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Abstract In this paper, we obtain some new identities of Lucas sequences and establish
relationships with Fibonacci and Tribonacci sequences. We propose the generalized Fibonacci
trace sequences which give the generalized Lucas sequences {lj ,, }x>2 of order k as defined by
the recurrence relation Iy 4 = Uk + Uk nt1 + .o + U g (e—1) With initial conditions as solution
of Hanoi Tower sequences. Further, the associated recursive matrices has been developed and
studied.

1 Introduction

The recursive sequences along with associated matrices and their properties always attract the
attention of people working in the area of combinatorics and linear algebra.

In spite of many articles, literature reviews, and books that have been published on Fibonacci
and Lucas numbers [6], some special second-order recursive sequences such as Pell sequence,
Pell-Lucas Sequence, etc. of integers are still interesting areas for investigation. Also for third-
order integer sequences such as Tribonacci, Padovon, Perrin numbers, etc. have interesting
properties which attract the researchers.

Tianxiao et al. [11] presented the matrix representation from recursive sequences of order
three as ap3 = p.ax + q.axy1 + r.apo With arbitrary initial conditions, and discussed some
special third-order recurrence relations such as Padavon numbers and Perrin numbers. Yazlik
and Taskara [13], defined generalized k-Horadam sequence { Hy, ,, }»en and studied their proper-
ties, further they obtained a generating function for the generalized k-Horadam sequence. Here
Horadam sequence is a special second-order sequence alike Fibonacci, Pell, Lucas, etc. Koken
and Bozkurt [5] obtained many identities related to Fibonacci and Lucas of order two and es-
tablished some well-known equalities by matrix method. Kumari et al. [7] have discussed the
commutativity of multinacci matrices and their application in cryptography. In [2], Younseok
Choo derived general identities for generalized Fibonacci sequences and established relations
with other known and unknown identities. Kumari et al. [8] have proposed some new families of
identities of k-Mersenne and generalized k-Gaussian Mersenne numbers and their polynomials.
For the generalizations of Lucas and Fibonacci like sequences, properties, their applications, and
some of its variants, see [1, 9, 10, 11, 12].

In this paper, Section 1 is devoted to the preliminaries on Lucas sequences and matrices. In
Section 2, some new identities on Lucas sequences and matrices of orders 2 and 3 have been
obtained. Finally in Section 3, we proposed a generalized Fibonacci trace sequences as well as
the associated recursive matrices and obtained formula for the initial values of Fibonacci trace
sequences as solution of Hanoi Tower sequences.
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1.1 Lucas Sequence and Lucas Matrices

The second order Fibonacci sequence{ f,, } and Lucas sequence {[,,} [3, 4, 6] are the sequences
of integers defined as,
fnvz = fot foyr, >0, with fo=0,f; =1 [A000045], (1.1)
lpyao = lp+1lp, n>0, withly=2,1; =1 [A000032], (1.2)
where both the Fibonacci and Lucas sequences can be extended in negative direction too with
the identity f_,, = (—=1)"*!f, and [_,, = (—1)",, for n € NU {0}, respectively.
Let us assume that f ,, and [}, ,, denotes the nth term of Fibonacci and Lucas sequences of
order k throughout the paper.
Rewriting Eqn. (1.2) with new notation, we get
bn = b2 —lbnp, <0, withhyp=2,05;=1
or, 127_” = (—l)nlz,n for ne NU {0}

The first few values of above sequences are:

n|. 4 3 2 -1 01234 5 6 717 8 9
ol 3 2 -1 1 0 1 1 2 3 5 8 13 21 34
bp | 7 4 3 -1 2 1 3 4 7 11 18 29 47 76

The recursive matrices Qg") and L(Z") of Fibonacci and Lucas numbers, respectively, are given
by

m) _ |fant1t fon . W _ A |2 far]| |1 1
@7 = lfz,n f2,n—]‘| with Q27 =@ = le,l fz,o] - [1 0]’

: l o . l l 1 2
Lgn) _ 2,n+1 2,n with LgO) _ 2,1 2,0 _ .
bn ln bo -1 2 -1
It can be noted that ng = 7%, the n times multiplication of (), [10].

