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Abstract In this work, we define a new subclass of analytic functions and investigate its
geometric properties. The new class which is denoted by R q(ϑ, g) consists of analytic functions
defined by means of a q-differential operator and subordination. Indeed, some of the investigated
properties include: characterization, q-integral representation, coefficient estimate, q-differential
subordination and Fekete-Szegö estimates associated with the mth-root transform of functions
in R q(ϑ, g). Our results however, generalize many known and new ones.

1 Introduction

By the usual notation, let A denote the set of normalized analytic functions of the form

f(z) = z +
∞∑
k=2

akz
k, f(0) = f ′(0)− 1 = 0 (1.1)

such that z ∈ E := {z : z ∈ C and |z| < 1}. Let S be a subset of A , such that S consists of
functions that are both analytic and univalent in E . Also, a function f ∈ S is a member of the
class C of convex functions if it satisfies the condition <{z[f ′′(z)/f ′(z)] + 1} > 0, for z ∈ E .

In [9], the Hadamard product (or convolution) of two analytic functions:

f and F (z) = z +
∞∑
k=2

αkz
k (1.2)

usually symbolized as (f ? F )(z) is defined by

(f ? F )(z) = z +
∞∑
k=2

akαkz
k = (F ? f)(z) ∈ A. (1.3)

Recall that the class

W :=
{
b(z) =

∞∑
k=1

bkz
k : |b(z)| < 1, b(0) = 0, z ∈ E

}
(1.4)

where b(z) is analytic in E , is known as the class of Schwarz functions. So in view of (1.2),
f is subordinate to F , symbolically expressed as f ≺ F , if there is a Schwarz function b (not
necessarily univalent) defined in E such that

f(z) = F (b(z)) (z ∈ E). (1.5)
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If F is univalent in E , then

f(z) ≺ F (z) ⇐⇒ f(0) = F (0) and f(E) ⊂ F (E).

Jackson [11, 12] (see also [1, 3, 4, 14, 16, 17]) introduced the idea of q-calculus. For
q ∈ (0, 1), the q-derivative of h(z) is defined by

and

Dqh(z) =

{
h′(0) for z = 0 (if it exists)

h(z)−h(qz)
(1−q)z for z 6= 0

D2
qh(z) = Dq(Dqh(z))

 (1.6)

so that using (1.6) in (1.1) gives

Dqf(z) = 1 +
∞∑
k=2

[k]qakz
k−1 and D2

qf(z) =
∞∑
k=2

[k]q[k − 1]qakzk−2 (1.7)

where [k]q = 1−qk
1−q and lim

q→1−
[k]q = k. Let h(z) be integrable in the domain Ξ ⊂ C, then for

q ∈ (0, 1), the definite q-integral of h(z) is defined by∫ z

0
h(t)dqt = z(1− q)

∞∑
k=0

h(zqk)qk (1.8)

provided the series converges in Ξ. For example, if h(z) = zk, then using (1.8) gives∫ z

0
tkdqt = z(1− q)

∞∑
k=0

(zqk)kqk =
zk+1

[k + 1]q
, (1.9)

k 6= −1, [k + 1]q = 1−qk+1

1−q and observe that

lim
q→1−

∫ z

0
tkdqt = lim

q→1−

(
zk+1

[k + 1]q

)
=

zk+1

k + 1
=

∫ z

0
tkdt

where
∫ z

0 t
kdt is the classical definite integral of h(z) = zk. See [3, 4, 13, 14] for more details.

Remark 1.1 ([3, 4, 14]). Let q ∈ (0, 1), then the following q-series expansions hold.

