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Abstract For a positive real number m and an integer n ≥ 1, an operator T ∈ B(H) is

(m,n)-class Q operator if ‖Tx‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2) for every x ∈ H and (m,n)-

class Q∗ operator if ‖T ∗x‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2

)
for every x ∈ H. In this paper we

study some properties of (m,n)-class Q and (m,n)-class Q∗ operators. Also we characterize
(m,n)-class Q and (m,n)-class Q∗ composition operators on L2 space.

1 Introduction

Let H be a complex separable Hilbert space and B(H) be the algebra of all bounded linear
operators on H. An operator T ∈ B(H) is said to be normal if T ∗T = TT ∗, hyponormal if
TT ∗ ≤ T ∗T, and paranomal if ‖Tx‖2 ≤ ‖T 2x‖‖x‖ for all x ∈ H [4]. Hyponormal operators
are paranormal [4]. T ∈ B(H) is said to be Class Q if T ∗2T 2 − 2T ∗T + I ≥ 0 [2]. Class
Q operators properly includes the paranormal operators [2]. An operator T ∈ B(H) is said
to be Class Q∗ if T ∗2T 2 − 2TT ∗ + I ≥ 0 [12]. For a positive real number m and an integer
n ≥ 1, T ∈ B(H) is (m,n)-paranomal if ‖Tx‖n+1 ≤ m‖Tn+1x‖‖x‖n for all x ∈ H and
(m,n)∗-paranomal if ‖T ∗x‖n+1 ≤ m‖Tn+1x‖‖x‖n for all x ∈ H [3]. An operator T ∈ is said
to be a normaloid if ‖T‖ = sup {|λ| : λ ∈ σ(T )}, where σ(T ) denotes the spectrum of T . It is
well-known that every class Q operators are not necessarily normaloid.

Let (X,A, µ) be a σ- finite measure space. A transformation T is said to be measurable if
T−1(B) ∈ A, for every B ∈ A. If T is a nonsingular measurable transformation on (X,A, µ)

and the Randon- Nikodym derivative
dµT−1

dµ
denoted by h is essentially bounded, then the com-

position operator CT on L2(µ) is defined by CT f = f ◦T, f ∈ L2(µ) [11]. Let L∞(µ) denote the
space of all essentially bounded complex valued measurable functions on X . For π ∈ L∞(µ),
the multiplication operatorMπ on L2(µ) is given byMπf = πf , f ∈ L2(µ). The weighted com-
position operator W on L2(X,A, µ) induced by T and a complex valued measurable function π
is given by

W = π(f ◦ T ),

for f ∈ L2(µ). Let πk denote π(π ◦ T )(π ◦ T 2) · · · (π ◦ T k−1). Then, W k(f) = πk(f ◦ T )k
[9]. More details on general properties of (measure based) composition operators can be found
in [8, 11]. The conditional expectation operator E(.|T−1(A)) = E(f) is defined for each non-
negative function f ∈ Lp(µ), 1 ≤ p <∞ and is uniquely determined by the conditions

(i) E(f) is T−1(A) measurable

(ii) IfB is any T−1(A) measurable set for which
∫
B
fdµ converges then

∫
B
fdµ =

∫
B
E(f)dµ.

We refer the reader to [1, 6, 7, 10] for more details on the properties of conditional expectation.
In this paper we initiate the study of (m,n)-class Q and (m,n)- class Q∗ operators. The

classes (m,n)-class Q and (m,n)- class Q∗ are extension of class Q and class Q∗ operators, re-
spectively. We study some properties and give examples of these classes of operators. Moreover,
(m,n)-class Q and (m,n)- class Q∗ composition operators on L2-space are characterized.
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2 (m,n)-class Q and (m,n)-class Q∗ operators

Throughout this paper, let m be a positive real number and n ≥ 1 be an integer. In this section
we give some basic properties of (m,n)-class Q and (m,n)-class Q∗ operators.

An operator T ∈ B(H) is (m,n)-paranomal if and only if

m
2

n+1T ∗n+1Tn+1 − (n+ 1)anT ∗T +m
2

n+1n an+1 I ≥ 0,

for each a > 0 [3].
For T ∈ B(H), we define

Q(m,n) = m
2

n+1T ∗n+1Tn+1 − (n+ 1)T ∗T +m
2

n+1 n I.

