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Abstract A set DC V be the strong dominating set of G if every vertex in V' — D is strongly
dominated by at least one vertex in D. The strong domination number ~,;(G) of G is the mini-
mum cardinality of a strong dominating set. The independent strong domination number is(G)
of a graph G is the minimum cardinality of a strong dominating set which is independent. In this
paper, by means of the degree sequences (DS) of graphs and some graph theoretical methods, we
determine the independent strong domination number of Indu-Bala product of simple connected
graphs and null graphs.

1 Introduction

Topological indices are numerical parameters that are very important in Mathematics and have a
lot of applications in fields such as Molecular Chemistry,quantitative structure-activity relation-
ships (QSARs), and many other areas. Most of the topological indices are defined in terms of
degrees sequence of the vertices. The degree sequence (D.S) of a graph is the list of degree of
all the vertices. It gives a lot of information about the physico-chemical properties of the graph.

The notion of degree of a graph provides users an area to study various structural properties
of graphs and hence attracts the attention of many graph theorists. If the degrees of the vertices
v; of a graph G are d; for 1 < i < n, then the degree sequence of G is {d;,ds,--- ,d,}. In
many research studies, the DS is taken to be a non-decreasing sequence, whenever possible.

If the degree d; of the vertex v; is repeated z; times in the DS of a graph G, then
{Oé] = d1217a2 = dzzzv e, Qe = d’r’ZT}

is used instead of {d;,d,, - - -,d,} where r < n: Here the numbers z; represent the frequencies
of the degrees. In Fig. 1, the DS of T3, is {1,1,2,2,3}, or briefly {o) = 1%, 0, = 2%, 3 = 3'}.

There are several graph operations used in calculating some chemical invariants of graphs,
such as join, cartesian, corona product, union, disjunction and symmetric difference. Several
graph operations have been examined in research by means of DS. After discussing the join op-
eration, the DS of Indu-Bala product of graphs will be determined in the present study.

Let G| and G, be two graphs with n; and n; vertices and ¢, and ¢, edges, respectively. The
join G1 V G, of graphs G and G, with disjoint vertex sets V (G;) and V (G,) and edge sets
E (G)) and E (G») is the graph union G; U G, together with all the edges joining V' (G,) and
V (G2). Then |V (G V G2)| =ny +np and |E(Gy V Ga)| = q1 + ¢2 + nina.

The Indu-Bala product of any two graphs was introduced by G. Indulal and R. Balakrishnan,
[9]. This graph product is based on classic loop switching problem analyzed by Graham and
Pollack, [10]. The classic loop switching problem is used for wireless communication network
theory. The Indu-Bala product G| ¥G, of graphs G| and G, is obtained by two disjoint copies
of the join G; V G, where the corresponding vertices of two copies of GG, are connected by an
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Figure 1: 15,

edge. It is obvious that |V (G1¥G,)| = 2|V (G V G2)| = 2 ( ny + ny) and that

|E(G1VGa)| =2|E(G1V Ga)| + 12 =2(q1) +2(q2) + 2 (nim2) + na.

Theorem 1.1. Let Gy and G5 be two connected graphs with DS (Gy) = {ni M, -+ iy, AP}

and DS (G,) = {1, -+ ,mp,?P2}, respectively. Then the DS of the Indu-Bala product of

the graphs G 1 and G5 is given by

{a] = (n2 +7711)2M], = (m +771p|)2/\1p]751 =(1+m +7721)2/\21,"' B = (1 +mn2 +772p2)2/\2p2}~

Proof: The DS of the join of the graphs G| and G, was obtained in [9] as

{OZ] - (nZ +7711))\117 L,y = (nZ +nlp1))\1p]7ﬁl = (nl +7721))\21»' o aB'L = (nZ +772p2))\2p2} .

To obtain DS(G;VG,), add the number of vertices n, of G, to each degree 7;; where 1 < j < p,
without changing the powers A; and add the number of vertices n; of G to each degree n;
where 1 < j < p, without changing the powers ;. The Indu-Bala product of graphs G| and G,
is obtained by two copies of join G| V G, where the corresponding vertices of two copies of G,
are connected by an edge. That is, all the multiplicities of the degrees are multiplied by 2 and all
the degrees of (; are added one. Then the DS of the Indu-Bala product of graphs GG; and G is

{al = (no +7711)2/\117 s = (n +771p|)2/\1p]751 =(14+m +7721)2/\21>"' Bi=(14+n, +772p2)2/\2p2}~

Theorem 1.2. The null graphs G; and G, have vertex sets consisting of n; and n, vertices,
respectively. Then, the DS of the Indu-Bala product of the graphs GG; and G is given by

DS (G1¥G) = {on = (m)™ = (14 m)™ )
Proof: The DS of the join of the graphs G| and G, was given in [9] as
DS(G1V Ga) = {a1 = (m)™, B = (m2)"'} .