(i) q-Binomial expansion:

(z − κ)nq = (z − κ)(z − qκ)(z − q2κ) · · · (z − qn−1κ) (κ, n ∈ R),
(κ− z)nq = (−1)nqn(n−1)/2(z − κq−n+1)nq (κ, n ∈ R),

}
(1.10)

(ii) q-Taylor’s expansion:

1
(1− z)nq

=

 1 +
∞∑
k=1

[n]q [n+1]q [n+2]q···[n+k−1]q
[k]q! zk for n ∈ N,

1 for n = 0,
(1.11)

(iii) q-Derivative:
Dq(κ− z)nq = −[n]q(κ− qz)n−1

q (κ, n ∈ R). (1.12)

Remark 1.2. The following convolution properties can easily be verified by using (1.1), (1.3),
(1.7) and (1.11).

(i) f(z) ?
z

(1− z)2
q

= zDqf(z). (1.13)

(ii) zDq(f1(z) ? f2(z)) = zDqf1(z) ? f2(z) = f1(z) ? zDqf2(z). (1.14)

(iii) f1(z) ? κf2(z) = κ(f1(z) ? f2(z)) (κ is constant). (1.15)

(iv) f1(z) ? (f2(z) + f3(z)) = f1(z) ? f2(z) + f1(z) ? f3(z). (1.16)
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2 Relevant Lemmas

Let P denote the well-known class of analytic functions of the form:

p(z) = 1 + p1z + p2z
2 + · · · (<p(z) > 0, z ∈ E) (2.1)

and let P (α) ⊆ P (0) =: P denote the class of analytic functions of the form

pα(z) = 1 + (1− α)p1z + (1− α)p2z
2 + · · · (<p(z) > α, α ∈ [0, 1), z ∈ E). (2.2)

The following lemmas shall be needed to proof our theorems.

Lemma 2.1 ([9]). Let p ∈ P , then |pk| 6 2, ∀k ∈ N. The inequality is sharp for the function
p0(z) = (1 + z)/(1− z).

Lemma 2.2 ([9]). Let b ∈ W , then |bk| 6 1, ∀k ∈ N. The inequality is sharp for the function
b(z) = eiϑzk, ϑ ∈ [0, 2π).

Lemma 2.3 ([23]). Let p ∈ P , then
∣∣p2 − vp1

2
∣∣ 6 2 max

{
1,
∣∣2v − 1

∣∣}, v ∈ C. The inequality is
sharp for the function

p(z) =

{
1+z2

1−z2 for v ∈ [0, 2],
1+z
1−z for v ∈ (−∞, 0] ∪ [2,∞).

The next lemma is the q-analogous version of the cited work.

Lemma 2.4 ([10, 23]). Let w(z) be a convex function such that w(0) = a and let c ∈ C \ {0}
with <c > 0. If the function u(z) = a+ ukz

k + uk+1z
k+1 + · · · is analytic in E and

u(z) +
1
c
zDqu(z) ≺ w(z), then u(z) ≺ v(z) ≺ w(z) (z ∈ E)

where
v(z) =

c

kzc/k

∫ z

0
w(t)t(c/k)−1dqt.

3 Main Results

The investigated class is defined as follows.

Definition 3.1. Let G be a class consisting of analytic functions of the form

g(z) = 1 +A1z +A2z
2 +A3z

3 + · · · (z ∈ E) (3.1)

normalized by the condition g(0) = 1. Let ϑ ∈ (−π, π], g ∈ G and Dqf(z) be as defined in
(1.7), then a function f ∈ A is a member of the class R q(ϑ, g) if it satisfies the q-differential
subordination

Dqf(z) +
1 + eiϑ

2
zD2

qf(z) ≺ g(z) (z ∈ E). (3.2)

Remark 3.2. Some special cases of condition (3.2) that are considered in some of our corollaries
and remarks are presented as follows.