Definition 2.1. An operator T ∈ B(H) is said to be (m,n)-class Q if Q(m,n) ≥ 0. That is, T is a
(m,n)-class Q if

‖Tx‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2) ,

for every x ∈ H.

If m = n = 1, then (m,n)-class Q and class Q coincides.

Example 2.2. Let T : l2(N)→ l2(N) be defined by

T (x1, x2, x3, · · · ) = (0, x1, x2, x3, · · · ).

Then, T ∗(x1, x2, x3, · · · ) = (x2, x3, x4 · · · ).
Also,

T ∗T (x1, x2, x3, · · · ) = (x1, x2, x3, · · · )

and
T ∗n+1Tn+1(x1, x2, x3, · · · ) = (x1, x2, x3, · · · ).

Hence,

Q(m,n) = m
2

n+1T ∗n+1Tn+1 − (n+ 1)T ∗T +m
2

n+1 n I

= (m
2

n+1 − 1)(1 + n)I ≥ 0, for all m ≥ 1.

If m ≥ 1, then T is (m,n)-class Q.

Theorem 2.3. Let T ∈ B(H). T is (m,n)-paranormal if and only if λT is (m,n)-class Q
operator, for each λ > 0.

Proof. By definition, λT (m,n)-class Q

⇔m
2

n+1 |λ|2(n+1)T ∗n+1Tn+1 − (n+ 1) |λ|2 T ∗T +m
2

n+1 n I ≥ 0, ∀ λ > 0.

⇔m 2
n+1T ∗n+1Tn+1 − (n+ 1)

(
1
λ2

)n
T ∗T +m

2
n+1 n

(
1
λ2

)n+1

I ≥ 0,∀ λ > 0

⇔m
2

n+1T ∗n+1Tn+1 − (n+ 1) an T ∗T +m
2

n+1 n an+1 I ≥ 0, a > 0.

⇔ T is (m, n)-paranormal.

Now we prove that the part of (m,n)-class Q is again (m,n)-class Q.

Theorem 2.4. Let T ∈ B(H) be a (m,n)-class Q operator andM be a closed subspace of H
which is invariant under T . Then T |M is a (m,n)-class Q operator.
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Proof. Let x ∈M. Then

‖T |Mx‖2 = ‖Tx‖2

≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2)

=
m

2
n+1

n+ 1
(
‖(T |M)n+1x‖2 + n‖x‖2) .

Thus, T |M is a (m,n)-class Q operator.

Theorem 2.5. Let T ∈ B(H) and c =
n+ 1

m
2

n+1 n
. If
√
c T is a contraction, then T is a (m,n)-class

Q operator.

Proof. Since
√
c T is a contraction, we have −c T ∗T + I ≥ 0. Hence

1
n
T ∗n+1Tn+1 − c T ∗T + I ≥ 0.

Thus, T is a (m,n)-class Q operator.

Theorem 2.6. Let T ∈ B(H) be a weighted shift operator with non zero weights {αk}, k =
1, 2, · · · . Then T is a (m,n)-class Q operator if and only if

n+ 1

m
2

n+1

(
|αk|2

)
≤ |αk|2| αk+1|2 · · · |αk+n|2 + n,∀ k ∈ N.

Proof. Let {ek}∞k=1 be an orthonormal basis of H. Since Tek = αk ek+1,
we have Tn+1ek = αk αk+1 · · ·αk+n ek+n+1.
Now,

T is (m,n)-class Q ⇔ ‖Tx‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2) , ∀ x ∈ H.

⇔ ‖Tek‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1ek‖2 + n‖ek‖2) , ∀ k ∈ N.

⇔ n+ 1

m
2

n+1
|αk|2 ≤ |αk|2 |αk+1|2.....|αk+n|2 + n, ∀ k ∈ N.

Let T ∈ B(H) be a weighted shift operator with non zero weights {αk}, k = 1, 2, · · · . It is
evident that T is (m,n) -paranormal if and only if

|αk|n+1 ≤ m |αk| |αk+1| · · · |αk+n|, ∀ k ∈ N (2.1)

From Theorem 2.3, every (m,n)-paranormal operator is (m,n)-class Q operator. The fol-
lowing example show that the reverse inclusion may not hold.

