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Abstract
Many autors have proposed Integral Basis of Biquadratic Number Fields, in 1984 Funakura was
interested in Quartic Number Fields. D. Marcus in his book 1977, using the Dirichlet theorem
proposed a theoretical method for Integral Basis of Number Field of degree n. In this paper
using an other method, we will show the integral Basis of Quartic Number K = Q(/p). where
p is any prime number.

1 Introduction

Let K be a number field of degree n and let R be the ring of integers of K. R is a free Z-module
of rank n.[4]. We call an integral basis of K any basis of the Z-module R. It is known how to
determine explicitly an integral basis of K, in the following cases : K = Q(y/m) m € Z without
quadratic factor), K = Q(/m) (m natural number without cubic factor), K cyclotomic field...
For the case n = 4, several authors have determined an integral basis of K ([1], [2], [5] ...).
For the general case, Daniel A.Marcus[3] gives a theoretical method for determining an integral
basis of K. Using the Marcus method, we propose to determine explicitly an integral basis of
K = Q(y/p) where p is a prime number.

Theorem 1.1. /3]

Let K = Q(«) be a number field of degree n where « is an algebraic integer of K. Then there

f‘élo‘),..., f:;;il_(la)) where d; are in 7 and satisfying dy | dy | ... | dp—1, the

fi are monic polynomials over 7. and fi has degree i, the d; are uniquely determined.

is an integral basis (1,

Proposition 1.2.

With the same notations of the theoreml1.1, we have
1) disc(a) = (didy...d,,_1)*disc(R), R is the integer ring of K.
2) ifi+j<nthend;d; | dit;
3) foranyi < nwe have : d; | d;
4) d?(nfl) | disc(a)
5) The f; can be replaced by any other monic polynomials g; € Z|X| such that g; has degree i
and all %70‘) are algebraic integers.

Lemma 1.3.

Using the same notations of the theoreml.1, put for everyi (1 < i < n—1) fi=X"+
i—1 ;
> j—0 i X’
Foranyi(1<i<n-—1) andanyj (0 <j<i—1) let q;; and r;j; respectively be the quotient
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and the remainder of the euclidean division of aj; by d; and let g; = X' + Z] _o7jiX7 . Then
fl( L is an algebraic integer if and only if =~ 9:la) s an algebraic integer, Let t (0 < t < i — 1) and
h; = Xz—i-zl .y ;X7 for where any j 75 t, b = aj; and by = ay; +dd; and 6 = £1. Then %1)
hi(e) &

is an algebraic integer if and only lf 5 s an algebraic integer.

We annonce the main result :
Theorem 1.4.
Let p be a prime number, w = {/p and K= Q(w) :
1 Ifp=20rp=3 mod 4then B = [l,w,w? w’]isan integral basis of K.
2 Ifp=5 mod 8 then B = [1,w, J(w? — 1), 1 (w3 — w)] is an integral basis of K.
3Ifp=1 mod8then B =[l,w,i(w?—1),1(w® —w?+w — 1)] is an integral basis of K.

Proof Using the theorem1.1, K have an integral basis with the form
[1; Hiw). folw). f%(w)]

d > d ° d
We will determine expllcztly di, da, ds, fi1, fo and f5, we will use the previous lemma.
we have : disc(w) = —28p?

By proposition we have d}z divides disc(w), we conclude that di = 1 for any p.
As w is an algebraic integer, we take fi(w) = w for any p.
Then we determine the possible values of d;. and we will start by the case : p > 3.

2 Determination of d,

From the proposition we have d,* divides 28p?
We conclude that d> € {1,2,4}

We suppose v = W tawtb yih o and b are integer numbers satisfying : 0 < a,b < ds.

v is an algebraic integer of K if and only if there are rational integers x,y, z, and t satisfying
Yty +y 2y +t = 0. (Ey)

By replacing v in (Ey), reducing to the same denominator and using that (1,w,w?, w?) is
Q-libre. We obtain the system :
a(a® 4+ 6b)daw + 2ad3y + 12ab? +4a’b +4pa =0 (1)

(3a%b + 3V + p)dax + (a® + 2b)d3y + d3z + 4b°
+6a%b* + 6a’p + 4bp =0 (2)

() (3ab? + 3ap)dax + 2abd2y + addz + 4ab® + 4a’p
+12abp =0 (3)

