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Abstract Under this article, we familiarize a combined class of spiral-like functions P2 (3, @, w)
using the convolution product and acquire the coefficient bounds and extreme points. In addition,
the findings of an integral transform, integral means inequalities and subordination are discussed.

1 Introduction

The g-series hypothesis is being used to a variety of areas in mathematics and physics, covering
optimal control issues, fractional calculus, g-transform analysis, geometric function theory, and
solving to the g-difference equations. Influenced by g-calculus applications, researchers investi-
gated and studied multiple creative classes of analytic functions employing g-calculus operators.
In fact, the first author with Raina, in [12], employed fractional g-calculus operators initially to
investigate specific analytic function classes inside the open disk ID. In addition, researchers con-
structed novel g-integral operators over certain analytic functions and examined some basic fea-
tures within [8, 14, 15] and fractional Askey-Wilson integrals [3], Ramanujan’s integrals[1] and
Mittag—Leffler functions [2], see also the references cited therein. In [19] Srivastava explored the
outstanding work on g-calculus and fractional g-calculus operators, that are very much appreci-
ated by academics researching on these topics for functions designated by g-calculus operators.
Aside from subjects with relation towards this works (see [19, 20] and [26, 27]), lately Wang
et al. [22] and Yan [24] explored the properties of sub classes of multivalent analytic or mero-
morphic functions articulated with g-difference operators. Inspired by earlier study on analytic
functions utilizing g-calculus operators, here we create a novel subclass of spiral-like functions
and explore the coefficient limits and extreme points for this function class. Furthermore, the
outcomes of an integral transform, integral means inequalities, and subordination are explored.

Now we customize the primary symbolizations and concepts in the g-calculus that are appro-
priate to our study.

The g-shifted factorials for each complex number v are outlined as

k—1

(v;q)x == 1_[(1—(]]41))7 ke N and (v;q) =1, (1.1)
3=0

and in relation to the gamma function’s basic surveys

Ly(v+k)(1 - Q)k

U; = , k>0 , 1.2
where g-gamma is established to ([6])
. _ 1—v
T,(v) = (@2 =0) 7" (<), (1.3)

(¢¥30) 0
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Gaspar and Rahman [5], enumerated the recurrence bond for g-gamma function as
1—¢")[
Fq(1+U):(q7)q(U). (1.4)
l—gq
For |q| < 1, the equation (1.1) intend to take part £ = oo as a convergent infinite product

o0

(v3¢)00 = [J(1 = vg’),

J=0

and we necessity

RN () ~
(v,q)k—(vqk;q)o@, (k e NU{o0}).

The g-binomial expansion stands as below:

(a—b)uZa”(%b;q>yza”1¢o[q_”;—;q, bz”] (1.5)

In [5], Jackson’s g-integral and g-derivative of a function

o0
T)=T7+ E ant",
n=2

are described on a subset of C, inferred as

0,1(r) = DI 0.4 20) (1.6)
through
1 —g®)re—1
Do = I(J_)q ’
and

[ 1) dy =0 At a) a7

n=0

Garg and Chanchalani [4] defined the Kober fractional g-integral operator for a real-valued func-

tion f(z) as

xfffv

@) = Fo /0 (@ — ya)or " F(y) dyy, (1.8)

where ¢ denotes real or complex number and v denotes an absolute order of integration with
R(v) > 0. As q — 1 the operator (1.8) reduces to Kober operator I*V f(x) as demarcated in
[7]. The above operator transforms to a Riemann-Liouville fractional g-integral operator with a
power weight function when ¢ = 0: I0 f(z) = x~ V1Y f(z).

Garg and Chanchalani [4] widespread the Kober fractional g-derivative operator for a real-
valued function f(z) as

k
@é vf H f + ] + qu+j©q) (I§+v,k7vf(x))7 (19)
7=1

where v denotes an order of derivative with R(v) > 0and k = [R(v)] + 1, k € N. As ¢ — 1 the
operator (1.9) condense to Kober operator D f (z) as defined in [7].