Lemma 1.1. [6] Let {1, ,,} be the Lucas sequence and Q% be the Fibonacci matrix then

by, = trace(Q%) = fan—1 + fantis forn e Z. (1.3)

Some properties of generalized Fibonacci matrices obtained in [10] are given in the following
theorem, that we use in this paper to establish some new identities and results.

Theorem 1.2. [10] Let Q}} be the generalized Fibonacci matrix of order k (multinacci matrix),
then it has following properties:

(i) Q% = I, where I} is identity matrix of order k.
(ii) (QL)" = Q} and (Q )" = Q™
(iii) QRQL = Q™.
(iv) det(Qp) = [(=1)*1]" = (=1

(v) QiQ." = I, where I, is identity matrix of order n.

2 Main work

(n)

Theorem 2.1 (Matrix formation). Let n € Z and L, be the nth Lucas matrix, then we have

L =@tV =1VQy,  vVneZ 2.1)
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Proof. To prove it, we start with the RHS of Eqn. (2.1)

QELL;O) _ -f2,n+1 fon | |1 2
| o fana] |2 -1

_ _fZ,n+] + 2f2,n 2f2,n+l - f2,n
_f2,n + 2f2,n71 2f2,n - fZ,nfl

_ foms2 + fomn fonel + 21
| font1+ fom-1t font fon

1 Lo, .
S i I A0 (using Lemma 1.1).
|l D
By a similar argument, the relation L<2"> = LgO)Qg holds. ]

It may be noted that for Lucas matrix Lg"), we have

LS =1V, LY = LYY =51, (2.2)
where ()3 is Fibonacci Matrix.
Proposition 2.2. Let L(zn) be the n-th Lucas matrix of order two, then the determinant of L(zn) is

det(L{") = (-1)"*'5 VneZ.

Proof. From Eqn. (2.1), we have Lgm = Q;Lgo). Thus

det(LS") = det(Q3Ly")
= det(Q3)det(L}")

= (=1"*tls (using (iv) of Theorem 1.2)

as required. O

Remark 2.3. For the Lucas sequence {l ,, }, we have I ,,1l2.n—1 — l%’ =(-1)""'5 VneZ

n

In order to obtain the inverse of nth Lucas Matrix Lg”), we have the following theorem.

) (—n)

Theorem 2.4. Let L be the inverse of the nth Lucas matrix L(zn then, we have L} = %Lz

—-n l —-n l —n
where L") = lll +1 1 2, ] ,n > 0.
2,—n 2,—n—1

Proof. Here,
W = dne - L)
= %5[2 =1 (using Eqn. (2.2)). 2.3)
As required. U

Corollary 2.5. Let {l5 ,} and {f2,} be the Lucas and Fibonacci sequences, respectively. Then
the following relations hold good for every n € Z.

(l) l2,n = fZ,n + 2f2,n—l-
(”) l2,n = 2f2,n+1 - f27n-
(iii) Lms1l2,n+1 + l2ml2n = S5f2,ment1-

(ZV) l2,m+ll2,n + l2,m12,n—l = 5f2,m+n = l2,m£2,n+l + lZ,m—IZZ,n‘



332 Kalika Prasad and Hrishikesh Mahato

2.1 Third Order Lucas Sequence
Definition 2.6. For n € Z, the tribonacci sequences { f3 ,, } is given by recurrence relation
f3n3 = fan + fans1 + fanez With f30=f31=0, f50 =1 [A000073].

The third order Lucas sequence is a sequence of integers analogous to tribonacci sequences
given by

Bz =l3n + 3 + 13002, 120, (2.4)

with initial values
lzp = 3,31 =1,13,=3 [A001644] 2.5)
lzp = 0,537 =1,13,=3 [A007486]. (2.6)

For above sequence (2.4) with (2.5), the term "trucas" is used by Johnson in [4].
Sequence (2.4) can also be extended in negative direction, given by rearranging (2.4) as

l3,n = l3,n+3 - (13,n+l + l3,n+2>a n < 0.