(i) A function f ∈ A is a member of the subclass R q(0, g) of R q(ϑ, g) if it satisfies the
q-differential subordination

Dqf(z) + zD2
qf(z) ≺ g(z) (z ∈ E). (3.3)

(ii) Likewise, a function f ∈ A is a member of the subclass R q(π, g) of R q(ϑ, g) if it satisfies
the q-differential subordination

Dqf(z) ≺ g(z) (z ∈ E). (3.4)
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Remark 3.3. Let p(z), pα(z) and g(z) be as defined in (2.1), (2.2) and (3.1), respectively, then

(i) lim
q→1−

R q(0, p) = L , the class studied in [7];

(ii) lim
q→1−

R q(0, pα) = L(α), the class studied in [21];

(iii) lim
q→1−

R q(ϑ, p) = R (ϑ), the class studied in [22];

(iv) lim
q→1−

R q(π, p) = B, the class studied in [6, 19];

(v) lim
q→1−

R q(π, pα) = B(α), the class studied in [15];

(vi) lim
q→1−

R q(ϑ, p) = R (δ, φ), the class studied in [24];

(vii) lim
q→1−

R q(ϑ, g) = R (ϑ, g), the class studied in [23].

In this work, the q-differential operator and the subordination principle were employed to
define a new subclass of analytic functions after which some geometric properties such as: char-
acterization, q-integral representation, coefficient estimates, q-differential subordination, and
Fekete-Szegö estimate for the new class were investigated. Some motivated works include those
in [5, 20, 23, 24]. The main results are presented as follows.

Theorem 3.4 (CHARACTERIZATION PROPERTY). Let ϑ ∈ (−π, π] and g ∈ G , then a necessary
and sufficient condition for function f ∈ A to be a member of the class R q(ϑ, g) is that

1
z

(
f(z) ?

z(1− z)2
q{2− [2]qz(1− eiϑ)}+ [2]qz2(1− qz){2− z(1− eiϑ)}

2(1− z)4
q

)
6= g(eiφ),

z ∈ E , φ ∈ [0, 2π) and g is defined in (3.1).

Proof. Suppose f ∈ R q(ϑ, g), then the LHS of (3.2) cannot take values on the boundary g(|z| =
1) thus,

Dqf(z) +
1 + eiϑ

2
zD2

qf(z) 6= g(eiφ) (z ∈ E , φ ∈ [0, 2π)) (3.5)

and equivalently

Dqf(z) +
1 + eiϑ

2
zD2

qf(z) =
1− eiϑ

2
Dqf(z) +

1 + eiϑ

2
Dq(zDqf(z)) 6= g(eiφ). (3.6)

But from (1.13) we have

f(z) = f(z) ?
z

(1− z)q
and zDqf(z) = f(z) ?

z

(1− z)2
q

(3.7)

so that by putting (3.7) into (3.6) gives

1− eiϑ

2
Dqf(z) +

1 + eiϑ

2
Dq(zDqf(z))

=
1− eiϑ

2
Dq

(
f(z) ?

z

(1− z)q

)
+

1 + eiϑ

2
Dq

(
f(z) ?

z

(1− z)2
q

)
6= g(eiφ).

Now using (1.15) yields

Dq

(
f(z) ?

1− eiϑ

2
z

(1− z)q
+ f(z) ?

1 + eiϑ

2
z

(1− z)2
q

)
6= g(eiφ),

using (1.16) yields

Dq

(
f(z) ?

(
1− eiϑ

2
z

(1− z)q
+

1 + eiϑ

2
z

(1− z)2
q

))
6= g(eiφ)
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and by simplification we get

Dq

(
f(z) ?

(
z(1− z)q(1− eiϑ) + z(1 + eiϑ)

2(1− z)2
q

))
6= g(eiφ).

Further, using (1.10) yields

Dq

(
f(z) ?

(
z(1− z)(1− eiϑ) + z(1 + eiϑ)

2(1− z)2
q

))
6= g(eiφ),

Dq

(
f(z) ?

