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Abstract This paper deals with some properties of the infinitesimal form of the Kobayashi pseudo-distance. This form is
shown to be a continuous function in the parameters of a differentiable deformation of each Riemann surface.
It is also shown in this paper that, each non elliptic Riemann surface has a non-trivial differentiable deformation.

NOTATIONS
Let a be a complex number and r, R, s strictly positive real numbers with r < s. Set :
Agr(a) ={z€C:|z—a| < R}.
Ar = Agr(0).
A = A; : the open unit disc of C.
A={z¢cC:|z| <1}: the closed unit disc of C.
S!' ={2€C:|z| =1} : the unit circle of C.
A(r,s) ={z € C:r <|z| < s} : the open annulus of C with centre 0, radius r and s.
Fort € A, M, = (M, J;) where M is a complex manifold and J; a complex structure on M.

1 Introduction

Let M be a complex manifold and B a differentiable manifold.

Let {J; : t € B} be a differentiable family of complex structures on the underlying differentiable manifold of M and for each
complex structure .J;, let M; the corresponding complex manifold. Let F;, be the Kobayashi-Royden pseudo-metric on T'M;.
MARCUS WRIGHT has shown in [8] that Fy, is upper semi-continuons in ¢. It is also mentioned in this article that the lower
semi-continuity of Fy, in ¢ still remained an open question, even if M is compact. However, when M is a compact hyperbolic
complex manifold, with a result of ROBERT BRODY in [9] and MARCUS WRIGHT quoted above, F), is continuous in ¢, for
all ¢ in the parameters space.

In this document, we show that, if M is a Riemann surface with certain conditions on the family of complex structures, Fy, is
lower semi-continuous in ¢ and thus continuous in ¢t when we take the MARCUS WRIGHT result. /
With this result we also show in this document that, each non elliptic Riemann surface has a non-trivial differentiable deformation.

The following theorems are proved :

Theorem A

Let (M, J) be a Riemann surface. Let Q be a nonempty connected relatively compact open subset of M. Assume that there is a
differentiable family of complex structures J; (te K) on M such that Jy = J and all the complex structures J; agree outside Q).
Then the map F : TM x A — R given by the Kobayashi-Royden pseudo-metric on T M with respect to the family of complex
structures J; (t € A) is continuous on TM x A.

Theorem B

Let (M, J) be a Riemann surface which is not biholomorphic to Py.

Then there exists a differentiable family of complex structures J; on M parametrized by t € A such that Jo = J and (M, J,) is
not biholomorphic to (M, J).

2 DEFORMATIONS OF COMPLEX STRUCTURES.

This section is founded on the fundamental and fruitful idea of Kunihiko Kodaira and D.C. Spencer which is the basis of their
theory of deformation of complex structures. The following definition is accorded to them :

Definition 2.1. (Deformations of a complex structure).
A deformation of the complex structure on a complex manifold M is another complex structure on the underlying differentiable
manifold of M obtained by using the same local complex coordinate charts on M but with different transition functions.
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Remark 2.2. Let M be a complex manifold. When we put a new complex structure on the underlying differentiable manifold of
M, the complex manifold obtained is a deformation of the complex manifold M.

Presentation (of deformations of a complex manifold).

A complex manifold M of dimension n is obtained by glueing domains

Vi,Va,...,Vj, ... of C" and by identifying z; € V; with 2z, = ¢;i(2;) € Vj via the transition functions {¢;;} given by an atlas
{(Uj,27) : j € N*} of M such that 2/ (U;) = V; and ¢, = z* o (7). Hence M = U,U; is identified with U;V; (a countable
and locally finite cover because M is paracompact).

These transition functions ¢, : z; — ;k(2;) = 2 = (2}, ..., 2) are biholomorphic maps of Vj; = 27(U; N Uy) C V; onto
ij = Zk(UJ n Uk) Cc V.

A deformation of M 1is considered to be a complex manifold obtained by glueing the same domains which cover M via
different transition functions.
In other words, we replace the transition functions ¢, by the transition functions (¢;x): such that

(pir)e(z5) = pin(25,t) = wiu(2i t1, o tm),

of variables (z;,t) where the parameter ¢t = (1,...,t,,) € B (the parameters space B is a connected differentiable or complex
manifold of dimension m) with the initial conditions ¢,,(z;,0) = ¢,k (z;).

Then the deformations M; of M = M) are obtained by glueing the same domains V1, ..., Vj}, ... which cover M and by identifying
z; € V; with z, = ¢,i(2j,t) € Vi, where in clear ¢, (z;,t) = (24,t') and t’ € B is identified with ¢ in B.

Definition 2.3. Let M/ be a complex manifold and V¢ € B, M, the deformations of M.
Let J; be the complex structure of the complex manifold M; for ¢t € B.
Consider the notations of the previous presentation.

o A deformation of the complex structure of M is said to be continuous or there exists a continuous family of complex structures {.J

on the underlying differentiable manifold of M, when the transition functions (), are continuous maps with respect to the pa-
rameter ¢.

o A deformation of the complex structure of M is said to be differentiable or there exists a differentiable family of complex structur
on the underlying differentiable manifold of M, when the transition functions (¢, ), are differentiable maps with respect to the
parameter ¢.

o A deformation of the complex structure of M is said to be holomorphic or there exists a holomorphic family of complex structure:
on the underlying differentiable manifold of M/, when the transition functions (), are holomorphic maps with respect to the
parameter ¢.