The first few values of above two ended sequence are as follows:

OBIS |[n |.. 6 5 4 3 2 -1 0 123 4 5 6
[A001644] | 15,0 11 -1 5 5 -1 -1 3 1 3 7 11 21 39
[A007486] | I3, 1 4 4 1 -1 2 0 1 3 4 8 15 27

The matrix representation for third order Lucas sequence given by the square matrix Lg") called
the Lucas matrix of order 3 is defined as

l37n+2 137n+1 + lS,n l37n+1 0 l3;2 13)1 + l3’0 l3’1
Lé") = Bnr1  BantBa- l3n | with Lg )= i Both-1 B
Brn Bno1+Bn—2 B o bt+h-2 B3

Now we aim to obtain some new identities and relations on Lucas matrices for both the initial
values.

Case-I: For Initial Condition (2.5)

Theorem 2.7. Let Q% be the tribonacci matrix. If 3rd order Lucas sequence {l3 , } satisfies the
initial value given in Egn. (2.5), then we write

34 1
L =@y, where neZ and L = |1 2 3
3 -2 -1

Proof. First we shall prove this theorem by mathematical induction on 7 in positive direction.
For n = 0, statement holds obviously. Consider for n = 1,

11 113 4 1 7 4 3
Q=110 0|1 2 3|=|3 4 1|=L
01 0][[3 -2 -1 123

Assume that result is true for n = k, (i.e Lgk) = Q’;Lge)).
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Now proving the result for n = k + 1, we have

[firis Fra+ faer fasz| [3 4 1
QH]L = | fakrz B+ fHe faerr| |1 2 3
|3kt e+ fak-1 fak 3 -2 -1

[3f3043 +4fsmi2+ et 4finss +2Fk1 Frpes +2fm02 +3fm0
= 3fspr2 H 43001+ 3k Afs k2 +2f3% fak+2 + 23 k41 + 3 3k
| 33,1 +4f56+ k-1 4k + 2061 fie1 +2f6 + 3561

B3 B2 B Breo

= |Brr2 e +Br B3ra (using L Qs oy
Bt B+l 3.1
_ Lgkﬂ).

Thus, the result is true forn = k + 1.
For negative direction, consider n = —k, where k£ > 0. Then by applying induction on k it
can be proved for negative direction too. Combining both the cases, result holds foralln € Z. O

On conclusion, following corollary is consequence of the Theorem 2.7.

Observation 1. Lucas sequence of order three can be also defined as sequence of traces of tri-
bonacci matrices i.e I3 , = trace(Q}) = f3n+2 + fan + 2 301

Corollary 2.8. Let the third order Lucas sequence {13, } is satisfying 1.C (2.5) and { f3,,} be the
tribonacci sequence then the following relation holds for every n € Z:

(i) l3n = fans2 + f3n +2f30-1
(ii) 3, = f3ne1 +2f30 +3f3n-1.
(iii) 3,0 =3f3,n +4f3n-1 + [3,n—2.
(iv) Bt1 +l30 =4f3042 + 2[5
(V) Byt + B0 =2fn4 —4f3011-

Proof. It can be easily proved using mathematical induction on n and Theorem 2.7. O

Case-II: For Initial Condition (2.6)

Theorem 2.9. Let Q¥ be the tribonacci matrix. If the Lucas sequence {13, } satisfies the initial
value given in Eqn. (2.6), then we write

=Q3 gO) where n € Z and Lgo) =

O = W
—_ N =
N O =

Proof. For n = 0, statement holds obviously. Now we shall prove this theorem by mathematical
induction on n in positive direction. For n = 1, we have

I 1 1113 1 1 4 4 3
QALY =11 0 of [t 2 of=1{3 1 1| =0
01 0|0 1 2 1 20
Assume that the result is true for n = k, i.e L Q3 .Nowforn=Fk+1,
3 1 1
using L = |1 2 0| a similar calculation to Theorem 2.7 yields Q¥+' L) = Lk*1.
01 2
For negative direction, consider n = —k, where £ > 0. Then by applying induction on £, it

can be proved for negative direction too. Combining all above cases, it gives the result holds for
alln € Z. O
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Thus, we have Q?L(SO) = Lg") and on conclusion following corollary is consequence of the

Theorem 2.9.