(
2z − z2(1− eiϑ)

2(1− z)2
q

))
6= g(eiφ) (3.8)

and using (1.14) yields

1
z

(
f(z) ? zDq

(
2z − z2(1− eiϑ)

2(1− z)2
q

))
6= g(eiφ). (3.9)

Consider the function

δ(z) =
2z − z2(1− eiϑ)

2(1− z)2
q

in (3.9) and using (1.12) and (1.10) yields

Dqδ(z) =
[2(1− z)2

q]{2− [2]qz(1− eiϑ)}+ [2z − z2(1− eiϑ)]{2[2]q(1− qz)}
4(1− z)4

q

.

Some simplifications give

zDqδ(z) =
z(1− z)2

q{2− [2]qz(1− eiϑ)}+ [2]qz2(1− qz){2− z(1− eiϑ)}
2(1− z)4

q

(3.10)

so that by putting (3.10) into (3.9) gives Theorem 3.4.

Letting f satisfy condition (3.3) implies that f ∈ R q(0, g). Thus, the next result follows from
Theorem 3.4.

Corollary 3.5. A function f ∈ A is a member of the class R q(0, g) if and only if

1
z

(
f(z) ?

z(1− z)2
q + [2]qz2(1− qz)
(1− z)4

q

)
6= g(eiφ) (φ ∈ [0, 2π))

and f ∈ A is a member of the class lim
q→1−

R q(0, g) if and only if

1
z

(
f(z) ?

z(1 + z)

(1− z)3

)
6= g(eiφ).

Letting f satisfy condition (3.4) implies that f ∈ R q(π, g). Thus, the next result follows from
Theorem 3.4.

Corollary 3.6. A function f ∈ A is a member of the class R q(π, g) if and only if

1
z

(
f(z) ?

z(1− z)2
q(1− [2]qz) + [2]qz2(1− qz)(1− z)

(1− z)4
q

)
6= g(eiφ) (φ ∈ [0, 2π))

and f ∈ A is a member of the class lim
q→1−

R q(π, g) if and only if

1
z

(
f(z) ?

z

(1− z)2

)
6= g(eiφ).
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Remark 3.7. If q → 1−,

(i) and g(eiφ) = ζ(t) := t ± i
√

2t− 1 (t > 1
2), then Theorem 3.4 becomes the result of

Trojnar-Spelina [24];

(ii) then Theorem 3.4 becomes the result of Srivastava et al. [23].

Theorem 3.8 (q-INTEGRAL REPRESENTATION). If ϑ ∈ (−π, π) and g ∈ G , then f ∈ R q(ϑ, g)
if and only if there exists a function b ∈ W such that

f(z) = c

∫ z

0
t−c
(∫ t

0
τ c−1g(b(τ))dqτ

)
dqt+ ([c− 1]q − (c− 1))

∫ t

0
t−cJ(t)dqt,

J(z) =
zc

[c]q
+
∞∑
k=2

[k]qak
zk+c−1

[k + c− 1]q
(3.11)

and

c =
2

1 + eiϑ
(ϑ 6= π) (3.12)

for all z ∈ E .

Proof. Let f ∈ R q(ϑ, g), then by the definition of subordination, (3.2) can be written as

Dqf(z) +
1 + eiϑ

2
zD2

qf(z) = g(b(z)) (3.13)

where b ∈ W (see (1.4)). Making use of (3.6) gives

1− eiϑ

2
Dqf(z) +

1 + eiϑ

2
Dq(zDqf(z)) = g(b(z)), (3.14)

multiplying through by 2
1+eiϑ gives(

1− eiϑ

1 + eiϑ

)
Dqf(z)+Dq(zDqf(z)) =

(
2

1 + eiϑ
− 1
)

Dqf(z)+Dq(zDqf(z)) =
2

1 + eiϑ
g(b(z))

and using c in (3.12) and multiplying through by zc−1 gives

(c− 1)zc−1Dqf(z) + zc−1Dq(zDqf(z)) = czc−1g(b(z)). (3.15)