We now evoke Kober fractional g-calculus operators owed to Purohit et al. [11] as specified
below:
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Definition 1.1. (Kober Fractional g-Integral Operator) (see [11]):
The Kober fractional g-integral operator customary as

x—f—v

Lv ) =
=T

/0 (7 = y@)or o' F(y) dyy. (1.10)

where ¢ being real or complex, v (R(v) > 0) denotes an absolute order of integration with
R(v) > 0 and the g-binomial (7 — yq),—1 be specified as

v
(2 = yq)v—1 =T“"1¢o[q'_“;—;q,£], (1.11)

T

where 1¢[v; —; g, 7] is exceptional case of basic hypergeometric series 21 [v; J; £; q, 7] for £ = J
is single valued for |arg(7)| < 7 and |7| < 1 (see [5] and Purohit et al. [12, 13]).

Definition 1.2. (Kober Fractional g-Derivative Operator) (see [11]):
The Kober fractional g-derivative operator is reputable as

k
@é vf H g + ] + qu-"-qu) (I§+U’k_vf(7))’ (1.12)
7j=1

where the order of derivative v (®(v) > 0) with k = [R(v)] + 1, k € N.

For ¢ — 1 the operator given in (1.12) condense to D*" f(7), the Kober derivative operator
defined in [7]. and the operator (1.10) reduce to Kober integral operator %V f(7) as defined
in [7]. Now we present the ensuing image formulae for 7% based on Kober g-integral and g-
derivative operators assumed as in (1.10) and (1.12), as below.

Remark 1.3.If v, £, p € C, Rl +v+p+1) >0, and R({ + p + 1) > 0, then

L,(l4+v+p+1)
L0+ p+1)

©

:DZ,UTKJ —
q

1—7

and a function Ai(7) = (L) =7+ > 7", are described on a subset of C, inferred as

n=2

L — £v lv _n
D, a(r) = D, (T)—i—E D07
n=2
_ Fq(€+v+2)T qu(£+v+n+1)7n

T,((+2) T,(tnt1) (1.13)

Remark 14.1f v, £, p e C,R({+ p+1) > 0,and R({ + v+ p+ 1) > 0, then

L,(0+v+p+1)

Ig’UTP _
o)
and a function A(7) = (ﬁ) =714 Y 7", are described on a subset of C, inferred as

Ig’vh(T) = Ig’U(T)—i——FZIg’UT"

(1.14)

,(0+2) >~ L,(+n+1)
T,(+v+2) Z £+v+n+1)T

2 New Classes of Spiral-Like Functions
Let A represent a class of analytic and univalent functions in the open disc

U={r:7€C, || <1}
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and comprising of functions of the form

o0
fE) =7+ ant 2.1)
n=2
We correspondingly consider 7 be a subclass of A comprising functions such as the one
fr)y=7=> lan|™", TeU 2.2)
n=2

considered by Silverman [16]. For functions f € A given by (2.1) and g € A given by g(7) =
74 Y b,7", we describe the Hadamard product (or convolution ) of f and g by

n=2

(f*9)(T) =7+ anbpt™, TEU. (2.3)

n=2

In this article we familiarize a new linear operator:

Qb A A
demarcated in footings of (1.13), the Hadamard product(2.3) and normalized as below
r,(¢+2)

Qé,v — q v 24
. f(7) T,((+0+2) (CDq h(T)*f(T)) (rel), 2.4)

which trail easily

- Fq(€+2)rq(€+v+n+1) n

Q@,'U =24 N
o flr) =z ;rq(4+u+2)rq(£+n+1)

For conciseness we let

QU f(r) =7+ 3 ¥ (manr @)
n=2

where r,(¢+2),¢ 1
IPU’[(’I’L): 11( + ) q( +v+n+ )’ (26)
1 F,l+v+2)I,({+n+1)
and (during this paper unless otherwise stated) the constraints 0 < ¢ < 1, Re(v) > 0; Re((+2) >
0, 7 €U, and D% f(7) signify a fractional g-derivative of f(7) of order v.
For w real, |w| < 7 a function f € A is stated in S;7 the class of w-spiral-like functions
sustaining the analytic condition

Re <e“” T;éi?) >0,zeld

was presented such as Spacek [21]. Later, Zamorski [25] found sharp coefficient bounds along
with f € §7. Inspired by the earlier works on analytic functions and erection of the operator
Qf;“, we define a new subclass of spiral-like functions and talk about a certain typical properties
of the geometric function theory of this comprehensive function class.