(b + 3a’p + 3bp)dox + (b? + p)d3y + bd3z + djt

+b* 4+ 12a%bp + a*p + 6b*p +p*> =0 4)

- If a # 0 the system (S) becomes :

(a® + 6b)daz + 2d5y + 12b* + 4a’b +4p = 0 (1)

(3a*b + 3V + p)dax + (a® + 2b)d3y + d3z

+4b* + 646> 4 6a°p + 4bp = 0 (2)
(S1)
(30 + 3p)dax + 2bd3y + d3z + 40> + 4a’p+ 12bp =0 (3)

(b + 3a’p + 3bp)dox + (V? + p)d3y + bd3z + djt + b*
+12a%bp + a*p + 6V*p + p*> =0 4)

2.1 Cased, =4

i) Ifa=0
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We suppose 3 = f+b withb € {0,1,2,3}.

3 is an algebraic integer if and only if there are w,v € Z such that : * +uB +v = 0.
2
Using {1, \/13} is Q-libre, we obtain v = %b and v = bl—gp. As u,v € Z we have 2 divides

b and 4 divides p, which is impossible because p is a prime number. Then = £ 4+ b is not an
algebraic integer.
ii) Ifa # 0.
In this case the system S| becomes :
(a® +6b)z + 8y +p+3b* +a’b=0 (1)
(3a%b + 3b* + p)2x + (a® + 2b)8y + 32z + 20 + 3a?b* + 3a’p + 2bp = 0 (2)
(30> + 3p)z + 8by + adsy + b* + a’p+ 3bp = 0 (3)

(6% + 3a’p + 3bp)dx + (b* + p) 16y + b432 + 4% + b* + 12a’bp + a*p + 6b*p + p* = 0(4)

By solving this system we obtain :

x=-b

3% —p
Y = ==
5= bp— bzfazp

6
t = b4+p +4a> bp at p— 2b2

We give in the table Tab; the values of x,y,z and t for different values of a € {1,2,3} and
be{0,1,2,3}.

(a,b) | x y z t
oo o [ 1% [
(]’3) ) 27Eip 21:6727 P 332%1
( 2, 0) |0 ;2 ;11’6 P —21566p
’ 8 2 256
Taby | (2,1) | -1 ] 32 | ==l | 2P
(22) | 2| e | £t | T
23) | =3 27§p 7p1g27 p2+§45¥2+81
Golo | [ |"%"
3.1) | -1 3%17 7811)671 p27£4576p+1
32) | —2 12§p 771%78 (;72—52)2
3.3 | -3 278—p —61116—27 P —295p6+81

None of the 12 cases of (z,y, z,t) is possible. We conclude that dy # 4 .

2.2 Cased, =2

- If dy = 2 the system S| becomes :

(a® 4 6ab)z + 4ay + 6ab® + 2a°b+ 2ap = 0 (1)
(3a%b + 3b* + p)x + (a® + 2b)y + 4z + 2% + 3a?b* + 3a’p + 2bp =0 (2)
(3ab* + 3ap)x + 4aby + 4az + 2ab® + 2a’p + 6abp = 0 (3)
2(b* + 3a2p + 3bp)z + 4(b? + p)y + 8bz + 16t + b* 4 12a2bp + a*p + 6b%p + p> = 0(4)

with a,b € {0,1}
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i)a=0b=0.

pr+42=0 (1)
(E+) becomes :
dpy + 16t + p* = 0(2)
from equation (2), 4 divides p, which is impossible.

ii) a=0and b= 1. We have a = Wil — VP s an algebraic integer if and only if
p = lmod4.

iii) a=1and b= 0.

=0
y=
The resolution of the system (S)) gives _2p But this solution is not in Z*, so
z2==L
2
2
— b —p
t="1
2 . P
o = “F s not an algebraic integer.
ivia=b=1.
r==-2
y =32
By resolving (S3) we obtain : L ;21
— 7
_ pPtptl
t="76
Observing that t = =2, y = 3 ,z =5 ¢ =it +p+1 ¢ 7*, we can deduce that o = ¢ *2‘*’“ is

not an algebraic integer.

Conclusionl: Ifp = 1mod4 we have dy = 2.