Remark 2.4. With the definition of the transition functions given in the previous presentation, if the chart maps are homeomor-
phic (resp. diffeomorphic or biholomorphic) with respect to the parameter ¢, then the transition functions are continuous (resp.
differentiable or holomorphic) maps with respect to the parameter ¢.

If the complex structure of the complex manifold M is given by an atlas with only one chart, then it is enough for the chart
map to be continuous (resp. differentiable or holomorphic) with respect to the parameter ¢ to have in order each of the above
deformations listed.

Notation and terminology.

e In all cases of above deformation of the complex structure of M, the deformations are noted M; = (M, J;) and M = M, =
(M, Jo).

e When the deformation of the complex structure of M is continuous (resp.

differentiable or holomorphic), the deformations M; are called continuous (resp. differentiable or holomorphic) deformations of
M.

Definition 2.5. (Trivial deformation of complex structures).
Let M be a complex manifold. A deformation of the complex structure of M is said to be frivial when all the deformations M;
are biholomorphic to M = M.

We recall these two following theorems to make a remark on theorem B.

Theorem 2.6. (Uniformization theorem).

The set of Riemann surfaces can be divided in three subsets : the elliptic Riemann surfaces, the parabolic Riemann surfaces and
the hyperbolic Riemann surfaces.

o The elliptic Riemann surfaces : These are the Riemann surfaces M isomorphic (i.e. biholomorphic) to the Riemann sphere P;.



KOBAYASHI PSEUDO-METRIC AND DEFORMATIONS 91

They are characterized by the fact that there is a non-constant holomorphic map Py — M.

e The parabolic Riemann surfaces : These are the Riemann surfaces M isomorphic to C or to C* or to an elliptic curve C/A (A
is a lattice of C). They are characterized by the fact that they are not elliptic and that there is a non-constant holomorphic map
C— M.

o The hyperbolic Riemann surfaces : These are the Riemann surfaces M isomorphic to a quotient H/T" where T is a discrete
subgroup of PSL(2,R) which acts on H in a properly discontinuous manner without fixed point. They are characterized by the
fact that there is no non-constant holomorphic map C — M.

Proof. See [4], chapter 1. O

Theorem 2.7. (Calabi-Vesentini).

Let M be a locally symmetric compact hermitian manifold of dimension n > 2 obtained as a quotient M = B™ /T" of the unit ball
B"™ of C™ by a discrete subgroup T of the group PU(1,n) of biholomorphic isometries of the ball B™ with the Bergmann metric,
which is properly discontinuous and fixed point free on B™.

Then the first cohomology group of M with values in the holomorphic tangent bundle T M is nil. What is written

H'(M,TM) = 0.

This implies that there is no deformation of the complex structure of M.
Proof. See [3]. O

Remark 2.8. (Remark on theorem B).

In theorem B, the elliptic Riemann surfaces are excluded because, according to the uniformization theorem, the elliptic Riemann
surfaces are biholomorphic to the Riemann sphere ;. Due to KODAIRA in [7], page 216, H'(P,,TP,) = 0,¥n € N*. This
implies that there is no deformation of the complex structure of P,,, Vn € N* (Theorem 2.7).

3 SPECIAL CASES OF THEOREM B.

(i) When (M, J) is a parabolic Riemann surface, the result is given in [6].

(i1) Let’s show that for M = A and J the canonical complex structure of A,
theorem B is fulfilled.
Lett € A, setVz € A

0u(2) = T (1= 4P + Pran(Z1 )

By definition, ¢(z) is a differentiable map with respect to t.

e Fort = 0, ¢y = ida. Thus ¢y is a diffeomorphism of A onto itself .
e For t # 0, let’s show that ¢; is a diffeomorphism of A onto C.

- Let’s show that ¢; is surjective.

It is clear that ¢, is continuous on A. So |¢;| is continuous on A.

We also have |¢;(0)| = 0 and |h\I—I>11 |pe(2)| = +o0.

Since |¢;| is continuous, then Vz € A, |¢;(z)| takes all values in [0, +oco[ and ¢ (2) takes all possibles arguments. Thus I'mg¢; = C.
Hence ¢, is surjective.

- Let’s show that ¢; is injective.

