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Abstract In this article, we inspect the structure of reversible cyclic codes over the ring
S = F2+uF2+u2F2+ · · ·+uk−1F2, where uk = 0. We determine a unique set of generators for
cyclic codes over S. We classify reversible cyclic codes with respect to their generators. We also
give the condition for the dual of reversible cyclic codes of odd length over S to be reversible.
Further, we have provided some examples of reversible cyclic codes in support of our work.

1 Introduction

Linear codes over finite rings draw much attention in the field of algebraic coding theory in the
early 1970s. Following the achievement of the Gray maps, the research on the finite rings was
motivated. A remarkable paper by Hammons et al. [1] has shown that some good non-linear
binary codes can be viewed as an image of linear codes over Z4 under the Gray map. Since then,
many families of codes have been studied over numerous finite rings like Z4, F2 + vF2, v

2 = v;
F2 + uF2 + vF2 + uvF2, u2 = v2 = 0; Zpr + uZpr + · · ·+ uk−1Zpr , uk = 0 where p is a prime.
In addition, cyclic codes are linear block codes in which the cyclic shift of each codeword is
again the codeword. This is often known to be a central family of linear codes due to their rich
algebraic properties. Such codes have been explored over numerous finite rings, and several new
codes and different outcomes have been obtained in [2, 4, 5].

The characteristic properties of reversible cyclic codes were first described in 1964 by James
L. Massey [6]. In 2007, the construction of reversible cyclic codes over Z4 was given by Siap and
Abualrub [3]. In 2015, reversible cyclic codes were analyzed by Srinivasulu B and Bhaintwal
[8] over F4 + uF4, u

2 = 0 and their consequences for DNA codes.
We examine reversible cyclic codes of arbitrary length n over F2+uF2+u2F2+· · ·+uk−1F2,

uk = 0. In DNA computing, building data storage and retrieval schemes, reversible cyclic codes
have wide applications. The structure of DNA is used as a model for constructing good error-
correcting codes, and conversely, error-correcting codes that show similar properties to DNA
structure are also used to understand DNA itself.

First of all, in this article, we provide a few preliminary details in Section 2, while the struc-
ture of cyclic codes of arbitrary length n over the ring S is discussed in Section 3. The Section
4 has some important results over F2 + uF2 + u2F2 + · · ·+ uk−1F2 on reversible cyclic codes.
We explore the dual reversible cyclic codes in Section 5. We discuss the minimum Hamming
distance of reversible cyclic code in Section 6. Finally, we provide some examples in support of
our conclusions in Section 7.

2 Preliminaries

In the remaining sections, we suppose that S = F2 +uF2 +u2F2 + · · ·+uk−1F2, where uk = 0.
Also, we notice that this ring S is a commutative chain ring having 2k elements with maximal
ideal uS. Also, u is nilpotent with nilpotent index k. Moreover S/uS ∼= F2 is the residue field
and |uiS| = 2|(ui+1S)| = 2k−i, i = 0, 1, 2, · · · , k − 1.

Here S1 = F2 = {0, 1}, S2 = F2 + uF2, S3 = F2 + uF2 + u2F2 , . . . , etc.
A linear code A of length n over the ring S = F2 + uF2 + u2F2 + · · · + uk−1F2 is

an S-submodule of Sn. A linear code A is said to be a cyclic code if it is closed with re-
spect to the cyclic shift, i.e., (en−1, e0, . . . , en−2) ∈ A whenever (e0, e1, . . . , en−2, en−1) ∈
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A . Also, cyclic code over S can be viewed as an ideal in Sn = S[ϑ]/〈ϑn − 1〉 identifying
(e0, e1, e2, . . . , en−2, en−1) by e0 + e1ϑ+ e2ϑ

2 + . . .+ en−2ϑ
n−2 + en−1ϑ

n−1.
The Hamming weight of any codeword is the number of non-zero coordinates in it, and

the Hamming distance between any two codewords is the number of the components in which
these two codewords differ. Also, for a linear code A , the minimum Hamming distance is
equal to the minimum Hamming weight of A , i.e., d(A ) = wH(A ). For each polynomial
f(ϑ) = f0 + f1ϑ + . . . + fn−1ϑ

n−1 ∈ S[ϑ]/〈ϑn − 1〉 with fn−1 6= 0, the reciprocal of f(ϑ) is
defined to be the poynomial f∗(ϑ) = ϑn−1f(1/ϑ) = fn−1 + fn−2ϑ + . . . + f0ϑ

n−1. We also
note that deg f∗(ϑ) ≤ deg f(ϑ), and if f0 6= 0, then deg f∗(ϑ) = deg f(ϑ). We say that f(ϑ) is
self reciprocal if and only if f∗(ϑ) = f(ϑ). Also for any two polynomials f(ϑ), g(ϑ) satisfying
f(ϑ) | g(ϑ) implies f∗(ϑ) | g∗(ϑ).

3 Construction of cyclic codes over S

The structure of cyclic codes over Si depends on cyclic codes over Si−1 for i = 2, 3, . . . k and
the structure of cyclic codes over S2 depends on cyclic codes over S1 = F2.

Now, let A1 be a cyclic code in Sk,n = Sk[ϑ]/〈ϑn − 1〉.
Define ψ1 : Sk → Sk−1 by ψ1(a) = a. ψ1 is a ring homomorphism that can be extended to a
homomorphism η1 : A1 → Sk−1,n = Sk−1[ϑ]/〈ϑn − 1〉 defined by

η1(c0 + c1ϑ+ c2ϑ
2 + · · ·+ cn−2ϑ

n−2 + cn−1ϑ
n−1) = ψ1(c0) + ψ1(c1)ϑ+ . . .+ ψ1(cn−1)ϑ

n−1.

Let T1 = {r(ϑ) : uk−1r(ϑ) ∈ ker η1}. Then T1 is an ideal in S1,n = S1[ϑ]/〈ϑn − 1〉 =
F2[ϑ]/〈ϑn − 1〉 and hence a cyclic code in F2[ϑ]/〈ϑn − 1〉. It is clear that T1 is an ideal in
F2[ϑ]/〈ϑn − 1〉 and hence a cyclic code in F2[ϑ]/〈ϑn − 1〉. So T1 = 〈αk−1(ϑ)〉 and ker η1 =
〈uk−1αk−1(ϑ)〉 with αk−1(ϑ) | 〈ϑn − 1〉.