Definition 2.1. For0 <y <1, 0<o <1, 0<w <1, and|w| < 7, let Pg(a,w,w) be the
subclass of .A comprising functions of the form (2.1) and sustaining the inequality
F(r)-1
(20 — )[F(1) = 1] +20(1 —w)e "= cosw

<1 2.7)

where

oy = TRalQ4" () + 970 [0,(94 (7))
(1=7)Qq" f(r) +717D4(Qq" f(7))

and T € U, Q5" f(7) is given by (2.5) .

(2.8)
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In precise, for 0 < v < 1, the class 77,](0, w,w) describe a transition from starlike functions
to convex functions as illustrated below.

Definition 2.2. For 0 < 0 < 1,0 < w < 1, and |w| < %, let S;(0, @, w) be the subclass of A
entailing of functions of the form (2.1) and satiating the inequality

0,(Q5f(7))
Y

(20 — 1)[%;(3(7)) —1]420(1 —w)e*" cosw

-1
<1

where 7 € U, Q' f(7) is assumed by (2.5) .

Definition 2.3. For0 < o < 1,0 <w < 1, and |w| < %, we let C, (0, @, w) be the subclass of A
involving of functions of the form (2.1) and sustaining the inequality

[ QLY (1))
D,(Q5" f(r)) <1
(20 — 1)[%] +20(1 —w)e " cosw

where 7 € U, Q' f(7) is given by (2.5) .

Further by appropriately specifying the values of w, o, = and the class P] (0, w, w) condenses
to several new subclasses. For functions f € 7T set by (2.2), we let

PTy(0,w,w)=PT)(0,m,w)NT,
STy(o,mw,w) =8,(0,m,w)NT

and
CT4(0,w,w) =Cy(o,mw,w)NT.

The foremost purpose of this article is to figure out the coefficient bounds, for f € P77 (0, @, w).
Furthermore, to discuss an integral transform results, integral means inequalities and subordina-
tion results.

3 Coefficient Bounds

This part presents a condition for functions f € ’PT;(G', w,w) that is both necessary and suffi-
cient.

Theorem 3.1. A function f(7) defined by (2.2), belongs to the class PT ) (0, w,w) iff

Y[ +(lnlg = DH([Inlg = D(1 = 0) + o (1 = w)|e™" cos | ¥ (n)|an|
n=2
< o1 —w)le ™ cos |, 3.1

0<7y<1,0<0<1,0<w<1,and |w| < T where ‘P}I”Z(n) is assumed by (2.6).
Proof. For |T| = 1, we have

|F(r) = 1] = |20 = D)[F(1) — 1] +20(1 — w)e " cosw
= [l =7+ [([n]y — DW (n)anT"]
n=2

|20(1 — w)e ¥ cos wz

oo

- Z[l — v+ nA(n]y — (2o — 1) = 20(1 — w)e™ @ cos w]‘PZ’é(n)anT"
n=2
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oo

Sl =5+ Il (s = D¥5 (m)]an] = 20(1 = w)le™*= cos |

n=2

IN

oo

= Y L=+l — D20 1) = 20(1 — w)le™™ cosw ¥} (n)]ax|

oo

= D L+l = DIl = D(1 = 0) +o(1 —w)le™"™ cosw|}¥}* (n)]ax|

n=2

- o(1 —w)|e”™ cosw| <0, (by hypothesis).

Hence f € PT;(O', w,w) by the use of maximum modulus theorem. Conversely, assume

‘ F(r)-1
(20 — )[F(1) = 1] +20(1 —w)e~"® cosw

4@ (T AT D[D4(Q (D]

_ (1-7)Q¢" F(1)+77D4(Q5 " £(7)) <1

B N\ [T2(QE ()70 [P (QF Y f(1))] N—iw '
(20 = D= e ey, — U 20(1 —w)em ™= cos@

Substituting the values of QLY F(7), Dg(QLV f(7)) 72D [D4(QLY f(7)) and by simple compu-
tation,