Let 21, 20 € A such that ¢;(21) = ¢¢(22), that is

21

™ V)
() g ipt - lal + Pran(Glal) =

A2 2 2 T2

(a) If |z1| = |22], then

1 m 1 T
— (1= 2 t Zt o 2 - 11— 2 t2t m 2
1_|Zl|2( 211" + [t tan (5 [21%) 1—\22\2( |22l + [tPtan(5|22)
and the equality (x) gives z; = 2.
(b) If |21] # |2z2| with O < |21| < |22], then the equality (x) gives :
|21 2 2, T |22 ) h, T
— (1 - t|tan( = =1 (1= tPtan( =
1 _ |Zl|2( |Zl| +| | an(2|zl| )) 1 _ ‘22‘2( |22| + | ‘ an(2|22| ))

[21](1 = |2)(1 = |21+ [tPtan(5 =) _
[22|(1 = |21[7) (1 = |22]* + [t[*tan(F]22[*))
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(1 = [2P)(1 = |1+ [tPtan(F 2 P) _ Pl _
(= 2P = [P + [Ptan(522P) ~ [zl

Hence - x
(1= ]2l (1 = |z1)* + Itlztan(§|21|2)) > (1= 211 = |z + ItlztGN(§IZz|2))-

(1= J2aP)(1 = Ja) + (1= ) (tPtan( 1) > (1= )1 = [P+ (1 = ) (ePtan(5 ).
(1= [2)(tPtan(F |2 %) > (1= =) (tPtan(5 | P).

That is absurd because |z;| < |z;| and
(1= [z ([t tan(5|z1]%)) < (1 = |z1|*)(Jt]*tan(F]22]*)). So |z1| = |22|. This gives z; = 2. And then ¢, (t € A") is injective.
Therefore ¢, (t € Z*) is a bijective map of A onto C.

- Let’s show that ¢, (t € K*) is of class C'! and its derivative is invertible at each point.

Recall : (Inverse function theorem).
Let Q be an open set of R™ and f : Q — R™ a injective map of class C'.
If M;(f)(a) the Jacobian matrix of f in a is invertible for each a € Q then &/ = f(Q) is an open subset of R™ and f is a
C'-diffeomorphism of Q onto U.

Identify A with B?> = {(z,y) € R? : ||(z,y)|| < 1} and also C with R2.
Then ¢t : 32 — RZ such that V(m,y) € B2’ d)t(xvy) = (¢%($7y),¢%($,y) with

0w w) = Ty (- @ + ) +liPten(5 2 + 7))
Gwy) = a1 @+ ) +Pran(S (2 + )

Hence ¢, is a differentiable map. Then the partial derivatives of each component of ¢, exist.
Let (z,y) € B2, set

9} 9}
(z,y) (z,y)
15] 0 A B
Moo = | oo, e —<C D)
t t

%(x,y) Ay (CC,y)

the Jacobian matrix of ¢, in (z, y).
Setr = 22 + yz, we have :

A=Gi(a,y) =

[(1—7+ |t\2tan%r) +22(=2 + 7t)*(1 + tanzgr))][l —r]+222(1 -7+ |t|2tcmgr)

(1—r)2
L—r+|tPtanr  2*(=2+nlt|*(1 +tan®3r))  22%(1 —r + [t[*tanZr)
A= + +
1—r 1—r (1-r)2
¢} zy(=2 + wlt|*(1 + tan?5r))(1 — r) + 2zy(1 — r + |t[*tanFr)
B = 7($,y) =
dy (1-r)2
B wy(=2 + 7t (1 + tan?3r))  2xy(1 —r + [t[*tangr)
-7 (1—r)?
0¢? ay(=2+ 7t (1 + tan?37r)) (1 — r) + 2zy(1 — r + [t[*tanSr)
C= 7(1'73/) =
Ox (1—r)?
zy(=2+ 7t (1 + tan?3r))  2xy(1 —r+ |t|*tanr)
C= +
1—r (I —r)?

62
D= %t(z,y) =

[(1—7+ |t|2tan§r) + (=2 + 721 + tanzgr))][l —r]+ 2y (1 -7+ |t|2tan§r)
(1-r)2

1 —r+t]ftangr N YA (=2 + m|t]* (1 + tan®3r)) n 2y%(1 —r + |t|*tanFr)

D
1—r 1—r (1-7r)2
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Since V(x,y) € B%, r = 22 +5? < 1, then each partial derivative of ¢; is continuous. Therefore ¢; is of class C' on B? (and thus
on A).
We have
detM j(¢¢)(z,y) = Ax D — B x C.
Let’s show that det M ;(¢)(z,y) # 0. We simply write M j(é¢)(z,y) = M j(¢y).
detM(d:) = ﬁ(l —r+|[tPtangr)? + o (I —r+[tPPtanSr) (=2 +x|t|*(1 4 tan?*57)) 422y (1 —7r+|t)*tangr)* +

Y =y =)
%(72 + mlt?(1 + tan®Zr))>+

2x2y? + 2227
(I—r)

— (irj?{z)z (=2 + 7|t (1 + tcmz%r))2 — %(1 —r+ |t|2tan%r)(—2 +7|t]2(1 + t(ngr)) —%(1 —r+ |t|2tan%r)2

il
2r

™
=T

(1 — 7+ |tPtansr) (=2 + 7|t* (1 + tanzzr)) + 4oty (1 — 7+ |t tanr)?
( 2

2 1—r)*

detM j(¢y) = ﬁ(l — 7+ [t)tangr)? + ﬁ(l — 7+ [t tangr) (=2 + #[t|*(1 + tan®5r)) —|—<137TT)3(1 — 7+ [t]*tangr)?.