2.3 Cased, = 1.
From the previous paragraph, if p = 3mod4 we have dy = 1.

3 Determination of d;

We suppose v = w?* + aw? + bw +c. and o = %f““ « is an algebraic integer if and only

if the rational mtegers :c, y, z and t exist
suchthat o —l—xa +ya? 4+ za+t =0

d4+x +ydz+ O(+t 0

We reduce to the same denominator and simplify by - @ e obtain :

v+ 2dsy? + yd3y? + 2diy +tdy =0

We replace in this equation ~ by its expression and using that {1,w,w?* w*} is Q-libre, we
obtain the following system (S)
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(3a’p + 3bp + 6abc + b* + 3¢*)dzx + (2bc + 2¢)d3y + diz + 4ap® + 12bcp
+12a2cp + 12ab*p + 4 + 4a’bp + 12abc? + 4b’c = 0 (1)

(6abp + 3cp + a’p + 3¢ + 3ac?)dsx + (b + 2ac + p)d3y + ad3z + 6a°p?
+6a%b? + 4bp* + 24abep + 4b3p + 6¢%p + 6a%b*p + 4aep + dac® + 6822 =0 (2)

(30*p + 6acp + 3a?bp + 3bc* + p?)dsx + (2ap + 2bc)d3y + bdiz + 12abp?
+dep? + 126%¢p + 4a’p* + 12ac?p + 12a%bep + 4ab’p + 4bc® = 0 (3)

(3ap? + 6bcp + 3ab’p + 3a’ep + A)dsx + (a’p + & + 2bp)d3y + cd3z + td}
+6b%p? + 12acp® + 12a%bp? + 12bc?p + p* + a*p? + 12ab’cp + 6a*c*p + bip + ¢ = 0(4)

with 0 < a,b,c < ds.

Using 1) in the proposition, we have : d3 divides disc(w) = —28p>.
it follows that ds € {1,2,4,8,16,p,2p,4p, 8p, 16p}

So we have 10 cases to distinguish.

3.1 Cased; = 16p

3 2 . . ..
Let o = %;b““ . If a is an algebraic integer then

aw3+bw2+cw+p
16p

is also an algebraic integer and his trace T'(aw) = % will be a rational

aw =
integer.

So «a is not an algebraic integer and dz # 16p.

3.2 Cased; = 8p

_ W awitbwte
We have T(aw) = % then it follows that aw is not an algebraic integer and also for a.

Then we conclude that d; # 8p.

3.3 Cased; = 4p

The resolution of the system (S) with d3 = 4p gives :

C

T = *7
_ 302—2bp—a2p
=T
5= ach+2bcp—c3—ab2p—ap2
- 16p3
t = 2b2p2+a4p2+4ab2cp+c4+4acp274a2bp274bczp7p372a202p7b4p

256p°

We suppose that ,y, z, and t arepthe rational integers.

Knowing that x € 7. we have p divides ¢ so ¢ € { 0,p,2p, 3p} We do the same fory € Z
and p divides c, we have p divides a* + 2b We have = € Z and p divides c, so we have p divides
ab?, then p divides a or p divides b. So p divides a or p divides b and p divides a* + 2b. It follows
that p divides a and p divides b.

In the conclusion, we have p divides a, p divides b and p divides ¢, So we deduce that a,b and
c€{0,p,2p,3p}.

We suppose a = ps, b = pu, ¢ = p = v, and we replace in the expression of t, we obtain :
t = p(2u2+p254+4psu2v+v4+4512);64p52u74uv272ps2v27pu4)71

Knowing that t € Z we deczz’)uce that p divides 1, what is a contradicton.

Then ds # 4p.

34 Cased; =2p

We replace ds by 2p in the system (S) and we solve it :
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—2c

D
_ 302—2bp—a2p
2p?
__ a’ep+2bep—c —ab*p—ap?
= 35
_ 2b2p2+a4p2+4abch+c4+4acp2—4a2bp2—4bczp—p3—2a202p—b4p
- 16p*

EaalE S NS

We suppose that x,y, z, and t are the rational integers.
We have © € Z and p # 2, so p divides c. It follows that ¢ € {0,p} As the same y € 7. and p
divides ¢ we have p divides a? + 20,

(a*+2b)ep—c?

2 2
knowing that z = 2p3_ab P ¢ 7, p divides c and p divides a* + 2b, so we have p

divides a*b. It follows that p divides a or b . Then p divides a* + 2b and ( p divides a or b ). We
deduce that p divides a and b as the following a, b, ¢ € { 0, p}.