Equivalently,

Dq(z
c−1(zDqf(z))) + ((c− 1)− [c− 1]q)zc−1Dqf(z) = czc−1g(b(z))

hence,
Dq(z

c−1(zDqf(z))) + ((c− 1)− [c− 1]q)DqJ(z) = czc−1g(b(z))

for J(z) in (3.11). Now

Dq{zc−1(zDqf(z)) + ((c− 1)− [c− 1]q)J(z)} = czc−1g(b(z))

so that by q-integration we have

zcDqf(z) + ((c− 1)− [c− 1]q)J(z) = c

∫ z

0
τ c−1g(b(τ))dqτ

or

Dqf(z) = cz−c
∫ z

0
τ c−1g(b(τ))dqτ + ([c− 1]q − (c− 1))z−cJ(z)

and another q-integration completes the proof.
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Corollary 3.9. If ϑ −→ π and g ∈ G , then for b ∈ W , (3.13) becomes

Dqf(z) = g(b(z)) (z ∈ E) (3.16)

which implies that as ϑ −→ π, f ∈ R q(π, g) if and only if

f(z) =

∫ z

0
g(b(τ))dqτ.

And if q −→ 1−, then (3.16) becomes

f ′(z) = g(b(z)) (z ∈ E)

which implies that as ϑ −→ π, f ∈ lim
q→1−

Rq(π, g) if and only if

f(z) =

∫ z

0
g(b(τ))dτ.

Letting f satisfy condition (3.3) implies that f ∈ R q(0, g). Thus, the next result follows from
Theorem 3.8.

Corollary 3.10. If f ∈ R q(0, g), then

f(z) =

∫ z

0
t−1
(∫ t

0
g(b(τ))dqτ

)
dqt

and if f ∈ lim
q→1−

R q(0, g), then

f(z) =

∫ z

0
t−1
(∫ t

0
g(b(τ))dτ

)
dt.

Remark 3.11. If q → 1−,

(i) and g(z) = φ(z) := 1 + 2
π2

(
ln 1+

√
z

1−
√
z

)2
, then Theorem 3.8 becomes the result of Trojnar-

Spelina [24];

(ii) then Theorem 3.8 becomes the result of Srivastava et al. [23].

Theorem 3.12 (COEFFICIENT ESTIMATE). Let ϑ ∈ (−π, π], z ∈ E and g ∈ G . If f ∈ R q(ϑ, g),
then

|ak| 6

2
k−1∑
j=1

(
k − 2
j − 1

)
|Aj |

[k]q|∆k|
(k = {2, 3, . . .})

where

and
∆k = 2 + [k − 1]q(1 + eiϑ),

|∆k| =
√

2{2 + [k − 1]q(2 + [k − 1]q)(1 + cosϑ)} > 2.

 (3.17)

Proof. Putting (1.4) and (1.7) into (3.13) yields

1 +
∞∑
k=2

[k]qakz
k−1 +

∞∑
k=2

[k − 1]q[k]q
(

1 + eiϑ

2

)
akz

k−1

= 1 +A1b(z) +A2b
2(z) +A3b

3(z) + · · · . (3.18)
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Using (3.17) and binomially expanding RHS of (3.18) give

1 +
∞∑
k=2

∆k
[k]q

2
akz

k−1 = 1 +A1b1z + {A1b2 +A2b
2
1}z2 + {A1b3 + 2A2b1b2 +A3b

3
1}z3

+ {A1b4 +A2(2b1b3 + b2
2) + 3A3b

2
1b2 +A4b

4
1}z4 + · · · .