Assume that det M j(¢;) = 0, then

(1 _r)z(l T+ |t] tanZT’) + (i —r)2<1 r+ |t tanzr)(ﬂ'\ﬂ (1 +tan 2r))
2r ) T .o 2 , -
+(1_T)3(1—r+|t\ tanir) = (1_T)2(1—r+|t| tanir)
Set
K = (1 —7")2(1 —r—+ |t| t(ZTLET) + m(l —r 4+ |t| taTLET)(’]ﬂt‘ (1 + tan Er))
then K > 0. Hence
2r 2 5, T s, T o o L,
K+ (= r)3((1 — )" +2(1 =)t tanET—i— (|¢] tangr) )= m(l — 7+t tanEr)
2r 4r s 2r T 20 0 -
K+ —— + = [t[*tan Htantm? = 2 0 AT 2eant
ti ot a —r)2| | anz7 + ( —7")3(‘ | anzr) Tt i —r)2| | anZr
Thus
N
(1—7)? 20 T a=r)p =0

That is absurd because K > 0. Hence detM ;(¢;)(z,y) # 0, ¥Y(z,y) € B>

So the derivative of ¢ at each point (z,y) € B? is invertible.

Therefore ¢, (t € K*) is a diffeomorphism of class C' of A onto C. (According to the inverse function theorem).

Then :

For ¢ = 0. Let .J be the canonical complex structure of A =2 B2, Set Jy = J.

Then (A, Jy) is biholomorphic to (A, J) with the atlas {(A, ¢o = Ida)}.

For t # 0. Let .J’ be the canonical complex structure of C = R?.

Set J; = (¢; )T o0 o(¢y)T. Then ¢, : (A, J;) — (C,.J’) is a biholomorphism map with the atlas of M = A given by {(A, ¢;)}.

Hence, since ¢ is differentiable in ¢, then there exists a differentiable family of complex structures .J; on A parametrized by t € A
such that Jy = J (J is the canonical complex structure of A).

However (A, Jp) is not biholomorphic to (A, J;). If so, since (A, J;) is biholomorphic to (C, .J’), then (A, Jy) would be biholo-
morphic to (C, J’). According to Liouville’s theorem this is impossible.

Then in this case, the Riemann surface C is a differentiable deformation of the hyperbolic Riemann surface A. Thus theorem B is
fulfilled for (M, J) = A.

NB : In [6] (section 3), a map ¢; allows to have similarly to (ii) that the Riemann surface A is a differentiable deformation of
the Riemann surface C. It is also shown in this article that A* = A\ {0} is a differentiable deformation of the Riemann surface
C*=C\{0}.

(iii) When the map ¢, is restricted to A* or to A\ {0; 1}, we obtain the same results as in (ii) and thus theorem B is fulfilled for
(M, J) = A* = A\ {0} and also for (M, J) = A\ {0; 5 }.

When the map ¢} in [6] (section 3, point (i)) is restricted to A\ {0; 4} then theorem B is fulfilled for (M, J) =Py \ {0; 1; +o00} =
C\ {0;1}.
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Hence the Riemann surface C* = C \ {0} is a differentiable deformation of the hyperbolic Riemann surface A*.
Moreover the hyperbolic Riemann surface Py \ {0; 1; 400} = C\ {0; 1} is a differentiable deformation of the hyperbolic Riemann
surface A\ {0; 1} and vice versa.

Finally, the following proposition has been proved :

Proposition 3.1. Let (M, J) be a Riemann surface biholomorphic to A, A*, A\ {0, 3} or to

]P] \ {0, 1, OO}

Then there exists a differentiable family of complex structures J; on M parametrized by t € A such that Jo = J and (M, .J,) is
not biholomorphic to (M, J).

According to section 3, we still have to see the hyperbolic Riemann surfaces in their generality so that theorem B is fulfilled for
all Riemann surfaces except P;. For the remaining Riemann surfaces, we will use other concepts to achieve this. Hence the
following orientation :

4 HYPERBOLIC LENGTH

On the unit disc, the Poincaré metric is considered to be the complete Riemannian metric defined by
dzdz
(1—1z?)?

The Poincaré distance p is the distance on A defined by the Poincaré metric.

ds? =

Definition 4.1. (Kobayashi pseudo-distance).

Let M be a connected complex manifold. The Kobayashi pseudo-distance on M is the map defined as follows : Let p,q € M,
choose a finite sequence of points p = py, ..., p, = ¢ in M and the holomorphic maps f; : A — M with p;,_1,p; € fi(A),i
1,...,n. Then

d b) 11— K3
(p.q) = {}{ftgp (piz1), £, (p3))-

The map dj, is a pseudo-distance on M. If d;, is a distance, M is said to be a hyperbolic manifold. In particular the hyperbolic
Riemann surfaces defined in uniformization theorem 2.6 are hyperbolic manifolds.

Proposition 4.2. [10]
(1) If M and N are connected complex manifolds, then

Vf € Hol(M,N) andVp,q € M, dn(f(p), f(q)) < dr(p,q).

(2) For the unit disc A, the pseudo-distance dp coincides with p (i.e. dx = p).

Definition 4.3. (Kobayashi-Royden Pseudo-metric).