We suppose a = ps, b = pu, ¢ = pv and we replace theses values in the expression of t, we
have : t = 2p4u2+p634+4p55u2v+p4v4+4p4s1{g;4p552u74p4uv27p5u472p552v27p3

knowing that t € 7 we deduce that p* divides p*, so this is a contradiction.

Then ds # 2p.

35 Cased; =p

Let oo = % with CL,b,CE {07 17~-~7p_ 1}

If a is an algebraic integer then its trace T'(a) = % € Z, It follows that p divides c so ¢ = 0.

We replace ds by p and c by 0, the system (S) becomes :

(3ap + 3bp + b*)x + 2abpy + p*z + 12ab* + 4a*b + dap = 0 (1)
(6ab + a*)px + (b* + p)py + ap?z + 4b> + 6a%b* + 6a*p + 4bp = 0 (2)
(30> + 3a%bp + p)px + 2ap*y + bp?z + dab’® + 4a*p + 12abp = 0 (3)
(3ap + 3ab®)pz + (a® + 2p)p?y + PPt + b* + 12a%bp + a’*p + 6b*p + p* = 0(4)

From equation (4) we deduce that p divides b, then b = 0.

So the equation (4) becomes : 3apx + a’py +p*t +p+a* =0

We deduce that p divides a, then a = 0, So a = b = ¢ = 0. The system (S) becomes :
p?z=0

py=0

pPr=0

p’t=0

It follows thatx =y =2=1t=0. Soa*=0

We deduce that 0 = (%)4 =&= % is impossible .

Then d; # p.

2|

3.6 Cased; = 16
Let o = W taw’ +bwtc

We suppos?z that « is an algebraic integer, we have also aw is an algebraic integer, We
deduce that his trace T(ow) = % is a rational integer,
Then 4 divides p, is a contradiction .
Then « is not an algebraic integer and we deduce that ds # 16.

3.7 Cased; =8

3 2 , . 3 4 bw?+c .
Let o = &=t tbote "We suppose that o is an algebraic integer, then aw = W will
be also an algebraic integer,
4p

We deduce that its trace T (aw) = - = § is in Z, so we have a contradiction. Then d3 # 8.
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3.8 Cased; =4

If d3 = 4, the system (S) becomes :
(3a®p + 3bp + 6abe + b + 3¢*)x + (2ab + 2¢)4y + 162 + ap* + 3bep
+3a%cp + 3ab’p + A + a’bp + 3abc? + Ve =0 (1)

(6abp + 3cp + a’p + 3b%c + 3ac?)2x + (b + 2ac + p)8y + 32az + 3a*p?
+3a%b? + 2bp? + 12abep + 263 p + 3¢2p + 3a?b?p + 2a’cp + 2ac® + 362 =0 (2)

(3b%p + 6acp + 3abp + 3bc? + p*)z + (ap + be)8y + 16bz + 3abp? + cp?
+30%cp + a’p? + 3actp + 3a*bep + ab’p + b = 0 (3)

(3ap* + 6bep + 3ab*p + 3a’cp + )dx + (a®p + ¢ + 2bp) 16y + 64cz + 256t
+6b°p* + 12acp® + 12a*bp? + 12b¢*p + p* + a*p? + 12ab%ep + 6a>c*p + b*p + ¢t = 0(4)
After solving this system, we obtain :

r = —¢C

_ 302—2bp—a2p

- 8
¥ = az(:p+2bcp—(:3—ab2p—ap2

- 16 7 7

_ 26 p*+atp’+4ab’eptct+dacp® —4a’bp? —4bP p—p® —2a*PFp—b'p
t =

756
By using the lemma we will take a,b and cin {—1,0,1,2}

We suppose that x,y, z, and t are the rational integers.
i) Ifciseven (ce€{0,2})

Using y = W € Z we have 2 divides a*p and p > 2 so 2 divides a The same for t
€ 7Z, we deduce that 2 divides p(p* + b*) so bis odd (b € {—1,1}).

-ifb=—1 we have y= W It follows that 8 divides p(2 — a®) so 8 divides 2 — a*
we deduce that 4 divides 2, so it’s a contradiction.