Let A2 be a cyclic code in Sk−1,n = Sk−1[ϑ]/〈ϑn − 1〉.
Define ψ1 : Sk−1 → Sk−2 by ψ2(a) = a. ψ2 is a ring homomorphism that can be extended to a
homomorphism η2 : A2 → Sk−2[ϑ]/〈ϑn − 1〉 defined by

η2(c0 + c1ϑ+ c2ϑ
2 + · · ·+ cn−2ϑ

n−2 + cn−1ϑ
n−1) = ψ2(c0) + ψ2(c1)ϑ+ . . .+ ψ2(cn−1)ϑ

n−1.

Let T2 = {r(ϑ) : uk−2r(ϑ) ∈ ker η2} be an ideal in S1,n = F2[ϑ]/〈ϑn − 1〉 and hence a
cyclic code in F2[ϑ]/〈ϑn − 1〉. So T2 = 〈αk−2(ϑ)〉 and hence ker η2 = 〈uk−2αk−2(ϑ)〉 with
αk−2(ϑ) | 〈ϑn − 1〉.

Let A3 be a cyclic code in Sk−2,n = Sk−2[ϑ]/〈ϑn − 1〉.
Define ψ3 : Sk−2 → Sk−3 by ψ3(a) = a. ψ3 is a ring homomorphism that can be extended to a
homomorphism η3 : A3 → Sk−3[ϑ]/〈ϑn−1〉. Continue in the same way as above until we define
ψk : S2 → S1 = F2 by ψk(a) = a2. ψk is a ring homomorphism because (a+ b)2 = a2 + b2 in
S2 and in F2.
Extend ψk to a homomorphism ηk : Ak → F2(ϑ)/〈ϑn − 1〉 defined by

ηk(c0 + c1ϑ+ c2ϑ
2 + · · ·+ cn−2ϑ

n−2 + cn−1ϑ
n−1) = ψk(c0) +ψk(c1)ϑ+ . . .+ψk(cn−1)ϑ

n−1.

= c2
0 + c2

1ϑ+ . . .+ c2
n−1ϑ

n−1

where Ak is a cyclic code in S2,n = S2[ϑ]/〈ϑn − 1〉, S2 = F2 + uF2 with u2 = 0 and
ker ηk = 〈uα1(ϑ)〉 with α1(ϑ) | (ϑn − 1).

The image of ηk is also an ideal and hence a binary cyclic code generated by g(ϑ) with g(ϑ) |
(ϑn − 1). So, Ak = 〈g(ϑ) + up(ϑ), uα1(ϑ)〉 for some binary polynomial p(ϑ). Note that α1 |(
p
ϑn − 1
g

)
because ηk

(
ϑn − 1
g

[
g + up

])
= ηk

(
up
ϑn − 1
g

)
= 0

implies

(
up
ϑn − 1
g

)
∈ ker ηk= 〈uα1(ϑ)〉. Also ug ∈ ker ηk. Therefore, α1(ϑ) | g(ϑ).
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We have begun with the theorem due to M. Al-ashker and M. Hamoudeh [11], which classi-
fies all the cyclic codes in Sn.

Theorem 3.1. [11, Theorem 3.6] Let A1 be a cyclic code in Sk,n = Sk[ϑ]/〈ϑn − 1〉, Sk =
F2 + uF2 + u2F2 + . . .+ uk−1F2 with uk = 0.

(1) If n is odd, then Sk,n is a principal ideal ring and

A1 = 〈g, uα1, u
2α2, . . . , u

k−1αk−1〉 = 〈g + uα1 + u2α2 + . . .+ uk−1αk−1〉,

where g(ϑ), α1(ϑ), α2(ϑ), . . . , αk−1(ϑ) are binary polynomials with
αk−1(ϑ) | αk−2(ϑ) | . . . | α2(ϑ) | α1(ϑ) | g(ϑ) | (ϑn − 1).

(2) If n is not odd, then

(a) A1 = 〈g+up1+u2p2+ . . .+uk−1pk−1〉 where g(ϑ), pi(ϑ) are binary polynomials for
i = 1, 2, . . . , k− 1 with g(ϑ) | (ϑn− 1), (g+up1 +u2p2 + . . .+uk−1pk−1) | (ϑn− 1)
in Sk and deg pi < deg pi−1 for all 2 ≤ i ≤ k − 1. OR,

(b) A1 = 〈g+up1 +u2p2 + . . .+uk−1pk−1, u
k−1αk−1〉 where αk−1(ϑ) | g(ϑ) | (ϑn− 1),

(g+up) | (ϑn−1) in S2, and g(ϑ) | p1(ϑ)

(
ϑn − 1
g(ϑ)

)
and αk−1(ϑ) | p1(ϑ)

(
ϑn − 1
g(ϑ)

)
,

and αk−1(ϑ) | p2(ϑ)

(
ϑn − 1
g(ϑ)

)(
ϑn − 1
g(ϑ)

)
, . . . and

αk−1(ϑ) | pk−1(ϑ)

(
ϑn − 1
g(ϑ)

)
. . .

(
ϑn − 1
g(ϑ)

)
(k − 1 times) and deg pk−1 < degαk−1.

OR,

(c) A1 = 〈g+up1 +u2p2 + . . .+uk−1pk−1, uα1 +u2q1 + . . .+uk−1qk−2, u
2α2 +u3l1 +

. . .+ uk−1lk−3, . . . , u
k−2αk−2 + uk−1t1, u

k−1αk−1〉 with

αk−1(ϑ) | αk−2(ϑ) | . . . α2(ϑ) | α1(ϑ) | g(ϑ) | (ϑn − 1), α1(ϑ) | p1(ϑ)

(
ϑn − 1
g(ϑ)

)
and αk−2(ϑ) | p1

(
ϑn − 1
g(ϑ)

)
, . . . , αk−1(ϑ) | t1

(
ϑn − 1
αk−2(ϑ)

)
, . . . ,

, αk−1(ϑ) | pk−1

(
ϑn − 1
g(ϑ)

)
. . .

(
ϑn − 1
αk−2(ϑ)

)
.

Moreover, deg pk−1 < degαk−1, . . ., deg t1 < degαk−1, . . . and
deg p1 < degαk−2.

4 Reversible cyclic code over S

This section is devoted to the study of reversible codes for even and odd lengths and finding the
necessary and sufficient condition for a cyclic code A over S to be reversible. For any codeword
e = (e0, e1, . . . , en−2, en−1) ∈ A , the reverse of the codeword is denoted by er and defined as
er = (en−1, en−2, . . . , e0).

Definition 4.1. A linear code A of length n over a ring R is said to be reversible if ϑr ∈ A , for
all ϑ ∈ A .