Let M be a connected complex manifold.

The (infinitesimal) Kobayashi-Royden pseudo-metric is the real positive values function Fy; : TM — R defined by V(z,v) =
veTlTM

_ . Ty —
(Fa)(v) = feHlofll(fA’M){HUH tu€TAet f7(u) = v}

where [[u]| = [[ull4s-

Remark 4.4. - The map F; restricted to each fiber T),M is continuous.
- When Q C M is open and v = (x,v) € TM with z € Q, then we have :

— : . T _
(Fu)(®)= | _jinf {ul:u e TAet f7(u) =},

Definition 4.5. (Hyperbolic length).
Let M be a hyperbolic Riemann surface and S! = {z € C: |z| = 1}. Let v : S — M be a differentiable curve in M.
The hyperbolic length of ~ is the real positive number

Lu(y) = /0 (Far) (Y (t))dt.
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Proposition 4.6. The hyperbolic length of v above defined is stable by biholomorphism i.e. when G : M — M’ is a biholomor-
phic map then Ly (v) = Ly (G(7)).

Proof. Let G : M — M’ be a biholomorphic map. Then GT : TM — TM' is a diffeomorphism and (G—1)T = (GT)~1.
Hence Vo' € TM’,3! v € TM such that G (v) = v'.

(Fu)0) = | inf (s € TAet 7 () = v')
(Fu)() = | inf | (lul s € TA et f7 () = G (1),
(Fu)@) = _inf  (lull :w € TAet (GT)7" o f7(w) =}
(Fu)@) =, nf (e TAet (G o f)T(u) = v}

Thus (Fyp)(v') > gEHiorll(fA,M){HuH :u € TA et " (u) = v}. Therefore

(Fa)(v") = (Far)(v).
Similarly (Far)(v) > (Farr)(v'). Hence (Fpy)(v) = (Fppr)(v').

a

Definition 4.7. (Simple curve).
Let M be a complex manifold.
A simple curve on M is an injective and immersive differentiable map v : S' — M.

Definition 4.8. (Hyperbolic length spectrum).

Let M be a hyperbolic Riemann surface and I'y; the set of homotopy classes of simple curves in M. For every classe [y] € Ty,
we call stable hyperbolic length of +y classe, the real number denoted by A([y]) which is the infimum of the hyperbolic length of
all simple curves in the homotopy classe of ~.

We call Hyperbolic length spectrum of M the set £, of the stable hyperbolic lengths A([7]) for every classe [y] € T'p;.

When M is a complete hyperbolic manifold, then the Hyperbolic length spectrum X, = {A([7]) : [y] € ['as} is countable.

NB : According to proposition 4.6, X, is an invariant of the complex structure on M (i.e. if (M, J) is biholomorphic to (M, J'),
then Z(M,J) - Z(M,J’))‘

Proposition 4.9. Let M be a hyperbolic Riemann surface. Assume that every simple curve in M can be deformed to a curve of
arbitrarily small hyperbolic length (i.e. the spectrum X is trivial (Xp; = {0})).

Then M is biholomorphic to one of the following Riemann surface :

(i) the unit disc A ;

( ii ) the punctured unit disc A* ;

(iii )Py \ {0, 1, 00}

Proof. See [5], page 8. O

Lemma 4.10. Let v, € R such that Logr > « > 2n. Then there is a holomorphic map from the unit disc A to the annulus
A(L,r) ={2 € C: 1 < |z| <r} mapping the real interval [0, %] onto S' = {z € C : 2| = 1}.

Proof. Take the map z — exp(icz) and note that |z| < I induces |Im(z)| < 1. Since Logr > a, then 1 < |exp(iaz)| < r.O

Corollary 4.11. For r > 1, let pu(r) denote the hyperbolic length of S' as a curve in the Riemann surface A(:,r). Then
lim u(r) =0.

r—+00

Proof. According to lemma 4.10 p(r) is bounded from above by the hyperbolic length of [0, %’r], for Logr > a > 27. When

a — o0 our assertion is fulfilled. O

Lemma 4.12. Let v be a simple curve in the hyperbolic Riemann surface (M, .J). Let ¢ > 0 and c € A with |c| = 1. Then there
exists a differentiable family of complex structures J; (t € A) such that :

(1) The hyperbolic length of v with respect to the complex structure J. is less than € ;

(2) Jo equals the given complex structure J ;

(3) There is a nonempty connected relatively compact subset Q of M such that (J;), = (Js). for all x ¢ Q and for all s,t € A,
i.e. all the complex structures J; agree outside Q.
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Proof. We choose real constants r and 7/ such that » > ' > 1. Then there is an open neighbourhood V' of ~ diffeomorphic to
the annulus A(2, ) taking 7 to the unit circle S! = {z € C : |2| = 1}. Let 1) be this diffeomorphism. Since A(%,7") C A(L,r),
define W = ¢~1(A(Z,r")). Choose a differentable real function 6 : M — [0, 1] such that :

MO =1,

(2) 0 is the constant map zero in some open neighbourhood of M \ V.