-ifb=1we have y = W . we deduce that 4 divides 2 + a*> so 4 divides 2. Then
it’s a contradiction. We conclude that c is odd.

ii) Ifcisodd(ce{-1,1})
Using y = W € Z, we have 2 divides 3c> — a’p, it follows that a is odd.

2 332 9 .
as the same » — &-pt2bep 1°6 ab’p=ar_ 7 so we deduce that b is odd, Then a, b and c are

odds.
We give the values of x,y, z, t in the table Tab, for a,b,c € {—1,1}.
(a,b,c) X |y z t
3 +1)2 —pP+11p*+5p+1
(-1-1-1) | 1 % (im er2]§6+ -
3+ —1 —(p=1)
(-L-11) | =1 ] =" :)16 : ;56)
3-3 —1 “(p—1
(110 1 383p }:]64 1 2565’ 1p+1
— — —p —5p’—1lp+
Taby | (111) | —1 [ 5 | el [
3+ 1— —(p—1
(1,-1-1) |1 = 1(5 - %)56) i
3 —(p+ —p+11p +5p+1
(01D = :T]: 1164 1 p3+52g6+11p+1
3 —p —4p+ —p—5p’—1lp+
(1,1,-1) 1 50 ?]6; j ;2)56 .
3-3 “(p—1 “(p—1)
(1,1,1) —1 5 §0 55
Conclusion?:

i) Ifp = Imod8, we suppose p = 8k + 1, then we have :
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20 = 3keZ

w1 _ 432 ¢ 7.

(p-1)°
L = e Z

It follows for (a,b,c) = (1,1,1) that : . = -1, y = %, z = (p161 andt = <p2_5é)3 are
rational integers. As the following o = W is an algebraic integer. Then if p = 1mod8,
we have d; = 4.

If p = 3mod8, we suppose p = 8k + 3, then we have :

-for (a,b,c) € {(—1,-1,-1),(-1,-1,1),(1,—-1,-1),(1,—-1,1)}

y =32 =k+3¢L
-for (a,b,¢) € {(-1,1,-1),(-1,1,1),(1,1,-1),(1,1,1)} .
y =322 =3k -3 ¢ Z.
It follows that : for p = 3m0d8, dz # 4.
If p = Smod8, we suppose p = 8k + 5, then we have :

O 4R L6k 4+ 3¢ T Bt =42+ 5k+ 3 ¢ L

% 4k? + 7k + 1L ¢ Z. frac3 —3p8 = —3k — 3 ¢ Z. It follows that : - for (a,b,c)
{( 131a_ ) (_1a1a1)v(1717_1)7(17171)}

31 au? . -
y = % ¢ 7. so o = e dbetc s nor an algebraic integer.
for (a,b¢) € {(~1, -1, 1), (1,1, -1}
s =P 61 or z = —% is not a rational integer.

As the following o = % is not an algebraic integer. - for (a,b,c) €
{(-1,1,1),(1,1,-1)}. y = % or y = —% is not a rational integer.  Then

o 3 . .
in this case a = %ﬂ"”c is not an algebraic integer. So for p = Smod8, we have d; # 4.

iv) If p = Tmod8, we pose p = 8k + 7, then we have : S’LTP :kJr% ¢ 7. et %
= 3k-2¢7Z
1 .

It follows that : for any triplet (a,b,c) y ¢ Z. Then o = % is not an algebraic
integer.

We conclude that : if p = Tmod8, dz # 4.

39 Cased; =2

Let a = &kaertbate \pigh g p, ¢ € {0,1}
The Q-isomorphisms of K = Q(w) are defined by :

o1(w) = w.
o (w) = —w.
o3(w) = iw.
and o4(w) = —iw.

Let oy, ap, a3z, g denote the conjugates of o over Q, then we have
3 2 N
o) = al(a) - %ﬁ-bw%

3 2
ay = 02(04) _ —wtaw —bwtc
c—aw?—i(w® —bw)

az = o3(a) = 3

oy = 0'4(04) _ cfawz-‘r;(uﬁfbw)

The minimal polynomial P of o over Q is :

P=X*-8X?+5X*-SX + 8,

where S| = a1 + oy + a3 + ag S) = ajap + ooz + ajag + aras + aroy + 3oy
S3 = ajapas + ajapay + ajazoy + axazoy

54 = X1 0304
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2 Ay 2 2.3 2 2
After calculating, we have : S| = —2¢, S; = M#, Sy = arte +“b’; acp=2bep

54 _ 20°p*+ap*+4ab’ep+ctHdacp® —4a’bp* —4bctp—p® —2a>Pp—bp

16
« is an algebraic integer if and only if Sy, S,, 53 and Sy are rational integers.
We give in the table Tabs the values of Sy,S,,S53 and Sy when the values of a,b, c are in

{0,1}.