Example 2.7. Let T : l2(N)→ l2(N) be defined by

T (x1, x2, x3, · · · ) = (0,
1
2
x1,

1
4
x2,

1
4
x3, · · · ).

By Theorem 2.6, T is a ( 1
3 , 3)-class Q operator. If k = 4, then equation (2.1) does not holds.

Hence, T is not ( 1
3 , 3)-paranormal operator.

It is well known that every paranormal operators are normaloid and the set of all (m,n)-class
Q operators includes paranormal operators. But every (m,n)-class Q operators need not be a

normaloid. For example, let T =

(
0 0
λ 0

)
. If |λ|2 ≤ m

2
, then T is (m, 1)-class Q but not

normaloid.
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Theorem 2.8. Let T ∈ B(H) be a (m,n)-classQ operator and an isometric operator A ∈ B(H)
be such that AT = TA. Then TA is a (m,n)-class Q operator.

Proof. Let

Sm,n = m
2

n+1 (TA)∗n+1(TA)n+1 − (n+ 1)(TA)∗(TA) +m
2

n+1 n I

Since AT = TA and A∗A = I , we have

Sm,n = m
2

n+1T ∗n+1Tn+1 − (n+ 1)T ∗T +m
2

n+1 n I.

Since T is (m,n)-class Q, we have Sm,n ≥ 0. That is, TA is (m,n)-class Q.

Theorem 2.9. Let T ∈ B(H) be a (m,n)-class Q operator and T is unitarily equivalent to a
operator B. Then B is a (m,n)-class Q operator.

Proof. Since T is unitarily equivalent toB, there exist a unitary operatorU such thatB = U∗TU .
Now, m

2
n+1B∗n+1Bn+1 − (n+ 1)B∗B +m

2
n+1 n I

=m
2

n+1U∗(T ∗)n+1(T )n+1U − (n+ 1)U∗T ∗TU +m
2

n+1 nI

=U∗
(
m

2
n+1T ∗n+1Tn+1 − (n+ 1)T ∗T +m

2
n+1 n I

)
U ≥ 0.

That is, B is a (m,n)-class Q operator.

An operator T ∈ B(H) is (m,n)∗- paranomal if and only if

m
2

n+1T ∗n+1Tn+1 − (n+ 1)anTT ∗ +m
2

n+1n an+1 I ≥ 0,

for each a > 0 [3].
For T ∈ B(H), we define

Q(m,n)∗ = m
2

n+1T ∗n+1Tn+1 − (n+ 1)TT ∗ +m
2

n+1 n I.

Definition 2.10. An operator T ∈ B(H) is said to be (m,n)-class Q∗ if Q(m,n)∗ > 0. Equiva-
lently, T is (m,n)-class Q∗ if

‖T ∗x‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2) ,

for every x ∈ H.

Theorem 2.11. Let T ∈ B(H) be a weighted shift operator with non zero weights {αk}, k =
1, 2, · · · T is a (m,n)-class Q∗ operator if and only if

n+ 1

m
2

n+1

(
|αk|2

)
≤ |αk+1|2 |αk+2|2 · · · |αk+n+1|2 + n, ∀ k ∈ N.

Proof. Let {ek}∞k=1 be an orthonormal basis of H. Since Tek = αk ek+1, we have Tn+1ek =
αk αk+1 · · ·αk+n ek+n+1 and T ∗ek = αk−1 ek−1.
Now, T is (m,n)-class Q∗

⇔ ‖T ∗x‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1x‖2 + n‖x‖2) , ∀ x ∈ H.

⇔ ‖T ∗ek‖2 ≤ m
2

n+1

n+ 1
(
‖Tn+1ek‖2 + n‖ek‖2) , ∀ k ∈ N.

⇔ n+ 1

m
2

n+1
|αk|2 ≤ |αk+1|2 |αk+2|2.....|αk+n+1|2 + n, ∀ k ∈ N.
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Theorem 2.12. Let T ∈ B(H) and let c =
n+ 1

m
2

n+1 n
. If
√
c T ∗ is a contraction, then T is a

(m,n)-class Q∗ operator.