Corollary 2.10. Let { f3 ,, } be the tribonacci sequence and the Lucas sequence {3 ,,} satisfy the
initial values of Eqn. (2.6) then the following relations holds good for every n € 7.

(Q) b =3f3n+ f30—1 + f3,n-2.

(”) l3,n = f3,n+1 + 2f3,n~

(iii) 31 + B0 =4f3n2 +3f3001 + f30
(V) B3pe1 + B0 = 3044 + 23042 + 3041

(V) Bnt1 + B = 3044 — f30-1.

Proof. Proof of corollary followed from induction on n and Theorem 2.9.

Remark 2.11. For Case-II, I3 ,, # trace(Q%).

The following results hold for both the initial conditions (2.6) and (2.5).

Proposition 2.12. For n € Z, we have Q?Lgo) = Lg())Q?, where Lgo) is the initial Lucas matrix.

31 1
Proof. For initial condition (2.6), we have Lgo) =11 2 0
01 2
Now,
. [finiz  Fomii + Fan fimea| [3 1 1
Q?L:(‘y ) = f3,n+1 f3,n + f37n71 f3,n 1 20
| fin fim—1t fan—2 fin-1] [0 1 2
[3fsmi2+ Fanst + Fin Frniz +3Fmi1 +2Fm  frniz + 2f3m11
= 13famri + fan+ Fon—t fant1 +3n+2H0-1  [out1 +2fm
_3f3,n + f3,n71 + f37n72 f3,n + 3f3,n71 + 2f3,n72 f37n + 2f3,n71
[ Finis +2fmi2 fania— it fimez +2fsmei
= | fan2 + 2041 a3 — fin—2  fint1 +2f3n
| fant1 230 fant2— fin—3  fin +2f30-1
and
0 _3 11 f3,n+2 f3,n+l + f3,n f3,n+l
Lg)ng =11 2 0| [fans1 fan+ f3n—1 fin
o1 2 fim fan—1+ fan—2 frn-i

_3f3,n+2 + f3,n+] + f3,n
= |3f3,n41 + 30 + 01
3f3n + [3n-1+ f3n—2

= f3,n+2 + 2f3,n+1
L f3,n+1 + 2f3,n

Therefore, QLY = L' Qn.

By a similarly argument, we can prove the result for the initial condition (2.5).

3f3,n+1 + 4f3,n + 2f3,n—1 + f3,n—2
3f3,n + 4f3,n71 + 2f3,n72 + f3,n73
3f3,n—1 + 4f3,n—2 + 2f3,n—3 + f3,n—4

f3,n+3 + 2f3,n+2 f3,n+4 - f3,n71 f3,n+2 + 2f3,n+1
J3nt3 — fan—2
32 = [3n-3

f3,n+l + 2f3,n
f3,n + 2f3,n71

3f3,n+1 + f3,n + f3,n—l
3f3.n + fan—1+ f3n—2
3fan—1+ fan—2+ f3n=3

(using tribonacci sequence (2.6)).