To obtain DS(G; V G,), add the number of vertices n, of G5 to the degrees of all the vertices
of GG1. The Indu-Bala product of the two graphs G| and G is obtained by two copies of join
(G1V G,) and the corresponding vertices of two copies of G, are connected by an edge. That is,
all the multiplicities of the degrees are multiplied by 2 and all the degrees of 3; are added one.
Then the DS of the Indu-Bala product of the graphs G| and G5 is {(n1)*", (1 +ny)*™'}.
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G | G CiVGh
P | P | {4+ P 0+ 2)2<’“*2>,(k+ 2)2<2> (k + R
B | C, {(n + 1P (0 + 225D (k4 3)? }
Pe | Sia | {n+27% 0 4374 (6 + 2) Yk + 0+ 1))
P | K, {0+ D0+ 2707,k + 0}

Pk len {(n + 2)2(2),(71 + 3)2(]672),(]6 + 4)2 (k +n+1)2}

Cp | Pa {(n + 22 (k4 22 (& )2<n—z>}
Cy | Gy {(n+2) Lk + 3

Cr | Sin {(n + 3) ( )2 J(k+ n+ 1)2}

Cr | Kn {(n + )2 ),(k 4o 1)2(n)}

Cr | Wi {(” + 32 (k + 4™, (r +s+1 )2}

Stk | Pn {(n + DM (n+ k)% (k + 3) (k + 4)2(” 2}
Sk | Cn {(n + 1)’ (0 + k) }

Stk | Sin {(n + 20 (0 + & +2) <) (k; +3)2(n}

Sik | Kn {on+ 2%, (0 + b +27(k + n+2)"}
Stk | Wi | {00+ 277 (0 + &+ 17 (5 + 027 (0 + 57
Ky | P, {(n k= 1+ 2 + 3)2(%2)}

Ke | Cn {n+ 5 = 1P+ 370}

Ky | Sin {(n + k) (4 27k 4+ n 1)2}

K, | Kn {(n—l—k D2 (k + )()}

Ky | Win {(n+ )" (k + 4™ (k+ n+ 1)2}

Wik | P {(n+k)2,(n-|_ 3) 7(]@ + 3) ()7(]{ +4)2(n—2)}
Wik | Chn {(n+k)2 (n + 3)2(k) (k +4)2(n}

Wik | Sin {(n+k+1) (n+4)()(k+3)()> (k+n+2)2}
Wik | Kn {87, (043, (k4 0+ 170}

Wik | Win | {+E+17 (n+ 929, (k + n+27 (8 + 57"}
K, | K, {(n)z(’“),u i k)2<">}

Table 1. Degree sequence of Indu-Bala product of graphs
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Figure 2: K3 and Ky

2 Independent strong domination number of Indu-Bala product of graphs

Let G = (V,E) be a graph and u,v € V. Then u strongly dominates v if uv € E and
deg(u) > deg(v). A set D C V be the strong dominating set of G if every vertex in V — D is
strongly dominated by at least one vertex in D. The strong domination number 4 (G) of G is
the minimum cardinality of a strong dominating set. A set D C V is an independent set if no
two vertices of D are adjacent. The independent strong domination number i5(G) of a graph G
is the minimum cardinality of a strong dominating set which is independent. In this section, we
determine the independent strong domination (ISD) number of Indu-Bala product of graphs by
means of degree sequence.

Theorem 2.1. Let P, V¥ P, be the Indu-Bala product of paths Py and P,. Then

3 b

PO‘Z‘—‘ ; fork =0(mod 3)
%—‘ + {@—‘ ; fork =1,2(mod 3)

Proof: Consider the Indu-Bala product of two paths P, ¥ P,,. Let (r1,72,73,...,7%), (7}, 75,75, ..., , 7,)
be the vertices of two copies of Py and (y1,%2,Y3,---,Yn), (¥}, Y5, Y5, ---,Y,,) be the vertices
of two copies of P,,Vk < n. By the definition of the Indu-Bala product, all the vertices of
Py, are adjacent with n vertices of P, and the corresponding vertices of two copies of P, are
connected by an edge. Since £ < n, the degree of Py is always greater than or equal to the
degree of P,. The minimum independent dominating set of Py is D = (%W . The DS of P, VP,

is {oq =+ 1 ay=mn+ 22 8 =%+ 2", g=(k + 3)2(”*2>}andthe
cardinality of |a;| = 4 and |az| = 2(k — 2). It concludes that,

[%_‘ ; fork =0(mod 3)

@—‘ + [%—‘ s fork = 1,2(m0d3)7Vk<n'

Observation 2.1. Let P, ¥, be the Indu-Bala product of path P and the cycle C,,. Then,
[%—‘ ; fork =0(mod 3)

is (PYCp) = {%-‘ N {%-‘ fork=1.2(mod3)’ VEk <n.