Proof. Since
√
c T ∗ is a contraction, we have −c TT ∗ + I ≥ 0. Hence

1
n
T ∗n+1Tn+1 − c TT ∗ + I ≥ 0.

That is, T is a (m,n)-class Q∗ operator.

Theorem 2.13. Let T ∈ B(H). T is (m,n)∗-paranormal if and only if λT is (m,n)-class Q∗,
for each λ > 0.

Proof. The reult follows by a similar argument as in the proof of Theorem 2.3.

By a similar argument as in the case of (m,n)-class Q, the following results hold:

(i) If T ∈ B(H) is a (m,n)-class Q∗ operator, then the restriction T |M is (m,n)-class Q∗,
whereM is a closed subspace of H which is invariant under T .

(ii) If T ∈ B(H) is a (m,n)-classQ∗ operator and A ∈ B(H) is an isometric operator such that
AT = TA, then TA is a (m,n)-class Q∗ operator.

(iii) If T ∈ B(H) is a (m,n)-class Q∗ operator and T is unitarily equivalent to an operator B,
then B is a (m,n)-class Q∗ operator.

3 (m,n)-class Q and (m,n)-class Q∗ composition operators

In this section we characterize (m,n)-class Q and (m,n)-class Q∗ composition operators on
L2 space. Throughout this section, T is a nonsingular measurable transformation on a σ- finite
measure space (X,A, µ).

Proposition 3.1. [1, 5]
Let CT be the composition operator on L2(µ) and P be the projection from L2(X,A, µ) onto

R(CT ). Then for every f ∈ L2(µ), the following holds

(i) C∗T f = h.E(f) ◦ T−1.

(ii) CTC∗T f = (h ◦ T )Pf, C∗TCT = hf .

(iii) (CTC∗T )
kf = (h ◦ T )kPf, k ∈ N.

(iv) (C∗TCT )
kf = hkf, k ∈ N.

Let hk denotes the Radon-Nikodym derivative of the measure µ(T k)−1 with respect to µ.

Theorem 3.2. CT is (m,n)-class Q if and only if m
2

n+1 (hn+1 + n) ≥ (n+ 1)h.

Proof. By definition, CT is a (m,n)-class Q operator if and only if

m
2

n+1C∗n+1
T Cn+1

T − (n+ 1)C∗TCT +m
2

n+1 n I ≥ 0.

By Proposition 3.1, (n+ 1)C∗TCT f = (n+ 1)hf and

m
2

n+1C∗n+1
T Cn+1

T f = m
2

n+1C∗n+1
T (f ◦ Tn+1)

= m
2

n+1hn+1E(f ◦ Tn+1) ◦ T−(n+1)

= m
2

n+1hn+1E(1)f

= m
2

n+1hn+1f.

Hence, CT is of (m,n)-class Q operator if and only if m
2

n+1hn+1 − (n + 1)h + m
2

n+1nI ≥ 0.
That is, CT is of (m,n)-class Q operator if and only if m

2
n+1 (hn+1 + n) ≥ (n+ 1)h.
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Theorem 3.3. C∗T is a (m,n)-class Q operator if and only if m
2

n+1 (hn+1 ◦ Tn+1 + n) ≥
(n+ 1)h ◦ T .

Proof. By definition, C∗T is a (m,n)-class Q operator if and only if

m
2

n+1Cn+1
T C∗n+1

T − (n+ 1)CTC∗T +m
2

n+1 n I ≥ 0.

By Proposition 3.1, (n+ 1)CTC∗T f = (n+ 1)(h ◦ T )Pf = (n+ 1)(h ◦ T )f and

m
2

n+1Cn+1
T C∗n+1

T f = m
2

n+1Cn+1
T (hn+1.E(f) ◦ T−(n+1)

= m
2

n+1 (hn+1.E(f) ◦ T−(n+1)) ◦ Tn+1

= m
2

n+1hn+1 ◦ Tn+1E(f)

= m
2

n+1hn+1 ◦ Tn+1f.