In [6], Massey characterized cyclic codes to be reversible over the finite fields as follows:

Theorem 4.2. [6, Theorem 1] The cyclic code over GF (q) generated by the monic polynomial
g(ϑ) is reversible if and only if g(ϑ) is self-reciprocal.

We mention some results of Mostafanasab and Yousefian Darani [9], which are necessary to
prove our results.

Lemma 4.3. [9, Propsition 2.5] Let A be a cyclic code of length n over a commutative ring T
and f(ϑ) ∈ T [ϑ]/〈ϑn − 1〉. Then f(ϑ)r ∈ A if and only if f∗(ϑ) ∈ A .
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Lemma 4.4. [9, Corollary 2.6] Let A be a cyclic code. Then A is reversible if and only if
f∗(ϑ) ∈ A , for all f(ϑ) ∈ A .

Lemma 4.5. [9, Lemma 2.7] Let fi(ϑ), gi(ϑ) ∈ F2[ϑ] for i = 1, 2, 3, . . . , k − 1. If

f1(ϑ) + uf2(ϑ) + u2f3(ϑ) + . . .+ uk−1fk(ϑ) = g1(ϑ) + ug2(ϑ) + u2g3(ϑ) + . . .+ uk−1gk(ϑ).

Then fi(ϑ) = gi(ϑ), for i = 1, 2, 3, . . . , k − 1.

Lemma 4.6. [9, Lemma 2.11] Let fi(ϑ) ∈ F2[ϑ] for i = 1, 2, 3, . . . , k − 1. Suppose that
deg(f1(ϑ)) = i1, deg(f2(ϑ)) = i2, . . . , deg(fk−1(ϑ)) = ik−1 where i1 > max{i1, i2, . . . ik−1}.
Then

(f1(ϑ) + uf2(ϑ) + u2f3(ϑ) + . . .+ uk−1fk(w))
∗ = f∗1 (ϑ) + uϑi1−i2f∗2 (ϑ) + u2ϑi1−i3f∗3 (ϑ)

+ . . .+ uk−1ϑi1−ik−1f∗k .

Lemma 4.7. Let A be a reversible cyclic code of length n over the ring S and ηk : A →
F2[ϑ]/〈ϑn − 1〉 as defined in the Section 3, be a ring homomorphism. Then ηk(A ) is reversible.

Proof. Let ηk(c) ∈ ηk(A ), where c = (c0, c1, · · · , cn−1) ∈ A . Hence
ηk(c) = (c2

0, c
2
1, · · · , c2

n−1) ∈ ηk(A ). Now as A is a reversible cyclic code, we have
cr = (cn−1, cn−2, · · · , c0) ∈ A . Now, consider

ηk(c)
r = (c2

0, c
2
1, · · · , c2

n−1)
r

= (c2
n−1, c

2
n−2, · · · , c2

0)

= ηk(cn−1, cn−2, · · · , c0) ∈ ηk(A ).

so ηk(A ) is reversible.

Lemma 4.8. Let A be a reversible cyclic code over S. Then 〈g(ϑ)〉, 〈α1(ϑ)〉, 〈α2(ϑ)〉, . . . ,
〈αk−1(ϑ)〉 are also reversible cyclic codes over F2.

Proof. From the construction of generators of cyclic codes over S, we have η(A ) = 〈g(ϑ)〉 and
by Lemma 4.7, η(A ) is reversible code over F2. Therefore, 〈g(ϑ)〉 is reversible cyclic code over
F2.
As ker η1 = {uk−1r(ϑ) | r(ϑ) is a polynomial in A with coefficients in F2} and J1 = {r(ϑ) |
uk−1r(ϑ) ∈ ker η1} = 〈αk−1(ϑ)〉, it is sufficient to show that J1 is reversible. Let S(ϑ) =
r0 + r1ϑ+ · · ·+ rn−1ϑ

n−1 ∈ J1 be arbitrary. Then S(ϑ) ∈ F2[ϑ] is a polynomial in A . Since A
is reversible cyclic code in S, S∗(ϑ) is also in A . Also uk−1r∗(ϑ) ∈ ker η1, S∗(ϑ) ∈ J1. Hence,
〈αk−1(ϑ)〉 is a reversible cyclic code.
In the similar way, ker η2 = {uk−2t(ϑ) | t(ϑ) is a polynomial in A with coefficients in F2} and
J2 = {t(ϑ) | uk−2t(ϑ) ∈ ker η2} = 〈αk−2(ϑ)〉, it is sufficient to show that J2 is reversible. Let
t(ϑ) = t0 + t1ϑ + · · · + tn−1ϑ

n−1 ∈ J2 be arbitrary. Then t(ϑ) ∈ F2[ϑ] is a polynomial in A .
Since A is reversible cyclic code in S, t∗(ϑ) is also in A . Thus, uk−2t∗(ϑ) ∈ ker η2, t∗(ϑ) ∈ J2.
Hence, 〈αk−2(ϑ)〉 is also a reversible cyclic code.

Continuing in the same way we get ker ηk = {ue(ϑ) | e(ϑ) is a polynomial in A with coef-
ficients in F2} and Jk = {e(ϑ) | ue(ϑ) ∈ ker ηk} = 〈α1(ϑ)〉, it is sufficient to show that Jk is
reversible. Let e(ϑ) = e0 + e1ϑ + · · · + en−1ϑ

n−1 ∈ Jk be arbitrary. Then e(ϑ) ∈ F2[ϑ] is a
polynomial in A . Since A is reversible cyclic code in S, e∗(ϑ) is also in A . Thus, ue∗(ϑ) ∈
ker ηk, e∗(ϑ) ∈ Jk. Hence, 〈α1(ϑ)〉 is also a reversible cyclic code.

Theorem 4.9. Let A = 〈g(ϑ), uα1(ϑ), u2α2(ϑ), . . . , uk−1αk−1(ϑ)〉 = 〈g(ϑ)+uα1(ϑ)+u2α2(ϑ)+
· · ·+uk−1αk−1(ϑ)〉 be a linear cyclic code of odd length n over S, where g(ϑ), α1(ϑ), α2(ϑ), · · · ,
αk−1(ϑ) are binary polynomials with αk−1(ϑ) | αk−2(ϑ) | . . . | α2(ϑ) | α1(ϑ) | g(ϑ) | (ϑn − 1).
Then A is reversible if and only if g(ϑ), α1(ϑ), α2(ϑ), . . . , αk−1(ϑ) are self reciprocal.