Tabs
(a,b,c) | Si Sh S3 S
000 [0 o |o -
oon|-2]3 |3 |5
0100 | —p |o plp—17
01,1)| =2 332p 17221) 7p3+2}17;75p+1
(1000 |5 |y [
(]’0,]) ) S—Tp p2+21 —p —p3+5;zl;2—2p+l
(1,1,0) | O —2311 P(P2+1) —p Té)z —p
(1,1,1) | =2 3*2317 (P*zl)z *(Igl)'

Conclusion3:

i) If p = lmod4, we have : for the triplet (a,b,c) = (0, 1,0).
($1=0, S =—p, § =0, § =21y c 74

It follows that : o =

Witw

is an algebaic integer, so dz = 2.

ii) If p = 3mod4, we have for any (a,b,c) (S1,Sa,S3,54) ¢ Z*. Then for p = 3mod4, we have

dy # 2.

4 Particular Case : p = 2.

Letw =2

We have disc(w) = —2'1.

i) we know that di* divides disc(w), It follows that d, = 1.

ii) d3 divides disc(w) = —2" . It follows that d, € {1,2,4}.

4.1 Determination of d,.

1- Cased, =4

Lety = w’4aw+band o = T witha,b € {0,1,2,3}. o is an algebraic integer if and only
if there are four rational integers .y, z and t, such that : o* + zo’ + ya® + za +t = 0.

By replacing o by 7 we obtain the equation :

v+ 4oy + 42yy? 4+ P2y + 4% = 0 By replacing v by w? + aw + b and using that

{l,w,w2

(a® + 6ab)z + 8ay + 3ab* + a’b+2a =0

,w?} is Q-libre, we obtain the system :

2(3a%b + 3b% + 2)x + 8(a® + 2b)y + 322 + 2b% + 3a%b* + 6a*> +4b =0

(3ab? + 6a)x + 8aby + 16az + ab® + 2a> + 6ab =0

()
2)
3)

4(b% + 6a% + 6b)x + 42(b* + 2)y + 43bz + 4% + b* + 24a%b + 2a* + 120 + 4 = 0(4)
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We suppose that x,y, z and t are in Z.
(4) = 2 divides b = 2 divides a.
So a,b € {0,2}.
i)a=0b=0
(4) becomes 8y+ 64t + 1 = 0 it is a contradiction.
i) a=0andb=2
The equation (4) becomes :
20x + 24y + 322+ 64t +17=0
it’s also a contradiction.
iii) a=2andb=0
The equation (4) becomes :
24x + 8y 4+ 64t +9 =0 we have also a contradiction.
ivia=b=2
In this case the equation (4) becomes : 8xr + 4y + 11 =0 so it’is a contradiction.

In conclusion d, # 4.
2- Case dy = 2.

Let v =w?> +aw+b and o = % witha,b € {0,1}. « is an algebraic integer if and
only if there are four rational integers x,y,z and t so that : o* + za® + yo® + za +t = 0.
Lo+ 2% +yE 423+t =0 7+ 20y} +4yy? + 82y + 16t = 0.

In the last equation we replace ~y by its expression and using {l,w, w2, w3} is Q-libre we
obtain the system :

2(3ab* 4+ a® + 2a) + (a® + 6ab)x + day + 4z =0 (1)
203 + 3a*b? + 6a* + 4b + (3a®b + 30> + 2)z + 2(a® + 2b)y + 42 =0 (2)
2ab® + 4a® + 12ab + (3ab? + 6a)x + d4aby + 4az =0 (1)
b* 4 24a%b + 2a* + 12b6% + 4 + 2(b® + 6a* + 6b)x + 4(b* + 2)y + 8bz + 16t = 0(4)

we suppose that x, y,z and t are in Z, with equation (4) we deduce that 2 divides b it

follows that b € {0,1} so b =0.
Replacing b by 0, the equation (4) becomes : a* +2 + 6a*>x + 4y + 8t = 0 It follows that 2

divides a and so a = 0.Thena =b=0. and o = % .