Next we choose a hermitian metric h on M and a hermitian metric 7 on A(L, 7). We define H; = (1 — [t[?0)h + [t|*0¢*T (where
(*7)(x) = 7(¢(x)), Vo € V). H, is a Riemannian metric on M which determines a complex structure .J; on M with .J; being
the original complex structure on M. By construction (W, J..) is biholomorphic to A(%, r’). Since the choice of the constants
r > r’ > 1 was arbitrary, the value of ' may be as large as desired. Then the hyperbolic length of v with respect to (W, J..)
becomes as small as desired (Corollary 4.11). Since the injection of (W, .J.) into (M, J.) is distance-decreasing, because it is a
holomorphic map (Proposition 4.2), then we obtain our required assertion if we set Q = V. O

S CONTINUITY OF KOBAYASHI-ROYDEN PSEUDO-METRIC.

Definition 5.1. (Equicontinuity).

Let X be a topological space and Y a metric space with distance function d.

Let C(X,Y) be the set of continuous functions of X into Y with the compact-open topology. Let F C C(X,Y) and z € X.
The family F is said to be equicontinuous at z if for every ¢ > 0, there exists a neighbourhood U of = such that d(f(z), f(z')) <e,
Vo' € Uand Vf € F.

Theorem 5.2. (Arzela-Ascoli theorem).

Let X be a locally compact, separable space (i.e. X contains a countable, dense subset) and Y a locally compact metric space.
Then a family F C C(X,Y) is relatively compact in C(X,Y) if and only if :

(a) F is equicontinuous at every point x € X ;

(b) for every x € X, the set {f(x) : f € F} is relatively compact in'Y'.

Proof. See [10], page 8. O

Remark on Arzela-Ascoli theorem.

If a family F C C(X,Y) is relatively compact in C(X,Y") with the compact-open topology, then, according to [10] (page 8),
every sequence of maps f,, € F contains a subsequence which converges to some map f € C(X,Y) uniformly on every compact
subset of X.

Theorem A

Let (M, J) be a Riemann surface. Let Q be a nonempty connected relatively compact open subset of M. Assume that there is a
differentiable family of complex structures J; (t € A) on M such that Jo = J and all the complex structures J; agree outside .
Then the map F : TM x A — R given by the Kobayashi-Royden pseudo-metric on T M with respect to the family of complex
structures Jy (t € A) is continuous on TM x A.

We note that V((x,v),t) = (v,t) € TM x A,

F(0.8) = Farsg(®) = P (0) = inf - {Jul s € TA et f7 () = ).

Remark on theorem A.

It is important that we deform the complex structure only inside some fixed nonempty relatively compact subset of M. Without
this assumption the statement is not true. For example, we have seen that there is a family of complex structures J; (¢t € A) on A
such that (M, .Jp) is biholomorphic to the unit disc while (M, J;) for every ¢ # 0 is biholomorphic to C. Evidently for this family
F is not continuous, since it vanishes for ¢ # 0 and is non-zero for ¢t = 0.

For theorem A’s proof, we shall use the two following lemmas :

In this section, for a complex manifold M, we assume the existence of a hermitian metric » on M and denote || || the norm
defined by the metric h.
For all map of class C°, f : A — M, we define || f'(z0)||n := HdZOf(a%m)Hh-

Lemma 5.3. Let M be a complex manifold of dimension 1 and Q C M a relatively compact open subset of M. Let h be a
hermitian metric on M.
If M is hyperbolic then Sup ;¢ g a0 |1/ (0) || < +o0.

Proof. Let M be a hyperbolic complex manifold of dimension 1.
Assume that sup ;¢ ;7,(a.0) £/ (0)]|p, = +oc.
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Then there exists a sequence (f,,)nen of maps in Hol(A, Q) such that || f/,(0)]|, is monotonic increasing and converges to +oc.
Since Q is relatively compact in M, then Hol(A, Q) is relatively compact in Hol(A, M) with the compact-open topology. Hence
one can assume that f,, — f € Hol(A, M). Therefore f,(0) — f(0) = 2 € M. Choose a chart ¢ : U — C™ where U is

an open neighbourhood of = with ¢(U) D B(0, s) and p(z) = 0. Let r < 1. According to Cauchy’s integral formula and to the
analycity of holomorphic function, we have

(oo 1) 0) = 5 [ 220D,

where C, = {w e C: jw|=r} ={re" € C: -7 <t < 7}.
Then, for ||.||cu. the Euclidian norm on C (i.e. Vz € C, ||2||cuc = |2|) and for n such that (p o f,,)(A,) C B(0,s), we obtain :

160 £2)/(O)leue < | 2m|/ e hltely,

1 1 77 )
160 £ (O)leue < - /C dul = 55 [ ldtre)

—T

I s [T l s ;
100 Fu) OVl < 555 [ Irietati = 5 [ jelas

1 s
H((p © fn)/(o)Heuc < — " dt =

—T

(7T+7T):;

S| ®»

1

2T
s

1690 12 @ lewe < 2

Hence [|(¢ © f1)(0)[lcuc < 2 for every n such that ¢ o f,,(A,) C B(0, s). This implies [ ¢'(z) f;,(0)
of p~1(B(0, s) there exists A > 0 such that || £/ (0)]|, < 22

When || £/ (0)||, — oo, then r = r(n) — 0. Thus Vm € N*, there exists n sufficiently large such that ¢ o f,,(A. ) is not con-
tained in B(0, s) and wo f,,(A1 )NIB(0, s) # 0. Therefore there is a sequence (z,,) where z,,, € fn(A 1 ) and p(z,,) € IB(0, 5).
That induces das(f,.(0), 71) < p(0, ) — 0 when m — +00 (¢ € A1 ). Since dyy is continuous and ¢~ (9B(0, s) is compact,
then z,,, — y € o1 (0B(0, s).