Theorem 2.2. The independent strong domination number of the Indu-Bala product of the cycle
["{;—ﬂ  fork = 0,2(mod 3)

(', and the path P, is given by is (C, VP,) =
* P given by is (Ch ¥ Fx) (1907 415 fork = 1(mod 3)

V4 <k<n.
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Figure 3: Coloured vertices constitute the [.5D set of P,V P,

Proof: Consider the Indu-Bala product of two paths Ci, VP,,. Let (r1,72,73, ..., 7%), (1], 75, 755 ooy s )
be the vertices of two copies of Cj and (Y1, Y2, Y3, - .-, Yn)> (Y], Y5, Y5, - - -, Y, ) be the vertices of
two copies of P,,,V k < n, respectively. By the definition of Indu-Bala product, all the vertices
of (', are adjacent with n vertices of P,, and the corresponding vertices of two copies of P, are
connected by an edge. Given k < n, the degree of CY is always greater than or equal to the degree
of P,. The minimum independent dominating set of Cy, has [%] elements. The DS of Cy, ¥ P, is

{ ar = (n + 2)2k, b= (k + 2)2'2, B2 = (k + 3)2("_2)} and || = 2k. It follows that

_ {@—‘ ; fork =0,2(mod 3)

15(Cr Y P, )
(G ) {QT‘—‘ +1; fork = 1(mod 3)

ford < k <n.

Observation 2.2. Let the Indu-Bala product of the two cycles C and C,, be C, ¥C,,. Then for
4 < k < n, we have

P(XTI‘—‘ ; fork =0,2(mod 3)
|

is(Cr¥Cy) = .
(G ) {%‘li‘ +1; fork = 1(mod 3)

Theorem 2.3. The independent strong domination number of the Indu-Bala product of P, VS ,,
is given by is (P, VS1 ) =1+ {g] ford < k <n.

Proof: Consider the Indu-Bala product of P, VS ,,. Let (r1,r2,73,...,7%), (7}, 75,75, ..., 7}) be
the vertices of two copies of Py, and (yo, y1, Y2, Y3, - - - Un)> (Y0 Y1 Y3, Y5 - - - » Uy, ) be the vertices
of two copies of S; ,,, Vk < n. By the definition of Indu-Bala product, all the vertices of P}, are
adjacent with all n + 1 vertices of S ,, and the corresponding vertices of two copies of S} ,, are
connected by an edge. The DS of P, VS|, is

{or =422 ar = (0 +37"7, 8 = (k+ 2, B = (k+n+1)’ ]

The maximum degree of P, VS|, is 82 where |82| = 2 dominates all the vertices of the graph
P, VS . If the two vertices of degree f, in the dominating set D are considered, then the set
D is not an independent set. So one vertex of deg (3,) € D is included which will dominate all
the vertices of P V S} ;,, and the minimum independent dominating set of P, has [%] elements.
Therefore the independent strong domination number of P, V.5 ,, is 1 + [ﬂ ford <k <n.
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Figure 5: Coloured vertices constitute the ISD set of C'y and 5 4

Observation 2.3. The independent strong domination number of Cy,V¥S) 4, is is (Cr¥S),,) =
1+ [5] ford <k <n.

Theorem 2.4. Let S , VG be the Indu-Bala product of star S; ,, and a connected graph G. Then
is (S1,YG) =2,V4<n<k.

Proof: Consider the Indu-Bala product of S, ¥ Ps. Let (yo, y1,y2, - Un)s (Y0, Y1 Yhs - Yn)
be the vertices of two copies of Si , and (r1,72,73,...,7%), (], 75, 7%, ..., 7)) be the vertices of
two copies of P, for n < k. By the definition of Indu-Bala product, all the vertices of S; ,, are
adjacent with k vertices of Pj and the corresponding vertices of two copies of P are connected
by an edge. The DS of S; ,, ¥ P is given as follows:

{or= k417", a2 = (n+ k)%, B = (n+37%, g = (n+ 472

The maximum degree of S} ,, ¥ P, is ap, where |a,| = 2 dominates all the vertices of the graph
S1.2,¥P,. The vertices whose degree is o, are non-adjacent in S; , ¥P;. So the vertices of
deg (o) are to be included in D and they dominate all the vertices of S} ,, ¥ P, which implies
that the set D is an minimum independent strong dominating set. Therefore i, (S;,VP;) = 2
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Figure 6: Coloured vertices constitute the ISD set of Ky and P

for 4 < n < k. It follows that the independent strong domination number of Sy ,, ¥G is 2 for
4<n<k.