Proof. Let A be a reversible cyclic code over S. Then by Lemma 4.8 , g(ϑ), α1(ϑ),α2(ϑ),
, . . . , αk−2(ϑ), αk−1(ϑ) are self reciprocal.
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For the sufficient part, we assume that g(ϑ), α1(ϑ), α2(ϑ), . . . αk−2(ϑ), αk−1(ϑ) are binary self-
reciprocal polynomials. Let c(ϑ) ∈ A i.e., c(ϑ) = g(ϑ)n1(ϑ)+uα1(ϑ)n2(ϑ)+u2α2(ϑ)n3(ϑ)+
. . .+ uk−2αk−2(ϑ)nk−1(ϑ) + uk−1αk−1(ϑ)nk(ϑ) for some polynomials n1(ϑ),
n2(ϑ), n3(ϑ), . . . , nk(ϑ) over S. Now, A is reversible if and only if c∗(ϑ) ∈ A .
For this consider

c∗(ϑ) = (g(ϑ)n1(ϑ) + uα1(ϑ)n2(ϑ) + u2α2(ϑ)n3(ϑ) + . . .

+ . . .+ uk−2αk−2(ϑ)nk−1(ϑ) + uk−1αk−1(ϑ)nk(ϑ))
∗

= (g∗(ϑ)n∗1(ϑ) + uϑi1α∗1(ϑ)n
∗
2(ϑ) + u2ϑi2α∗2(ϑ)n

∗
3(ϑ) + . . .

+ . . .+ uk−1ϑik−1α∗k−1(ϑ)n
∗
k(ϑ))

= (g(ϑ)n∗1(ϑ) + uα1(ϑ)ϑ
i1n∗2(ϑ) + u2α2(ϑ)ϑ

i2n∗3(ϑ) + . . .

+ . . .+ uk−1αk−1(ϑ)ϑ
ik−1n∗k(ϑ))

where n∗1(ϑ), n
∗
2(ϑ), n

∗
3(ϑ), . . . , n

∗
k(ϑ) are polyanomials over S. This implies

c∗(ϑ) ∈ 〈g(ϑ), uα1(ϑ), u
2α2(ϑ), . . . , u

k−2αk−2(ϑ), u
k−1αk−1(ϑ)〉.

Thus, A is a reversible cyclic code over S.

Theorem 4.10. Let A = 〈g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ)〉 where A is a cyclic
code of length n over S such that n is even with deg(g(ϑ)) = i1, deg(p1(ϑ)) = i2, deg(p2(ϑ)) =
i3, . . . , deg(pk−1(ϑ)) = ik, where i1 > max{i2, i3, i3, . . . , ik−1}. Then A is reversible cyclic
code if and only if

(1) g(ϑ) is self reciprocal.

(2) ϑi1−ikp∗k−1(ϑ) = pk−1(ϑ)+t1(ϑ)pk−2(ϑ)+t2(ϑ)pk−3(ϑ)+. . .+tk−2(ϑ)p1(ϑ)+tk−1(ϑ)g(ϑ)
where ti = {0, 1} for 1 ≤ i ≤ k − 1.

Proof. Suppose that A is reversible . Consider A as an S[ϑ] module. Then, by Lemma 4.6, it
follows that

(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))
∗

= g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ)

+ uk−1ϑi1−ikp∗k−1(ϑ)

= t(ϑ)(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ)) ∈ A .

For some polynomial t(ϑ) ∈ S[ϑ]. Let t(ϑ) = t0(ϑ) + ut1(ϑ) + u2t2(ϑ) + . . . + uk−1tk−1(ϑ),
where ti(ϑ) ∈ F2[ϑ]. Then

(g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .+ uk−1ϑi1−ikp∗k−1(ϑ))

= t0(ϑ)g(ϑ) + u(t1(ϑ)g(ϑ) + t0(ϑ)p1(ϑ)) + u2(t0(ϑ)p2(ϑ) + t1(ϑ)p1(ϑ)+

+ t2(ϑ)g(ϑ)) + . . .+ uk−1(t0(ϑ)pk−1(ϑ) + t1(ϑ)pk−2(ϑ) + t2(ϑ)pk−3(ϑ) + . . .

+ . . .+ tk−2(ϑ)p1(ϑ) + tk−1(ϑ)g(ϑ)).
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Application of Lemma 4.5 implies that

g∗(ϑ) = t0(ϑ)g(ϑ),

ϑi1−i2p∗1(ϑ) = t0(ϑ)p1(ϑ) + t1(ϑ)g(ϑ)

ϑi1−i3p∗2(ϑ) = t0(ϑ)p2(ϑ) + t1(ϑ)p1(ϑ) + t2(ϑ)g(ϑ)

ϑi1−i4p∗3(ϑ) = t0(ϑ)p3(ϑ) + t1(ϑ)p2(ϑ) + t2(ϑ)p1(ϑ) + t3(ϑ)g(ϑ)

...

ϑi1−ikp∗k−1(ϑ) = t0(ϑ)pk−1(ϑ) + t1(ϑ)pk−2(ϑ) + t2(ϑ)pk−3(ϑ) + . . .

+ . . .+ tk−2(ϑ)p1(ϑ) + tk−1(ϑ)g(ϑ).

Now as g∗(ϑ) = t0(ϑ)g(ϑ) and deg g∗(ϑ) ≤ deg g(ϑ); we have that t0(ϑ) = 1 and so g(ϑ) is
self reciprocal. Therefore

ϑi1−i2p∗1(ϑ) = p1(ϑ) + t1(ϑ)g(ϑ)

ϑi1−i3p∗2(ϑ) = p2(ϑ) + t1(ϑ)p1(ϑ) + t2(ϑ)g(ϑ)

ϑi1−i4p∗3(ϑ) = p3(ϑ) + t1(ϑ)p2(ϑ) + t2(ϑ)p1(ϑ) + t3(ϑ)g(ϑ)

...

ϑi1−ikp∗k−1(ϑ) = pk−1(ϑ) + t1(ϑ)pk−2(ϑ) + t2(ϑ)pk−3(ϑ) + . . .

+ . . .+ tk−2(ϑ)p1(ϑ) + tk−1(ϑ)g(ϑ).

From here, comparing the degrees on both sides of this first equality gives us t1(ϑ) = 0 or 1.
Similarly in, ϑi1−i3p∗2(ϑ) = p2(ϑ)+t1(ϑ)p1(ϑ)+t2(ϑ)g(ϑ), comparing the degrees on both sides
we get t2(ϑ) = 0 or 1 provided t1(ϑ) = 0 or 1 as we already mentioned.
Continuing in a similar manner, after comparing the degrees of the polynomials in each equation,
we deduce that the only possibility for each ti′s for 1 ≤ i ≤ k − 1 is either 0 or 1.
Therefore we can conclude that A is a reversible cyclic code when g(ϑ) is self reciprocal and
ϑi1−ikp∗k−1(ϑ) = pk−1(ϑ) + t1(ϑ)pk−2(ϑ) + t2(ϑ)pk−3(ϑ) + . . .+ tk−2(ϑ)p1(ϑ) + tk−1(ϑ)g(ϑ)
where ti = {0, 1} for 1 ≤ i ≤ k − 1.