> [1=y+[n]gr](Inlg =¥y (n)anT"
= <1.
20(l—w)e— % cos wT— 22[1 —v+ ([P =1)(1-20) =20 (1—w)e—i7 cosw| ¥y (n)a, v
> I=v+n]gy](Inlg—D)¥5 “ (n)an ™
§R = n=2 < 1
20(1—w)e~i® cos wT— 22[1—'y+[n]q'y][([n]q—l)(l—20)—20(l—w)e*iwcosw]‘{’};’k(n)anT”

By choosing the value of 7 € R, so that Qf;’”f(T) € Randas7 — 1~ , we get

i(1+7[[n]q—1]){([n]q—1)(1—0)+a(1—w)|67m cos w|}‘PZ’£(n)|an| < o(l —w)le” ™ cos w|.

n=2

o
For simplicity let
Yo(v,00,m) = (1+7[nly = D{([n)g = (1 = o) + o (1 - w)|e™ T cosw| ¥, (3)2)
Yo(v,0,0,2) = (1+gn{a(l —0) +o(l —w)le T cosw|} ¥y (2) (3.3)
o) = B
unless otherwise stated.
Corollary 3.2. Let f(7) € PT (0, w,w) then
. o(1 — w)|e" cosw|
! (1+ ([l = M{([nly = (1 = o) + o(1 — w)|e~*=cosw|} W5 (n)
_ o(l —w)|e" " cosw| (3.5)

Tq (77 g,w, n)‘}’gl(n)
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and it is sharp for given

e o(1 - w)|e-*=cosa] .
(2100 — D — (1 = 0) + (1 — )|~ =coss 3 (0)

oWl Teosa] , .

Yq('Yaan,n)‘Pg’z(n) (3.6)

Without providing evidence, we define the following conclusion:

Theorem 3.3. The extreme points of f € PT (0, w,w) are

A =rand fo(r) =7 - SHZ@eTTeosm] s @)
Yq(%@%n)q’g”(n)

where X (7, 0,w, n) defined by (3.2). Then f € PT(0,w,w) iff it can be uttered in the form

= iwnfn(r), wy >0, iwn =1. (3.8)

4 Integral Transform of the class P7T ) (o, @, w)
We show in this section that the class P77 (0, @, w) is closed under integral transform.

For f € A we let the integral transform

1
f(s2)
) = oo ac
0

where 0 < v € R is weight function normalized as fo ¢)ds = 1. Fixing of p(c) as v(c) =
(14 ¢)s% e > —1,V, denotes the Bernardi operator, and

(€1 e (101)

= | log— —-1,e>0
V(g) F(E) g OgC )C > 76 -

V, is known as Komatu operator [9].
We now demonstrate that the class P77 (o, @, w) is closed under V, (f)(z).

Theorem 4.1. Let f(7) € PT)(0,w,w). Then V,(f)(z) € PT, (0, w,w).
Proof. By definition

Vo ()(7)

1
/ elclogg l(T_Zannn l)
0

—De e+ 1)e . / 1 1
= ()1/(£)H71£{)1+ [/ (logg <T—Zan7' " > ] .

T

After simplification, we obtain

Vo (f)(r) =7~ ni; (zj::)eamn.

We must demonstrate that

oo 1 €
3 Ty(7,0,w,n) el <1 4.1)
1—w Je~*®cosw| \c+n

n:2
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By Theorem 3.2, f € PT (0, w,w) iff

i Yq(’}/vave‘}an) an, § 1’

—= (1 —w)|e~*=cos w|
where Y,(v, 0, w, n) is defined in (3.2). Hence ;%]L < 1, thus (4.1) retains and it completes the
proof. O

The preceding theorem corresponds two special cases.

Theorem 4.2. Let f € PT (0, w,w). Then V,(f)(7) is starlike of order 0 < § < 1in |7| < R,

where ]
, c+n\° (1 =96)Y,(v,0,w,n) e
= - >
R 117}f {(c-i— 1) (n—10)o(1 —w)|e"*"cos w| (n22),

where Y (v, 0,w,n) belongs to (3.2).