Hence dps(z,y) = 0. So M is not hyperbolic (absurd).

Therefore sup ;¢ groia0) I1f/(0)[[n < +o00. O

eue < 2 and by compacity

Lemma 5.4. (Parametrization of Brody).
Let M be a complex manifold with Hermitian metric h. Let f € Hol(A,, M), (r € R%) with || f(0)||, > ¢ > 0.

Then there exists } € Hol(A,, M) such that
|2

sup |7 () (4

ZEA,.

) =17 Ol =

Proof. See [9], page 3. O

Remark 5.5. Let M be a complex manifold with Hermitian metric h and ¢ € R%.
Let Q! and ©? be two nonempty relatively compact subsets of M such that Q! ¢ Q2.
~ ~!
Due to lemma 5.4, for every map f € Hol(A, Q') with || f/(0)||, > ¢, there exists f € Hol(A, Q') such that sup || f (2)]|n < +o0,

zZEA
becausle

~ ~!
sup [|f (2)[[n(1 = [2[*) = |If 0)[n = ¢ < +ocand Vz € A, 0 < (1 —[2]*) <1
zZEA

Hence every family F of maps of class C°° of A into Q' which fulfills lemma 5.4’s conditions, for fixed number c, is relatively
compact in the compact-open topology of C'(A, Q?). (According to Arzela-Ascoli theorem).

Indeed : .

- The family F is equicontinuous because for every compact subset K C A, there is a uniform bound on || f (2)||, for all f € F
andall z € K ;

-Forall z € A, the set {f(z) : f € F} is relatively compact in Q?, because {f(z) : f € F} C Q! and Q! is relatively compact
in Q2.

Then all sequence of maps in F contains a subsequence which converges in C'(A, Q?) uniformly on every compact subset of A
for the compact-open topology of C'(A, Q?).
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Proof of Theorem A.

We will need the result only for the case where M is hyperbolic. However, the statement holds if M is not hyperbolic. Indeed M
is not hyperbolic if and only if one of the following conditions are fulfilled :

(1) M is compact and b; (M) < 2.

(2) There exists a complex analytic compactification M < M such that M is simply-connected and M \ M contains at most two
points.

In this formulation it is clear that the property of not being hyperbolic can not be changed by modifying the complex structure
only inside some fixed nonempty relatively compact subset of M. Then F{y;, ) vanish for all ¢ if F(;; ;) vanishes (due to uni-
formization theorem). In this case the Kobayashi-Royden pseudo-metric depends continuously on ¢, because it is constantly zero.

So, we will proove theorem A for (M, Jy) a hyperbolic Riemann surface.

Let Q!, Q2 be nonempty connected relatively compact open subsets of M such that Q@ ¢ Q' and Q! c Q2.

o Let (z,v) € TM withz ¢ Qand t € A.

Since all the complex structures are equal on M \ Q then V(z,v) € TM with x ¢ Q and V¢t € A, F(v,t) is continuous in (v, ),
because F'(v,t) = F{(yy,)(v) and the result is given by [10], proposition 3.5.38, page 98.

o Let (z,v) € TM withz € Q' and t € A.

Let

Djt)y=sup [If'(O)lln, Jj=12.
feHol(AQ])
According to lemma 5.3, D;(t) < +o00,Vt € Aand Vj = 1,2.
Let’s show that for (z,v) € TM with z € Q' and V¢ € A, F(v,t) = 5.
In this case F'(v,t) can be defined by

_ : . _ T _
Flod)= inf (ul :u e ToA, £(0) = et fialu) =v)

Letu € ToA, t € A, f € Hol(A,Q?) with fT(u) = v and ||.|| the Poincaré norm on A. We have :

Jull = Il (52 DI

and 5 5
finallul(G; ) = lullfina ;)

because f‘TT0 A = dof is linear. Then

0 0
Ido (Il Dl = lldof (5 Dl = o

Thus
1o} 0
— , = , with — = f .
Jullldo (7, = el with: fldo (7 )il = (0) > 0
So
vlln
lull = 7
1£(0)][n
Hence
F(o,t)=  inf tue oA, f(0) =z et [l A(u) = v} = ol .
(U7t> fEHgll(A,Q%){Hu” u € Lo ?f(o) xet f\TOA(u) U} sup ||fl(0)||h

FEHOI(A,Q2)

Therefore F(v,t) = gj(\;)

Then F(”U,t) =F (’U) X Fz(t) with F} (v) = HU”h and FQ(t) = #{t)
Thus F = (Fy o pry) x (F5 o pry) where pr;, i = 1,2 are the canonical projections.