Conversely suppose that (1) holds and we are taking a particular case of (2) where each ti = 1,
then

(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))
∗

= g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .

+ . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ) + uk−1ϑi1−ikp∗k−1(ϑ)

= g(ϑ) + u(p1(ϑ) + g(ϑ)) + u2(p2(ϑ) + p1(ϑ) + g(ϑ)) + . . .

+ . . .+ uk−1(pk−1(ϑ) + pk−2(ϑ) + . . .+ g(ϑ))

= (g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1)

+ u(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1)

+ u2(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1) + . . .

+ . . .+ uk−1(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1) ∈ A .

Thus A is a reversible cyclic code over S.

Theorem 4.11. Let A = 〈g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . . + uk−1pk−1(ϑ), uk−1αk−1(ϑ)〉 be
a cyclic code of even length n over S with deg(g(ϑ)) = i1, deg(p1(ϑ)) = i2, deg(p2(ϑ)) =
i3, . . . , deg(pk−1(ϑ)) = ik, where i1 > max{i2, i3, i4, . . . , ik−1}. Also αk−1(ϑ) | g(ϑ) | (ϑn−1).
Then A is reversible cyclic code iff
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(1) g(ϑ) and αk−1(ϑ) are self reciprocal.

(2) αk−1(ϑ) | ϑi1−ikp∗k−1(ϑ) + pk−1(ϑ) + l1(ϑ)pk−2(ϑ) + l2(ϑ)pk−3(ϑ) + . . .+ lk−2(ϑ)p1(ϑ).

Proof. Assume that A is reversible. Notice that there are two polynomials l(ϑ), q(ϑ) ∈ S[ϑ]
such that

(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))
∗

= g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .

+ . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ) + uk−1ϑi1−ikp∗k−1(ϑ)

= g(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .

+ . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ) + uk−1ϑi1−ikp∗k−1(ϑ)

= l(ϑ)(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))

+ uk−1q(ϑ)αk−1(ϑ) ∈ A .

Let l(ϑ) = l0(ϑ)+ul1(ϑ)+u2l2(ϑ)+ . . .+uk−1lk−1(ϑ), where li(ϑ)’s are polynomials in F2[ϑ].
Also we can assume that q(ϑ) ∈ F2[ϑ]. Thus,

(g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ) + uk−1ϑi1−ikp∗k−1(ϑ))

= l0(ϑ)g(ϑ) + u(l0(ϑ)p1(ϑ) + l1(ϑ)g(ϑ)) + u2(l0(ϑ)p2(ϑ) + l1(ϑ)p1(ϑ) + l2(ϑ)g(ϑ))

+ . . .+ uk−1(l0(ϑ)pk−1(ϑ) + l1(ϑ)pk−2(ϑ) + . . .+ lk−1(ϑ)g(ϑ) + q(ϑ)αk−1(ϑ)).

Similar to the proof of 4.10, we deduce that g(ϑ) is self-reciprocal. Also l0(ϑ) = 1 and rest
l′is = 0 or 1, for 1 ≤ i ≤ k − 1. Here, we are interested in that case only when lk−2(ϑ) = 0 or 1,
then

ϑi1−i2p∗1(ϑ) = p1(ϑ) + l1(ϑ)g(ϑ)

ϑi1−i3p∗2(ϑ) = p2(ϑ) + l1(ϑ)p1(ϑ) + l2(ϑ)g(ϑ)

ϑi1−i4p∗3(ϑ) = p3(ϑ) + l1(ϑ)p2(ϑ) + l2(ϑ)p1(ϑ) + l3(ϑ)g(ϑ)

...

ϑi1−ikp∗k−1(ϑ) = pk−1(ϑ) + l1(ϑ)pk−2(ϑ) + l2(ϑ)pk−3(ϑ) + . . .

. . .+ lk−2(ϑ)p1(ϑ) + lk−1(ϑ)g(ϑ) + q(ϑ)αk−1(ϑ).

Since, αk−1(ϑ) | g(ϑ) | 〈ϑn − 1〉.

So, αk−1(ϑ) | ϑi1−ikp∗k−1(ϑ) + pk−1(ϑ) + l1(ϑ)pk−2(ϑ) + l2(ϑ)pk−3(ϑ) + . . .+ lk−2(ϑ)p1(ϑ).
Moreover, uk−1α∗k−1(ϑ) ∈ A . Then, there exist polynomials λ0, λ1, λ2, λ3, . . ., λk−2, λk−1 ∈
S[ϑ] and δ ∈ F2[ϑ] such that

uk−1α∗k−1(ϑ) = l0(ϑ)g(ϑ) + u(l0(ϑ)p1(ϑ) + l1(ϑ)g(ϑ))

+ u2(l0(ϑ)p2(ϑ) + l1(ϑ)p1(ϑ) + l2(ϑ)g(ϑ))

+ . . .+ uk−1(λ0(ϑ)pk−1(ϑ) + λ1(ϑ)pk−2(ϑ) + . . .

+ . . .+ λk−1(ϑ)g(ϑ) + δ(ϑ)αk−1(ϑ)).

Therefore λ0=λ1=λ2=λ3=. . .=λk−2 = 0 and α∗k−1(ϑ) = λk−1(ϑ)g(ϑ) + δ(ϑ)αk−1(ϑ). Since
αk−1(ϑ) | g(ϑ), we have αk−1(ϑ) | α∗k−1(ϑ) and so α∗k−1(ϑ) = αk−1(ϑ), i.e., αk−1(ϑ) is self-
reciprocal.
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Conversely suppose that g(ϑ) and αk−1(ϑ) are self reciprocal and condition (2) also holds. Then

(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))
∗

= g∗(ϑ) + uϑi1−i2p∗1(ϑ) + u2ϑi1−i3p∗2(ϑ) + . . .

+ . . .+ uk−2ϑi1−ik−1p∗k−2(ϑ) + uk−1ϑi1−ikp∗k−1(ϑ).

= g(ϑ) + u(p1(ϑ) + l1(ϑ)g(ϑ)) + u2(p2(ϑ) + l1(ϑ)p1(ϑ) + l2(ϑ)g(ϑ)) + . . .

+ uk−1(pk−1(ϑ) + l1(ϑ)pk−2(ϑ) + l2(ϑ)pk−3(ϑ) + . . .