Proof. This is sufficient to prove

Z(]]j”é;;é:;) - 1‘ <1-4 (4.2)
For LHS of (4.2), we have
o _ c+1)€ n—1 S _ c+1\€ n—1
WD L&) e D () el
R S ) | S () el

The last activation is confined above with 1 — ¢ since,

< <c+n)e : (1 =9)Y,(v,0,w,n)

c+1 n—¥8)o(l —w)le~i@cosw|’

Therefore, the proof is complete. O
Using the fact that f(7) is convex if and only if 2 f/(z) is starlike, we attain the following.

Theorem 4.3. Let f € PT (0, w,w). Then V,(f)(2) is convex of order 0 < § < lin|7| < Ry

where 1
Ry — inf c+n (1—5)Tq(7,a,w‘,n) = (n>2),
n |[\c+1) n(n—2¥8o(l —w)le @cosw|

where Y (v, 0,w,n) belongs to (3.2).

5 Integral Means

In [16], Silverman initiate that the function f,(7) = 7 — %2 is frequently extremal over the class
T". He used this function to solve his integral means inequality, speculated in [17] and established
in [18], that

27 27
[Iseenrtao< [ineena
0 0

forall f € T,n>0and 0 < r < 1. In [18], he also evidenced his conjecture for the class of
starlike functions and convex functions with negative coefficients of order 7(0 < 7 < 1).

To show our result on Integral means inequality, we recall the succeeding definition and the
lemma .
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Definition 5.1. (Subordination Principle)[10]:

For analytic functions f; and f, with f;(0) = £,(0), f; is said to be subordinate to f,, denoted
by f; < £, if 3 an analytic function w such that w(0) = 0, |w(z)| < 1 and f;(2) = fH(w(z)),
VzeU.

Lemma 5.2. [10] If f and g are analytic in U with g < f, then forn > 0,and 0 < r < 1,
27 27
/ lg(re™)|" dyp < / |f(re)|" de. (5.1)
0 0

Applying Lemma 5.2, Theorem 3.2 and Theorem 3.3, we prove the Silverman’s conjecture
for f € PT](0,w,w).

Theorem 5.3. Suppose f € PT)(0,w,w),n >0, 0<L<1, 0<vy <1, and fo(7) is defined

by
B (1 —w)le "@cosw| ,
fz(T) - Yq(’Y,U,(U,Z) ’ ’
where Y, (7, 0,w,2) is given by (3.3). Then for T = re'?, 0 < r < 1, we have
27 27
[ < [1ne0 (52)
0 0
Proof. For f(7) € T, (5.2) is comparable to evidencing that
27 1 | i | n
17 n”1d< ol —w)le=cosw| |7
0 n=

By Lemma 5.2, it suits to show that

> el (1 —w)|e "™ cos w|
1- Z lan|T" ™ <1 — T.

Tq (’77 g, w, 2)
Setting
Zoo _ 1 —w)le*cos o]
1 _ n—1 — 1 _ O’( .
n=2 |a’”|7— Tq(% g,w, 2) w(T)7 (5 3)

making use of (3.1), we obtain

> Y,(v,0,w,n n—
()] = (32 T g,

(1 —w)le~*"cosw

n=2
< wz bgen) )
w)le~"=cos w|
<|l.

6 Subordination Results

We use the below stated results (see [23]) to prove our findings.

Definition 6.1. (Subordinating Factor Sequence)
A sequence {br}22; of complex numbers is said to be a subordinating sequence, if whenever

n=1

f(r) = Z an7", a1 = 1 1is regular, univalent and convex in U/, we have

> bpant" < f(7), TEU. (6.1)
n=1
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Lemma 6.2. The sequence {b, }>° | is a subordinating factor sequence iff
o0
R <1+2an7"> >0, TeU. (6.2)
n=1

Theorem 6.3. Let f € PT](0,w,w) and g(1) be any function in the usual class of convex
functions C, then
Y‘q(% o,Ww, 2)
2[o(1 —w)le~™=cos @| + Tg(v, 0,w,2)]

(f*9)(1) < g(7) (6.3)

where 0 < ¢ < 1and0 <~y <1, and

R{f(r)} > 707 “’)|e_;w(cv"sawb|dz;q(%“’“‘*2), Teu. (6.4)

Ty(vow2) ] i1 (6.3) cannot be superseded by a higher num-

The constant factor o) [e= = cos m T, (705 2]

ber.