As ? is not an algebraic integer, we conclude that dy # 2.

Conclusiond: We have d, = 1.

4.2 Determination of ds.

We distinguish dy in {1,2,22,23 24 25}

1- Case d; = 32
3 2
Let f = aw = % , If a is an algebraic integer, it’s the same for 3 and his trace
T(B) is a rational integer. But T(B3) = 1 is a contradiction. Then d3 # 32.

2- Case d3 = 16.

3 2 . . . . .y .
Let § = aw = %JCM’ if ais an algebraic integer; it’s the same for 3 and his trace

T(B) is a rational integer. But T(3) = 1. Then we have a contradiction. So ds # 16.
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3- Cased; =8
3
Let a = % ( Using the calculs of paragraph 3-7) with p = 2 we have the
following expressions:

—C

T = s

3c —4b—24>

2 .
_ 2dcidbe—c—2at*—da witha,b,c € {0,1,2,3,4,5,6,7}. Know-
128
+— 8b°+4a*+8ab’ c+c*+16ac—16a’b—8bc> —8—4a’c* —2b*
= 4096

ing v € Zandz =T(a) = —5 we have cis even, y is in Z and c is even, we deduce that a

is even. t € Z, a and c are evens, we deduce that b is also even. We suppose thata = 2s, b =
t = 2(2u? +4s*+8su’v+o? +4s’u 85 2u—duv? —4s20” —2ut)—1

2u, ¢ = 2v and we replace in t, we obtain :
What is a contradiction because the numerator of t is odd. Then ds 75 8

4) Caseds; =4

Let o = % ( Using the calculs of paragraph 3-8 ) with p = 2 we have the

following expressions:

r=c
2 _Ah_ N2
— 3¢ —4b=2a" g

salet Ao — 20t —ta with a,b,c € {0,1,2,3}, If cis even,
z = 2afcdibe—c

16
+ — 8v'+da*+8ab’ctc! +16ac—16a’b—8bc’ —8—da’c? —2b*

256
fromy € Z we deduce that a is even, and from t € Z we obtain b is even. We suppose that

o . 2202 +452 850> 44 dsr— 85 u—dun? —45202 —2ut)—
a = 2s,b=2u, c = 2vand replace this int, we obtain : t = 22 F4s t8swvtv tdsv—8su—tduv —ds v —2u)

64
This is a contradiction because the numerator of t is odd. If c is odd then y = W ¢
Z because the numerator of y is odd. We deduce that : d; # 4.

5) Cased; =2
3
Let a = % (Using the calculs of paragraph 3-9) ( with p = 2) we have the
following solutions:
=—-2c
_ 3c2—4b—2d’

2
— 242 c44be—c? —2ab>—4a

Rl S S S o)

2
_ 8b*+4a*+8ab’c+ct+16ac——16a*b—8bc® —8—4a’c* —2b*
- 16

with a,b, ¢ € {0,1}, Ifc=0thent = 4b2+2“4”88“2b’4’b4 € Z this implies that b is even. So
b = 0, we deduce that t = %2_'. So it’s a contradiction. If c = 1 then y = 3_4’727_2“2 ¢ 7
because 3 — 4b — 2a? is odd. Then d3 # 2. In conclusion we have d; = 1.

Corollary 4.1. Let p be a prime number, w = \/p and K = Q(w) then :
1) Ifp=20rp=3 mod 4 we have : disc(K) = —28p>.
2) Ifp=5 mod 8 we have : disc(K) = —2*p>.

3) Ifp=1 mod 8 we have : disc(K) = —2°p’.

Remark 4.2. Let m be an integer number without quartic factors,

w = /mand K = Q(w). By theorem1, K admits an integral basis of the form : (1; %i“); fzé:}); f"éj”)

Let’s putm = fg”h® where f, g and h are integers mutualy coprimes f = ajas...a,, g = biby...bs
and h = cjcy...c; where ay,..,a, by,...,bs, c1,...c; are prime numbers We have disc(w) =
—28m® = —28a3...a285...05¢]...c].  Under the proposal we have dj divides disc(w). It follows
that d, € {1,2,4,ay,...,a.,by,...,bs, c1, ..., Cs, ...} Which proves the complexity of the determi-
nation of dy. This is how limited ourselves to the case m = p where p is a prime integer.
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