O

Theorem 2.13. Let n € 7Z, then for both the initial values given in Eqn. (2.5) and (2.6), we have

L(”)L(—”) — (Lg()))z

3 3

V nelZ.
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Proof.
LY = (@) QLY)  vYnez

= (@15mLY)

= (Q3Q3 nLg())LéO)) (using Proposition 2.12)

= 13(L(30))2 (using Theorem 1.2 (v))

0

SCRE

As required. O

Proposition 2.14. For any n € Z, the determinant of Lgn) matrices are given by

44 : for th -1 (Eqn. (2.
det(Lgm) - or the case-I (Eqn. (2.5)), @7
11 : for the case-1I (Eqn. (2.6)).
Proof. Using Theorem 2.7 and 2.9, we have Lgn) = Qg"Lgo). Thus
det(Ly") = det(Q3LY")
= det(Qy) det(L)
—1)*"44 : for th -1
= ( )2 or the case (using Theorem 1.2 (iv))
(—=1)*"11 : for the case-II
- 44 for the case-I
~ )11 :for the case-IT '
This completes the proof. O

Thus by Proposition 2.14, det(Lgm) # 0 implies the existence of inverse of Lucas matrices
of order 3 for all n € Z. Hence, the following theorem.

Theorem 2.15. For all n € Z, the inverse of Lucas matrices ng is given by

Inv(Lgn)) = H*ILgfn) where H = (Lgo))z.

Proof. Let A= L{" and B = [H~'L{""], We claim: AB = I,,.
To prove this theorem, first we need to show the following result

e =Frl.
Proof of the result.
n — n (0 0)\—
LV = QLIS
= QI
= (Lgo))’ngl (using Proposition 2.12)
= @)Ly = B(LYY)
Now,

AB = LMME'L)

This completes the proof. O
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Thus the following remark obtained as summary of the results on third order Lucas matrix.

Remark 2.16. Let n € Z, (§ be tribonacci matrix, L( " be 3rd order Lucas matrix and L( be
the initial matrix as defined above, then Lucas matrices hold following properties:

@ LY = QyLy
(i) L3257 = (L)
iy LML = L0 = 1L for mun e Z.
(iv) det(L{") = det(L).
W) (L4 = (L) 2L,

3 Generalization of Sequence of Traces

Let @} be generalized Fibonacci matrix (in short, GFM) of order k corresponding to generalized
Fibonacci sequence { fx ,, }, which is given as follows [10]:

Srgrn = frpin—t + forin—2 + fokin-3 + o+ fomt1 + from, k€ZT (3.1)
with initial values
Jro=frai=frao=..=frr—2=0and frp_1=1 (3.2)
and
Jrk4n—1 fektn—2+ fokrn—3+ o+ fon  fopn—2t ot fontt oo frkin—2
frktn—2  Jrkin—3+ feksn—a+ ot fon-1  Sokin—3+ -+ fin o Jrkan—3
Qr = : : : -, :
Trkan—=1)  Jen + fen—1+ o+ fr—kini2 fom + oo+ fo—btn3 o Thk4n—k
fretn—k fen—1+ fen—2+ o+ fo—bant1 fon—t+ oo+ fo—bint2 o fen—t

Now we define a new generalized sequence{!, ,,} of order k analogous to generalized Fibonacci
sequence, which we call generalized Lucas sequence (GLS(k)) obtained from the sequence of
traces of GFM(Q}) i.e {ly,} = trace(Q}). The initial value for sequence {lx,} can be ob-
tained by Eqn. (3.2).

Theorem 3.1. The sequence {ly. ,,} forms a k*" order recurrence relation as follows:

Uepin = legrn—1 + legrn—2 + legrn—3 + o Fleni2 o1 +len n>0,k€Z, (3.3)
with initial values I, 0 = kand 1, , =2" — 1,1 <r < k.
Proof. Since, sequence of traces(Q)}}) is given by

k+n-3 k+n—4

trace(Qz) = fkk+n 1+ Z sz+ Z fk:z"’ -+ Z sz"' Z sz

i=n—1 i=n—1 i=n—1 i=n—1
e = fogin—1+ Uk kin—3 + 2fkkin—a + 3fukin—s + ... + (k = 3) fent1
+(k - Z)fk,n + (k - l)fk,n—l

[ fr krn—1]
fr ktn—3
fr ktn—a
ha=[1 123 0 (k=3) (k=2) (k- D] |[foren-s (3.4)

fk,n

L fk,nfl drex
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Now, using Eqn. (3.4) in the RHS of Eqn. (3.3), we get