+ . . .+ lk−1(ϑ)g(ϑ) + λ(ϑ)α2(ϑ)).

= (g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))

+ u(l1(ϑ)(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ)))

+ u2(l2(ϑ)(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))) + . . .

+ . . .+ uk−1(lk−1(ϑ)(g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ)))

+ λ(ϑ)uk−1(αk−1(ϑ)) ∈ A .

Since each li ∈ {0, 1} for 1 ≤ i ≤ k − 1, in all the cases whichever the value l′is take (g(ϑ) +
up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ))∗∈A . Therefore A is a reversible cyclic code.

5 Dual of reversible cyclic code over S

Let A be a cyclic [n, k]-code with parity check polynomial b(ϑ) = b0 + b1ϑ + · · · + bkϑ
k and

b̄(ϑ) = b∗(ϑ). Then for the characterization of A ⊥ of cyclic code A , we have the following
result.

Theorem 5.1. Let A ⊥ be a dual code of a cyclic code A over GF (q). Then A ⊥ =< b̄(ϑ) > is
reversible iff b(ϑ) ∈ A ⊥.

Proof. Let b̄(ϑ) = (bk, bk−1, · · · , b0) ∈ A ⊥. Then (b̄(ϑ))r = (b0, b1, · · · , bk−1, bk) = b(ϑ) ∈
A ⊥.
Conversely, suppose that b(ϑ) ∈ A ⊥, then b(ϑ) = (b̄(ϑ))r which means b̄(ϑ)r = b(ϑ) ∈ A ⊥.
Hence A ⊥ =< b̄(ϑ) > is reversible cyclic code.

Definition 5.2. For any ideal J in Sn; the annihilator Q(J) of J in Sn is defined as

Q(J) = {d(ϑ) | f(ϑ)d(ϑ) = 0 ∀f(ϑ) ∈ J}.

Also associated ideal of A ⊥ of cyclic code A is

Q(J)∗ = {c∗(ϑ) | c(ϑ) ∈ J}.

Proposition 5.3. Let A be a cyclic code of odd length n over S. Then

Q(A ) =
〈 ϑn − 1
αk−1(ϑ)

, u
ϑn − 1
αk−2(ϑ)

, u2 ϑ
n − 1

αk−3(ϑ)
, . . . . . . , uk−1ϑ

n − 1
g(ϑ)

〉
,

where Q(A ) is the annihilator of A .

Proof. It is given that A is a cyclic code of odd length over F2 + uF2 + u2F2 + . . .+ uk−1F2,
we have

A = 〈g(ϑ), uα1(ϑ), u
2α2(ϑ), . . . , u

k−1αk−1(ϑ)〉

= 〈g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ)〉
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where αk−1(ϑ) | αk−2(ϑ) | . . . | α2(ϑ) | α1(ϑ) | g(ϑ) | (ϑn − 1). Also, there exists
n1(ϑ), n2(ϑ), . . . , nk−1(ϑ),m2(ϑ), m3(ϑ), . . . ,mk−1(ϑ), o3(ϑ), o4(ϑ), . . . , ok−1(ϑ),
. . . , yk−2(ϑ), yk−1(ϑ) and zk−1(ϑ) such that

g(ϑ) = α1(ϑ)n1(ϑ), g(ϑ) = α2(ϑ)n2(ϑ), . . . , g(ϑ) = αk−1(ϑ)nk−1(ϑ),

α1(ϑ) = α2(ϑ)m2(ϑ), α1(ϑ) = α3(ϑ)m3(ϑ), . . . , α1(ϑ) = αk−1(ϑ)mk−1(ϑ),

α2(ϑ) = α3(ϑ)o3(ϑ), α2(ϑ) = α4(ϑ)o4(ϑ), . . . , α2(ϑ) = αk−1(ϑ)ok−1(ϑ),

...

αk−3(ϑ) = αk−2(ϑ)yk−2(ϑ), αk−3(ϑ) = αk−1(ϑ)yk−1(ϑ),

αk−2(ϑ) = αk−1(ϑ)zk−1(ϑ).

Notice that

( ϑn − 1
αk−1(ϑ)

)
(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ))

=
( ϑn − 1
αk−1(ϑ)

)
g(ϑ) + u

( ϑn − 1
αk−1(ϑ)

)
α1(ϑ) + u2

( ϑn − 1
αk−1(ϑ)

)
α2(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−1(ϑ)

)
αk−1(ϑ),

=
( ϑn − 1
αk−1(ϑ)

)
αk−1(ϑ)nk−1(ϑ) + u

( ϑn − 1
αk−1(ϑ)

)
αk−1(ϑ)mk−1(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−1(ϑ)

)
αk−1(ϑ),

= 0.

Also, we notice that

u
( ϑn − 1
αk−2(ϑ)

)
(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ))

= u
( ϑn − 1
αk−2(ϑ)

)
g(ϑ) + u2

( ϑn − 1
αk−2(ϑ)

)
α1(ϑ) + u3

( ϑn − 1
αk−2(ϑ)

)
α2(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−2(ϑ)

)
αk−2(ϑ),

= u
( ϑn − 1
αk−2(ϑ)

)
αk−2(ϑ)nk−2(ϑ) + u2

( ϑn − 1
αk−2(ϑ)

)
αk−2(ϑ)mk−2(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−2(ϑ)

)
αk−2(ϑ),

= 0.
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Further

u2
( ϑn − 1
αk−3(ϑ)

)
(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ))

= u2
( ϑn − 1
αk−3(ϑ)

)
g(ϑ) + u3

( ϑn − 1
αk−3(ϑ)

)
α1(ϑ) + u4

( ϑn − 1
αk−3(ϑ)

)
α2(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−3(ϑ)

)
αk−3(ϑ),

= u2
( ϑn − 1
αk−3(ϑ)

)
αk−3(ϑ)nk−3(ϑ) + u3

( ϑn − 1
αk−3(ϑ)

)
αk−3(ϑ)mk−3(ϑ) + . . .

+ . . .+ uk−1
( ϑn − 1
αk−3(ϑ)

)
αk−3(ϑ),

= 0.

So continuing in a similar manner, we get

uk−1
(ϑn − 1
g(ϑ)

)
(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ))

= uk−1
(ϑn − 1
g(ϑ)

)
g(ϑ)

= 0.

So,

N =
〈 ϑn − 1
αk−1(ϑ)

, u
ϑn − 1
αk−2(ϑ)

, u2 ϑ
n − 1

αk−3(ϑ)
, . . . . . . , uk−1ϑ

n − 1
g(ϑ)

〉
⊆ Q(A ).