Theorem 2.5. The independent strong domination number of the Indu-Bala product of K, ¥G
is given by
is (K, ¥VG) =2,V4 <n < k.

Proof: Consider the Indu-Bala product of K, ¥P;. Let (y1,y2,43,--.,Un)s (Y1 Y5 Y5 -5 U0)
be the vertices of two copies of K,, and (r,72,73,...,7%), (7}, 75,75 ..., 7},) be the vertices of
two copies of Py, Vn < k. By the definition of Indu-Bala product, all the vertices of K, are
adjacent with k vertices of Pj and the corresponding vertices of two copies of P are connected
by an edge. The DS of K,V Py, is {a1=(n +k— 1)2<n), B =(n+ 2)2(2>, Br=(n+ 3)2<k72)}.
The maximum degree of K,, ¥ Py is v, where two vertices of degree « are needed to dominate
all the vertices of the graph K, ¥P. That is, one vertex of degree «; from each copies of
join K,, V P dominate all the vertices of the graph K, ¥ P;. It concludes that two vertices of
deg (1) € D will dominate all the vertices of K, ¥ P, and the set D is an minimum independent
strong dominating set. Hence, it follows that is (K, ¥ P;) =2 for4 < n < k.

Observation 2.4. The independent strong domination number of the Indu-Bala product of GV K,
is2,V4<n<k.

Theorem 2.6. Let W, ,, ¥G be the Indu-Bala product of the wheel W ,, and the connected graph
G. Then, is (W, ,¥G) =2,V5<n < k.

Proof: Consider the Indu-Bala product of W1 ,, ¥ Py. Let (y1,y2,3, -, Un)s (U], Y5 Y5, y0)
be the vertices of two copies of W ,, and (71,72, 73,...,r%), (r], 75,75 ..., 7},) be the vertices of
two copies of P;,Vn < k. By the definition of Indu-Bala product, all the vertices of W, ,, are
adjacent with k vertices of Pj and the corresponding vertices of two copies of P are connected
by an edge. The DS of W, ,, ¥ P is

{al:(k +n)%a = (k+3)%™ .8 = (n+3)*? B = (n +4)2<k_2)} .
The maximum degree of W1 ,, ¥ Py, is oy and Wy ,, ¥ Py, will dominate all the vertices of the graph

Wi » Y Pg. That is, one vertex of degree «; from each copies of join W ,, V P, dominates all
the vertices of the graph W ,, ¥ P.. It concludes that two vertices of deg («;) € D will dominate
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all the vertices of W ,, ¥ P and the set D is a minimum independent strong dominating set. As
a result, the independent strong dominating set of W ,,¥ P is 2 for 5 < n < k. Similarly, the
independent strong domination number of W , ¥G is 2 for 5 < n < k.

Theorem 2.7. The independent strong domination number of the Indu-Bala product of P, VW ,,
is given by i, (C, VWi ,,) =1+ [£] for5 <k <n.

Proof: Consider the Indu-Bala product of P, VW, ,,. Let (r1,r2,73,...,7%), (7}, r5,75...,7)
be the vertices of two copies of Py and (Yo, Y1, Y2, Y3, - - - Yn)> (Y6 Y1, Y5 - - - » Y, ) be the vertices
of two copies of W ,,,V k < n. By the definition of Indu-Bala product, all the vertices of P}, are
adjacent with n 4 1 vertices of W ,, and the corresponding vertices of two copies of W ,, are
connected by an edge. The DS of P, ¥V ,, is given as follows:

{ ar=m+2)%*% ar=m+3)" 2 B =(k+2)", B =(k +n+1)2}.

The maximum degree of P, VW, ,, is 8>, where |3,| = 2 dominates all the vertices of the graph
P, YW, ,,. If the two vertices of degree 3, in the dominating set D are considered, then the set
D is not an independent set. So, one vertex of degree /3, is included in D and it dominates all the
vertices of P, vV W) ,,; the minimum independent dominating set of Py, is [%W . It follows that the
independent strong domination number of P, ¥W ,, is 1 + [4] for5 < k < n.

Observe that the independent strong domination number of C, YW, ,, i8 is (C, VW ,,) =
1+ [%¥]for5<k<n.

3 CONCLUSION

In this work, the degree sequence of the Indu-Bala product G| ¥G; of two connected graphs is
given. The independent strong domination number of the Indu-Bala product of some pairs of
families of graphs are determined in terms of degree sequence.
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