[ frokin—2 + fe2kin—3 + o+ frkin + fohin-t |
fr2ktn—a + fro2ktn—s + . + fohtn—2 + frktn—3
Jrokin—s + fr2ksn—6+ - + frktn—3 + fokin—a
= |1t 123 .. (k- 1)} Jrkin—6+ frokin—7 + oo + frhin—a + fi kin—s

i n—1+ froktn——2+ oo + font1 + fin
foktn—2 + frkin—3 + o+ fon + fon-1

= kxl
[ fr2krn—1]
fr2k4n-3
fk,2k+n74
= /112 3 .. (k—])} Jr2k4n—5| (using Eqn. (3.1))

fk,kJrn
L frektn—1 |

= lkktn (3.5)

Thus, in particular forn =0to k — 1, {lx,} is

k,1,3,7,15,31,63,127,255,511,....,2F 1 — 1 (3.6)

which is the initial value for GLS(k) obtained with the help of initial values of generalized
Fibonacci sequence given in Eqn. (3.2). O

Thus, we have the following definition for the generalized Lucas sequences {lj , }.

Definition 3.2. For k € N, the generalized Lucas sequence { ,, } of order k is given by

Uektn = Uegtn—t + legn—2 + legn—3 + oo F Loz + lengt +lens n>0,k(>2) €N,
where I, = trace(Q},),0 <r < k.

The first few terms of two ended sequence {l, ,, } are
v —1,k,1,3,7,15,31,63,127,255,...,28 "V — 1.2k — 1 2kF 2 — | 2FH+2 3 2k, ...

The following table show the list of initial values for sequence of traces.

Order | lro | e | k2 | o3 | Ik | Ies | Ies | k7 | les | Lo | k10
k=2 2 1

k=3 3 1 3

k=4 4 1 3 7

k=5 5 1 3 7 15

k=26 6 1 3 7 15 31

k=17 7 1 3 7 15 | 31 63

k=28 8 1 3 7 15 31 63 | 127

k=9 9 1 3 7 15 | 31 63 | 127 | 255

k=10 | 10 1 3 7 15 31 63 | 127 | 255 | 511

Table 1. List of initial values for sequence of traces
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3.1 Hanoi Tower Sequence as Initial Values of GLS(k)

In this subsection, we are establishing the relationship between Hanoi Tower sequences and
initial values for GLS(k) and achieved that initial values of GLS(k) follow the Hanoi Tower
sequence.

Theorem 3.3. Let A, = (a;j)kxk be a square matrix of order k and Q ,L be first Fibonacci matrix
of same order then trace of Qi Ay, is given by

k
trace(QiAk) = Z a;1 + Z superdiagonal (Ag). 3.7

i=1

Proof. Let us assume that Q) A, = B, thus trace of B can be obtained by taking sum of diagonal
elements of B. Here

1 1 1 1 1 ain ain ai13 A1k—1 a1k
1 00 0 0 any ann ans a2k —1 ang
1 01 0 0 0 asg asp as3 A3k —1 a3
00 0 .. 0 O |ak—11 agr—12 Gk—13 ... Qk—1k—1 Ok—1k
_O 0 0 1 O_ L Qa1 ag ag3 ALl—1 ALk ]
[k k k k k b
Zizl Q51 Zizl a2 Zizl a3 ... Zizl Aik—1 Zizl ik
ail a2 a3 A1k—1 a1k
a1 a2 a3 azk—1 a2k
- as az as3 azg—1 asg
L Gk—11 Ar—12 ak—13 Ak—1k—1 ak—1k |

Here on multiplication with Q. to any matrix A it gives B where row-1 to row-(k-1) of A be-
comes row-2 to row-(k) of B and element b;; of B is the sum of first column of A. Thus

k
trace(B) = Zail+a12+a23—|—a34—|—...+ak,1k

i=1
k
= Z a; + Z superdiagonal (Ay,)
i=1
as required. O

Corollary 3.4. On multiplication with Q\. to any matrix A of same size, row-2 to row-(k) of the
resultant matrix B have row-1 to row-(k-1) of A and first row will be the sum of corresponding
columns of A.