The map F and the canonical projections are continuous.

Let’s show that D, is continuous.

According to Marcus Wright in [8], D, is upper semi-continuous.

Let’s show the lower semi-continuity of D;.

Let ¢ € R%. Assume given a sequence t; — to with D;(¢;) > ¢ > 0. This also give D(t;) > ¢ > 0.
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Hence by definition there is a sequence of maps f; € Hol(A, Q} ) with || f/(0)]|5, > c.
Applying lemma 5.4, we obtain a sequence of maps f; € Hol(A, Q}) such that f; fulfills

sup | f; (2)lln(1 = |2P2) = [If: (O)[|n = c.
zEA

Accordlng to remark 5.5, the sequence ( fl) contains a subsequence which uniformly converges on every compact set ; the limit

map fo € Hol(A, Q7)) with ||f0( )|l = c and thus D,(ty) > c.

Since ¢ was arbitrary, then D, is lower semi-continuous on A.
Thus D, is continuous. Furthermore D (¢) > 0, Vt € A. Therefore F; is continuous.

Finally F = (F} o pr) X (F» o pry) is continuous.
Which achieves the proof of theorem A. O

Proposition 5.6. Let (M, J) be a hyperbolic Riemann surface and J; (t € A) a differentiable family of complex structures on M
which agree outside a nonempty relatively compact open subset Q of M such that J = Jy. Let y be a simple curve in M and for
each t define \(t) as the infimum of the hyperbolic length (with respect to the complex structure J;) of simple curves homotopic
1o ~y.

Then the function t — A\(t) is continuous.

Proof. We have A : A — Rand V¢t € A, \(t) = Ein[f] L4 (&) where ¢ is a simple curve homotopic to y and L (&) = L, s,)(§) =
€l

fO MJf ( ))ds
According to theorem A, F' is continuous on 7'M x A. Then the map (s,t) € [0, 1] X A = (F(as,1,))e(s)(€'(s)), where € € [4], is

continuous. Thus the map ¢ € A — fol (F(ar,1,))e(s) (€ (s))ds is continuous on A.
So Vtg € A and Ve > 0,35 > 0 such that Vt € A;(t),

\/O (F(M,Jt)).f(s)(€/<s))d8_/o (Fina,,,))e(s) (€ (5))ds| < e.

Then
1 1 1
/ (F(M,7,))e(s)(€(5))ds — e < / (Fa,0,))e(s) (' (5))ds < / (F(,0,))e(s) (€ (5))ds + €.

0 0 0

Hence
1 1
| Fara)e €)as < [ (R, eco€ 9)as +¢
Lt(g) < Ltn(f) te

Therefore

inf L;(&) < inf Ly (€) +¢
g€l g€l

A(t) < Ato) + €,Vt € As(to).

Thus A is upper semi-continuous.
Similary we show that X is lower semi-continuous always using the continuity of F', but with the following inequality

Jo Foar ) e (€ (3))ds — € < [y (Fiarz))e(s) (€ (s))ds. O

6 PROOF OF THEOREM B.

Proof. Let M be a non elliptic Riemann surface. We distinguish the following cases :
(1) M is parabolic.

(2) M is hyperbolic, but the hyperbolic length spectrum is trivial.

(3) M is hyperbolic and the hyperbolic length spectrum is not trivial.

Let’s show that theorem B is fulfilled for case (1).
Since M is parabolic then the result is given in [6] and recalled in section 3 at (i).

Let’s show that theorem B is fulfilled for case (2).
For this case, according to proposition 4.9, M is biholomorphic to A or to A* or to P; \ {0, 1,00} and the result is given by
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proposition 3.1.

Let’s show that theorem B is fulfilled for case (3).

In this case M = (M, J) is hyperbolic and there exists a simple curve ~ and a constant a > 0 such that every simple curve homo-
topic to + has a hyperbolic length at least a with respect to the complex structure .J of M. Fix such a curve y and let A (0) = a
its stable hyperbolic length, i.e. the infimum of the hyperbolic length of all simple curves homotopic to ~.

Lemma 4.12 implies that there is a nonempty relatively compact open subset Q C M and a differentiable family of complex
structures J; (t € A) on M such that all these complex structures agree outside Q, .J = .Jy and such that the hyperbolic length
Lar,g.)(7) of v with respect to the complex structure J, fulfills the inequality L ;. )(v) < a (¢ € A,|c| = 1). For each

t € A we define \(t) as the infimum of the hyperbolic length (with respect to the complex structure .J;) of simple curves ho-
motopic to . Now the function ¢ — A(#) is continuous due to proposition 5.6 and furthermore non-constant by construction
(A(0) = a > A(e)).

With the definition of the hyperbolic lenght spectrum given in section 4, X, = X, ;,) is a countable subset of R* forevery t € A.

Since the function \ is continuous and non-constant, then there exists a parameter s € A such that \(s) ¢ Xo. Hence X, # X, and
therefore (M, J;) is not biholomorphic to (M, Jy).
In particular X, # Xy and (M, J.) is not biholomorphic to (M, Jy). O
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