Now, to prove that Q(A ) ⊆ N . Suppose that

Q(A ) =
〈
h0(ϑ), uh1(ϑ), u

2h2(ϑ), . . . , u
k−1hk−1(ϑ)

〉
.

Then
uk−1hk−1(ϑ)(g(ϑ) + uα1(ϑ) + u2α2(ϑ+ . . .+ uk−1αk−1(ϑ))) = 0.

From here, we conclude that there exists a polynomial b1(ϑ) ∈ F2 such that

hk−1(ϑ) =
(ϑn − 1
g(ϑ)

)
b1(ϑ) ∈ N.

Also

uk−2hk−2(ϑ)(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ)) = 0

uk−2hk−2(ϑ)g(ϑ) + uk−1hk−2(ϑ)α1(ϑ) = 0.

Since hk−2(ϑ)g(ϑ) = 0, uk−1hk−2(ϑ)α1(ϑ) = 0 and so, there exists polynomial
b2(ϑ) ∈ F2 such that

hk−2(ϑ) =
(ϑn − 1
α1(ϑ)

)
b2(ϑ).

Further, we notice that

uk−3hk−3(ϑ)(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ)) = 0

uk−3hk−3(ϑ)g(ϑ) + uk−2hk−3(ϑ)α1(ϑ) + uk−1hk−3(ϑ)α2(ϑ) = 0.

In above equation as hk−3(ϑ)g(ϑ) = 0 so there exists a polynomial b3(ϑ) ∈ F2
such that

hk−3(ϑ) =
(ϑn − 1
α2(ϑ)

)
b3(ϑ).
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In a similar way, we reach the equation

h0(ϑ)(g(ϑ) + uα1(ϑ) + u2α2(ϑ) + . . .+ uk−1αk−1(ϑ)) = 0

h0(ϑ)g(ϑ) + uh0(ϑ)α1(ϑ) + u2h0(ϑ)α2(ϑ) + . . .+ uk−1h0(ϑ)(αk−1(ϑ)) = 0

which implies h0(ϑ) =
( ϑn − 1
αk−1(ϑ)

)
bk(ϑ) for some bk(ϑ) ∈ F2.

Hence,

Q(A ) =
〈
h0(ϑ), uh1(ϑ), u

2h2(ϑ), . . . , u
k−1hk−1(ϑ)

〉
⊆
〈 ϑn − 1
αk−1(ϑ)

, u
ϑn − 1
αk−2(ϑ)

, u2 ϑ
n − 1

αk−3(ϑ)
, . . . . . . , uk−1ϑ

n − 1
g(ϑ)

〉
∈ N.

Therefore,

Q(A ) =
〈 ϑn − 1
αk−1(ϑ)

, u
ϑn − 1
αk−2(ϑ)

, u2 ϑ
n − 1

αk−3(ϑ)
, . . . . . . , uk−1ϑ

n − 1
g(ϑ)

〉
.

Theorem 5.4. Let A be a cyclic code of odd length n over S. Then

A ⊥ =
〈( ϑn − 1

αk−1(ϑ)

)∗
, u
( ϑn − 1
αk−2(ϑ)

)∗
, . . . , uk−1

(ϑn − 1
g(ϑ)

)∗〉
.

Theorem 5.5. Let A be a reversible cyclic code of odd length n over S with αk−1(ϑ) | αk−2(ϑ) |
. . . | α2(ϑ) | α1(ϑ) | g(ϑ)|(ϑn − 1) and

A ⊥ =
〈( ϑn − 1

αk−1(ϑ)

)∗
, u
( ϑn − 1
αk−2(ϑ)

)∗
, . . . , uk−1

(ϑn − 1
g(ϑ)

)∗〉
.

Then A ⊥ is a reversible cyclic code over S.

Proof. Let A be a reversible cyclic code of odd length n over S. Then by Theorem 4.9 g(ϑ),

α1(ϑ), α2(ϑ), . . . , αk−1(ϑ) are self reciprocal. Suppose that
( ϑn − 1
αk−1(ϑ)

)
= v1(ϑ),

( ϑn − 1
αk−2(ϑ)

)
=

v2(ϑ),
( ϑn − 1
αk−3(ϑ)

)
= v3(ϑ), . . . ,

(ϑn − 1
α2(ϑ)

)
= vk−2(ϑ),

(ϑn − 1
α1(ϑ)

)
= vk−1(ϑ) and

(ϑn − 1
g(ϑ)

)
=

vk(ϑ).
Therefore,

〈ϑn − 1〉∗ =α∗k−1(ϑ)v
∗
1 (ϑ),

〈ϑn − 1〉∗ =α∗k−2(ϑ)v
∗
2 (ϑ),

〈ϑn − 1〉∗ =α∗k−3(ϑ)v
∗
3 (ϑ),

...

〈ϑn − 1〉∗ =α∗2(ϑ)v∗k−2(ϑ),

〈ϑn − 1〉∗ =α∗1(ϑ)v∗k−1(ϑ),

and

〈ϑn − 1〉∗ = g∗(ϑ)v∗k(ϑ).
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This implies

v∗1 (ϑ) =
〈ϑn − 1〉∗

α∗k−1(ϑ)
=
−〈ϑn − 1〉
αk−1(ϑ)

= −v1(ϑ),

v∗2 (ϑ) =
〈ϑn − 1〉∗

α∗k−2(ϑ)
=
−〈ϑn − 1〉
αk−2(ϑ)

= −v2(ϑ),

v∗3 (ϑ) =
〈ϑn − 1〉∗

α∗k−3(ϑ)
=
−〈ϑn − 1〉
αk−3(ϑ)

= −v3(ϑ),

...

v∗k−1(ϑ) =
〈ϑn − 1〉∗

α∗1(ϑ)
=
−〈ϑn − 1〉
α1(ϑ)

= −vk−1(ϑ)

and
v∗k(ϑ) =

〈ϑn − 1〉∗

g∗(ϑ)
=
−〈ϑn − 1〉
g(ϑ)

= −vk(ϑ).