Thus,
C∗T is a (m,n)-classQ operator if and only if m

2
n+1hn+1 ◦Tn+1− (n+1)(h◦T )+m

2
n+1nI ≥ 0.

That is, C∗T is a (m,n)-classQ operator if and only ifm
2

n+1 (hn+1 ◦Tn+1+n) ≥ (n+1)h◦T .

Example 3.4. Let X = N ∪ {0}, A = P (X) and µ be the measure defined by

µ(A) =
∑
k∈A

mk,

where

mk =

 1 if k = 0
1

4k−1 if k ≥ 1.

Let T : X → X defined by

T (k) =

{
0, k = 0, 1
k − 1, k ≥ 2.

For q > 1, we have

T q(k) =

{
0, k = 0, 1, 2, . . . , q
k − q, k ≥ q + 1.

Therefore, h(k) = µT−1({k})
µ{k} =

{
2, k = 0
1
4 , k ≥ 1.

For q > 1,

hq(k) =

{
2 + 1

4 + 1
42 + . . .+ 1

4q−1 k = 0.
1

4q , k ≥ 1.

If m ≥ 2 and n = 1, then m(h2 + 1) ≥ 2h. Hence CT is (m,n)-class Q operator.

Now we characterize for (m,n)-class Q weighted composition operators.

Proposition 3.5. [1]
If W is a weighted composition operator, then the following holds for every f ∈ L2(µ) and

π > 0.

(i) W ∗W (f) = hE(π2) ◦ T−1(f).

(ii) WW ∗(f) = π(h ◦ T )E(πf).

Theorem 3.6. W is a (m,n)-class Q operator if and only if

m
2

n+1 ((hn+1 En+1(π
2
n+1) ◦ T−(n+1) + n) ≥ (n+ 1)hE(π2) ◦ T−1.
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Proof. W is a (m,n)-class Q operator if and only if

m
2

n+1W ∗n+1Wn+1 − (n+ 1)W ∗W +m
2

n+1 n I ≥ 0.

By Proposition 3.5, (n+ 1)W ∗Wf = (n+ 1)hE(π2) ◦ T−1f.
Since W ∗kW k(f) = hkEk(π2

k) ◦ T−k(f), we have

m
2

n+1W ∗n+1Wn+1f = m
2

n+1 hn+1 En+1(π
2
n+1) ◦ T−(n+1)f

Hence, W is a (m,n)-class Q operator if and only if

m
2

n+1hn+1 En+1(π
2
n+1) ◦ T−(n+1) − (n+ 1)hE(π2) ◦ T−1 +m

2
n+1nI ≥ 0.

That is, W is a (m,n)-class Q operator if and only if

m
2

n+1 ((hn+1 En+1(π
2
n+1) ◦ T−(n+1) + n) ≥ (n+ 1)hE(π2) ◦ T−1.

The following results hold by similar arguments:

(i) CT is a (m,n)-class Q∗ operator if and only if m
2

n+1 (hn+1 + n) ≥ (n+ 1)h ◦ T.

(ii) C∗T is a (m,n)-class Q∗ operator if and only if m
2

n+1 (hn+1 ◦ Tn+1 + n) ≥ (n+ 1)h.

Example 3.7. In example 3.4, if we choose m ≥ 4 and n = 1 then CT is a (m,n)-class Q∗
operator.

Theorem 3.8. W is a (m,n)-class Q∗ operator if and only if

〈m 2
n+1 (hn+1 En+1(π

2
n+1) ◦ T−(n+1) + n)f − (n+ 1)π(h ◦ T )E(πf), f〉 ≥ 0.

Proof. W is a (m,n)-class Q∗ operator if and only if

m
2

n+1W ∗n+1Wn+1 − (n+ 1)WW ∗ +m
2

n+1 n I ≥ 0.

By Proposition 3.5, WW ∗(f) = π(h ◦ T )E(πf). Since W ∗kW k(f) = hkEk(π2
k) ◦ T−k(f), it

follows that 〈m 2
n+1 (hn+1 En+1(π

2
n+1) ◦ T−(n+1) + n)f − (n+ 1)π(h ◦ T )E(πf), f〉 ≥ 0.
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