Proof. Consider f € PT (0, w,w) and suppose that g(7) = 7 + Ez b, € C. Then

Tq(% Ua wa 2)
2fo(1 — w)le~=cosw]| + T, (7,0,w,2)]

- Lo(1.0,,2) <T +3° bnanr”> . (65)
n=2

(f*g)(7)

2[o(1 —w)|e*=cosw| + Y4(7, 0, w,2)]

Consequently, through Definition 6.1, the subordination result grips exact where

Tq(7707w72) -
2[o(1 —w)lem*=cos w| + Y4 (7, 0,w,2)]

n=1

is a subordinating factor sequence, with a; = 1. In sight of Lemma 6.2, this would be the case
similar to

<1+Z Yy(y,0,w,2) jjan Tn) >0, T€lU. (6.6)

(1 —w)le~=cosw| + Y4(7y,0,w,2

Yy (y,00w,m)
—w)|e= " cos w|

Yq('y, o,w,?2) < Y,(v,0,w,n)
o(1 —w)le~"@cosw| ~ o(l —w)|e~@cosw|’

By viewing the fact that — is increasing function for n > 2 and in precise

> 2,

thus, for |7| =7 < 1, we get
Y,(v,0,w,2)
R<1 nT
{ +[ (1 —w)le~*=cosw| + Y,(7,0,w,2)] Za }

Tq(% g, wa 2)

Z Yq (77 07 w? z)a/nTn
n=2

= 1 : .
TR ey P e o ) R P P e B R
0 ~ lpm
T, (7 000,2) ngz| (o w,n)ay|r
>1- -
- [0(1 —w)le"*®cosw| + Yy(7,0,w 2)] "~ [o(1 = w)e= = cosw| + Yy (7, 0,w,2)]
o1 Y, (v, 0,w,2) . (1 —w)|e" " cosw| .
- [0(1 —w)le"*®cosw| + Yy (7, 0,w,2)] [0(1 —w)le"*=cosw| + Yy(7,0,w,2)]

>0, |[7]=r<1,
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by the assertion (3.1) of Theorem 3.2. This obviously demonstrates the inequality (6.6) and thus
proved subordination result (6.3).
The inequality (6.4) proceeds from (6.3) through fixing

o0
T n
g(t) = T :T-i-z_;T eC.
Next we deliberate the function

o(l —w)le”™@cosw| ,
Tq(% 0'7 w? 2)

h(r) :=7—

where 0 < ¢ < 1, 0 < v < 1 and Y,4(7,0,w,2) is assumed by (3.3). Clearly h € PT) (0, w,w).
For this function (6.3)becomes

Tq(% 07 wa 2) T
2[o(1 — w)|e~*=cos w| —|—Yq('y,a7w,2)]h(T) R
It is simply confirmed that
) Y, (v, 0,w,2) 1
, h = ——= .
i {% (2[0(1 —w)e~cos w| + Yy(7,0,w,2)] (7) 3 U

This indicates that the constant 5 (1—w)\e£zv(2£g|’i)¥q (552 cannot be substituted by any larger

one. O

7 Concluding Remarks:

By fixing v = 0 or 7 = 1 on can effortlessly state the above results for functions f € ST (0, w,w)
and f € CT,(o,w,w) respectively. Further by appropriately fixing the values of o, w, @ taking
part in Theorem 3.2 to Theorem 6.3, it can express the analogous outcomes for function classes
that are somewhat more acquainted. Further by considering the integral operator given in Re-
mark 1.4,

L,(0+2) —~ L,(l+n+1)
If,vh _ q q n
g A7) Fq(€+v+2)7+grq(£+v+n+1)7

and by using definition of convolution, one can find analogues results as in this article.

We have been acquainted with a novel family of spiral-like functions by employing Kober
fractional g-calculus operations and the convolution product to get coefficient limits and extreme
points. We also present certain integral transform findings, integral means inequalities, and sub-
ordination related with these function classes. Therefore, we complete this study by noting that
various corollaries and implications may be inferred by appropriately specializing the parame-
ters involved in each of the results reported here.
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