectively. Then after integrating once, w(z) satisfies C' Pr; with
the arbitrary constant of integration [40].

Also, C'Pyy can be reduced by the similarity reduction

(=at™, §p=t7 ¥ (5.58)
of the conformable Korteweg-de Vries (C KdV') equation

Py oy Py
e e = 0. (5.59)

58 + 6y

&+ 2
henceforth, the scale w = (g) TP =w = (%) ' W (w) transformed equation (5.59)

to
3o « a Jo
d>*W 6Wd W W d*W

dw3e dw® o dw®

—2W =0. (5.60)
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There exist a one-to-one correspondence between solutions of equation (5.60) and those of
C Py, given by

d®w TV +
W=— —w? = dwr 5.61
dw® ws,  w W — % ( )
for further detail see [40].
« Under the scale w = ey + 6%, % =2z — %, v = ;%, CF Py can be converted to

2
Y _¢.2 6(9,3

) 6y” + x4+ °(2y° + zy). (5.62)

Letting € — 0 in equation (5.62), we find

d2
ng =612 +z, (5.63)

apparently, equation (5.63) is the classical first Painlevé equation (Pr).

Also, it is of some interest to examine the transformation

- 24 a” 6 -
vEStT S L TE a0 7T
into C' Pry. Here we obtain
d2ay ) P 6 5 P
s =0y +—+e (2 +—vy ). (5.64)
dx « «
Letting ¢ — 0, gives
d2a a
A (5.65)
dx?e o

The resulting equation is the conformable first Painlevé equation C P;.

6 Conclusion

We proposed a generalization of Painlevé test for conformable fractional ordinary differential
equations, and introduced a sufficient condition of the generalized Painlevé property. The differ-
ential equations are considered to be in the form

dnaw(z) B d(n—l)aw
W-F(Z,w,...,dz(n_])a 5 0<0¢§1

where F' is a—analytic in z and rational in other arguments. The analysis is successfully applied
to investigate the generalized Painlevé property of C'Pj, also to C'P;; equations. Furthermore,
we gave exact solution to (C’PI and C Py 1) in terms of the Laurent series and shows that the
general solution is a—meromorphic in z to its critical points. Moreover, we show that for a
particular choice of the parameter in the C'P;; admit a special solution in terms of Airy function.

Py can be obtained from C Py by the process of contraction. In a similar way, it was possible
to obtain the associated transformation for C'P; from the transformation for C Py .

An introduction to some of the fascinating properties which (C'P; and C'Py;) possess are
given. The isomondromy problems, Hirota Bilinear Form, Hamiltonian Structure, Béacklund
transformations and others are discussed.

It is interesting to apply the analysis to other conformable Painlevé equations. In addition,
there are several very important open problems related to the area of conformable Painlevé equa-
tions.
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