Observation 2. Let @}, be first Fibonacci matrix, then
Qiyi = Qii+1s 1=1,2,..., k-1
Observation 3. For | <r < k, wehave ) superdiagonal(Q},) = trace(Q?).

Further, we are interested to establish sequence traces of (7, matrix for which we are observ-
ing the pattern of @}, matrix. We know that elements of a Fibonacci matrix @}, for2 < r < k

is distributed as 7 rxk where [j,_, is identity matrix situated at left bottom corner,
k—r
kxk
O is zero matrix and entries of M matrix is given by m;; = 2"7"; 1 < j < k — (r — 1) with
¢ < r. It has been noted that in matrix M,y , mi; = My for1 < j <i,i<rsowecan

say S0, my; = trace(Q} ') + 1 (because rest diagonal entries of Q7 are 0).
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Theorem 3.5. Let 2 < r < k and Q}, be Fibonacci matrix of order k, then
trace(Qy) = 2trace(Qy ") + 1.

Proof. H.ere @}, means mul.tiplication of Q; ! with Q}c and structure of Q} is that every entry of
first row is 1 and other entries are O except 1 at sub-diagonal. i.e

1 :ifi=1 (first row),
Qi = (g ), whereq;; =<1 :ifj=i—1,i=2.3,..,k,
0 : otherwise.

Since, form Observation 3, m;; = m;;  for 1 <j <i4,i<r,so
(1,1) —entry of Q% = Z fist column(Q} ")
= Zfist columnof M + 1
= trace( Z_l) + 1. 3.8)
Now, since (1,1)-entry of Q}, = trace( 271) + 1. So from Theorem 3.3, we have
trace(Qr) = (trace(Qy ') +1)+ Z Superdiagonal (Q} ")
= trace(Qy ") + 1 + trace(Q; ™)
2trace(Q ") + 1.

This completes the proof. O

Observation 4. Initial values of GLS(k) are the solution of Tower of Hanoi problems, so for
initial values of generalized Lucas sequence, we do not need to start from Fibonacci sequences.
It can be directly obtained by any one of the following:

@) lgr =201 +1,r>2; Iy = 1.
(i) lpr =320, 20
(iii) Iy, =2" — 1.

In particular for £ = 2, one can see book [6] that is discussed in Eqn. (1.3) and for k£ = 3 it
has been obtained in Corollary 2.8(i) given as

by =trace(Qy) = fon+1 + fon-t,
L3 =trace(QY) = fins2+ fin +2f30-1-

Thus proposed generalized recursive matrix becomes

lktn—1 letn—2+lktn—s3+ .+l lern2+ o Ftlog1r o lgin—2
lk+n—2 lk+n—3 + lk+n—4 + ...+ ln—l lk+n—3 + ot lin lk+n—3
Ly = : :
len—k=1) o tlp1+ o+l ginta ln+ ool pinas o ek
letn—t  lnor+Hloot+ oo Flogintr oo+ oo+ loginiz o lno
where initial matrix LECO) is
(k=11 k=1 k=l _ o 72k4 32k3 k-2 ]
2kF=2_ 1 k=2 k=241 . 72k 32k4 23 _
k=3 1 k=3 k341 L 72k6 32kS k4
1 2 3 e k=2 k-1 k
ok l—k 2k .. 3 =2 -1 ]
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4 Conclusion

In summary, we have proposed a generalized Fibonacci trace sequences (I, = trace(Q})) as
well as the associated recursive matrix. We have obtained some new identities for Lucas se-
quences of order two (k = 2) and three (kK = 3) and established connection with Fibonacci and
Tribonacci sequences. Moreover, we have obtained a formula for the initial values of gener-
alized Fibonacci trace sequences as solution of Hanoi Tower sequence preserving the existing
properties and observed that initial values can be evaluated independently.
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