Let c̄(ϑ) ∈ A ⊥. Then

(c̄(ϑ))∗ =
(( ϑn − 1

αk−1(ϑ)

)∗
d1(ϑ) +

( ϑn − 1
αk−2(ϑ)

)∗
d2(ϑ) + . . .+

+
(ϑn − 1
α1(ϑ)

)∗
dk−1(ϑ) +

(ϑn − 1
g(ϑ)

)∗
dk(ϑ)

)∗
= (−v1(ϑ)d1(ϑ)− v2(ϑ)d2(ϑ)− v3(ϑ)d3(ϑ)− . . .− vk−1(ϑ)dk−1(ϑ)− vk(ϑ)dk(ϑ))∗

= (−v∗1 (ϑ)d∗1(ϑ)− ϑi2v∗2 (ϑ)d
∗
2(ϑ)− ϑi3v∗3 (ϑ)d

∗
3(ϑ)− . . .− ϑikv∗k(ϑ)d∗k(ϑ))

= (v∗1 (ϑ)γ1(ϑ) + v∗2 (ϑ)γ2(ϑ) + v∗3 (ϑ)γ3(ϑ) + . . .+ v∗k(ϑ)γk(ϑ)),

where γ1(ϑ) = −d∗1(ϑ), γ2(ϑ) = −ϑi2d∗2(ϑ) and γ3(ϑ) = −ϑi3d∗3(ϑ), . . . , γk(ϑ) = −ϑikd∗k(ϑ)
over F2 + uF2 + u2F2 + . . . + uk−1F2. Thus c(ϑ) ∈ A ⊥. Thus, by Theorem 5.1, A ⊥ is a
reversible cyclic code over F2 + uF2 + u2F2 + . . .+ uk−1F2.

6 Minimum Hamming distance of a cyclic code over S

In this section, we find the minimum Hamming distance of a cyclic code of length n over S.
Let A = 〈g(ϑ) + up1(ϑ) + u2p2(ϑ) + . . .+ uk−1pk−1(ϑ), uα1(ϑ) + u2q1(ϑ) + u3q2(ϑ) + . . .+
uk−1qk−2(ϑ), . . . , uk−2αk−2(ϑ) + uk−1t1(ϑ), uk−1αk−1(ϑ)〉 be a cyclic code of length n over S.
Define Auk−1 = {n(ϑ) | uk−1n(ϑ) ∈ A }. Then Auk−1 is a cyclic code of length n over F2. To
find the minimum Hamming distance of the cyclic code, we use the following result.

Theorem 6.1. [11, Theorem 4.4] If A = 〈g(ϑ)+up1(ϑ)+u2p2(ϑ)+. . .+uk−1pk−1(ϑ), uα1(ϑ)+
u2q1(ϑ)+u3q2(ϑ)+ . . .+uk−1qk−2(ϑ), . . . , uk−2αk−2(ϑ)+uk−1t1(ϑ), uk−1αk−1(ϑ)〉 is a cyclic
code of length n over S with uk = 0, then Auk−1 = 〈αk−1(ϑ)〉.

Proof. We know that uk−1αk−1(ϑ) ∈ A , hence 〈αk−1(ϑ)〉 ⊆ Auk−1 . Now given an b(ϑ) ∈
Auk−1 , then uk−1b(ϑ) ∈ A and hence there exist polynomials c1(ϑ), c2(ϑ), . . . , ct(ϑ) ∈ F2[ϑ]
such that uk−1b(ϑ) = c1(ϑ)uk−1g(ϑ)+c2(ϑ)uk−1α1(ϑ)+c3(ϑ)uk−1α2(ϑ)+. . .+ct(ϑ)uk−1αk−1(ϑ).
Since αk−1(ϑ) | αk−2(ϑ) | . . . | α2(ϑ) | α(ϑ) | g(ϑ), we have uk−1b(ϑ) = uk−1m(ϑ)αk−1(ϑ)
for some m(ϑ). So Auk−1 ⊆ 〈αk−1(ϑ)〉 and hence Auk−1 = 〈αk−1(ϑ)〉
Theorem 6.2. [11, Theorem 4.4] Let A be a cyclic code of length n over S. Then dH(A ) =
wH(A ) = wH(Auk−1) = dH(Auk−1), where wH(A ) is the minimum Hamming weight of cyclic
code A .

Proof. For a given codeword m(ϑ) = m0(ϑ0)+um1(ϑ)+u2m2(ϑ)+ . . .+uk−1mk−1(ϑ) ∈ A ,
where m0(ϑ),m1(ϑ),m2(ϑ), . . . ,mk−1(ϑ) ∈ F2[ϑ]. As uk−1m(ϑ) = uk−1m0(ϑ) ∈ A and
wH(uk−1m(ϑ)) ≤ wH(m(ϑ)) and uk−1A is a subcode of A with wH(uk−1A ) ≤ wH(A ), it is
sufficient to focus on the subcode uk−1A in order to compute the Hamming weight of A . Since
uk−1A = 〈uk−1αk−1(ϑ)〉, thus wH(A ) = dH(A ) = wH(Auk−1) = dH(Auk−1).
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7 Examples

Example 7.1. For length n = 15 in F2 + uF2 + u2F2, ϑ15 − 1 = (ϑ + 1)(ϑ2 + ϑ + 1)(ϑ4 +
ϑ + 1)(ϑ4 + ϑ3 + 1)(ϑ4 + ϑ3 + ϑ2 + ϑ + 1) and let α2(ϑ) = 1, α1(ϑ) = ϑ2 + ϑ + 1 and
g(ϑ) = ϑ6 + ϑ4 + ϑ3 + ϑ2 + 1. Here α2(ϑ) | α1(ϑ) | g(ϑ) | (ϑ15 − 1), then by using Theorem
4.9, the code generated by 〈g(ϑ) + uα1(ϑ) + u2α2(ϑ)〉 is reversible cyclic code.

Example 7.2. Let ϑ32 − 1 = (ϑ+ 1)32 = g32 in F2 + uF2 + u2F2. Let A = 〈g(ϑ) + up1(ϑ) +
u2p2(ϑ)〉, where g(ϑ) = g30, p1(ϑ) = ϑ+ ϑ5 + ϑ9 + ϑ13 + ϑ17 + ϑ21 + ϑ25 + ϑ29 and p2(ϑ) =
ϑ2 + ϑ4 + ϑ10 + ϑ12 + ϑ18 + ϑ20 + ϑ26 + ϑ28. It is easy to check that g(ϑ) = ϑ30 + ϑ28 + ϑ26 +
ϑ24 + ϑ22 + ϑ20 + ϑ18 + ϑ16 + ϑ14 + ϑ12 + ϑ10 + ϑ8 + ϑ6 + ϑ4 + ϑ2 + 1 is self-reciprocal. Also,
ϑip∗1(ϑ) = p1(ϑ) and ϑjp∗2(ϑ) = p2(ϑ), i = d(g(ϑ))−d(p1(ϑ)) & j = d(g(ϑ))−d(p2(ϑ)), where
d(g(ϑ)) denotes degree of g(ϑ). Therefore, by using Theorem 4.10, A is a reversible code.
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