Comparing the coefficients of both sides gives

∆2
[2]q
2
a2 = A1b1 =⇒ a2 =

2A1b1

[2]q∆2
,

∆3
[3]q
2
a3 = A1b2 +A2b

2
1 =⇒ a3 =

2(A1b2 +A2b
2
1)

[3]q∆3
,

∆4
[4]q
2
a4 = A1b3 + 2A2b1b2 +A3b

3
1 =⇒ a4 =

2(A1b3 + 2A2b1b2 +A3b
3
1)

[4]q∆4
,

∆5
[5]q
2
a5 = A1b4 +A2(2b1b3 + b2

2) + 3A3b
2
1b2 +A4b

4
1

=⇒ a5 =

2
(
A1b4 +A2(2b1b3 + b2

2) + 3A3b
2
1b2 +A4b

4
1

)
[5]q∆5

,

∆6
[6]q
2
a6 = A1b5 +A2(2b1b4 + 2b2b3) +A3(3b2

1b3 + 3b1b
2
2) + 4A4b

3
1b2 +A5b

5
1

=⇒ a6 =

2
(
A1ω5 +A2(2b1b4 + 2b2b3) +A3(3b2

1b3 + 3b1b
2
2) + 4A4b

3
1b2 +A5b

5
1

)
[6]q∆6

and

∆7
[7]q
2
a7 = A1b6 +A2(2b1b5 + 2b2b4 + b2

3) +A3(3b2
1b4 + 6b1b2b3 + b3

2)

+A4(3b3
1b3 + 6b2

1b
2
2) + 5A5b

4
1b2 +A6b

6
1

=⇒ a7 =

2
(
A1b6 +A2(2b1b5 + 2b2b4 + b2

3) +A3(3b2
1b4 + 6b1b2b3 + b3

2)

+A4(3b3
1b3 + 6b2

1b
2
2) + 5A5b

4
1b2 + s6b

6
1

)
[7]q∆7

.

Using Lemma 2.2 implies that

|a2| 6
2|A1|

[2]q|∆2|
,

|a3| 6
2(|A1|+ |A2|)

[3]q|∆3|
,

|a4| 6
2(|A1|+ 2|A2|+ |A3|)

[4]q|∆4|
,

|a5| 6
2(|A1|+ 3|A2|+ 3|A3|+ |A4|)

[5]q|∆5|
,

|a6| 6
2(|A1|+ 4|A2|+ 6|A3|+ 4|A4|+ |A5|)

[6]q|∆6|
,

|a7| 6
2(|A1|+ 5|A2|+ 10|A3|+ 10|A4|+ 5|A5|+ |A6|)

[7]q|∆7|

and in general, we have the result of the Theorem.
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Letting f satisfy condition (3.3) implies that f ∈ R q(0, g). Thus, the next result follows from
Theorem 3.12.

Corollary 3.13. If f ∈ R q(0, g), then

|ak| 6

k−1∑
j=1

(
k − 2
j − 1

)
|Aj |

[k]q
√

1 + 2[k − 1]q + [k − 1]2q
(k = {2, 3, . . .})

and if f ∈ lim
q→1−

R q(0, g), then

|ak| 6

k−1∑
j=1

(
k − 2
j − 1

)
|Aj |

k2 (k = {2, 3, . . .}).

Letting f satisfy condition (3.4) implies that f ∈ R q(π, g). Thus, the next result follows from
Theorem 3.12.

Corollary 3.14. If f ∈ R q(π, g), then

|ak| 6

k−1∑
j=1

(
k − 2
j − 1

)
|Aj |

[k]q
(k = {2, 3, . . .})

and if f ∈ lim
q→1−

R q(π, g), then

|ak| 6

k−1∑
j=1

(
k − 2
j − 1

)
|Aj |

k
(k = {2, 3, . . .}).

Theorem 3.15 (q-DIFFERENTIAL SUBORDINATION). Let ϑ ∈ (−π, π), g ∈ G is a convex func-
tion and let c be as defined in (3.12). If f ∈ R q(ϑ, g), then

Dqf(z) ≺ c
[

1
c

]
q

∫ 1

0
g(zt1/c)dqt ≺ g(z) (z ∈ E).

The result is sharp.

Proof. Let f ∈ R q(ϑ, g) and let p(z) = Dqf(z) so that for c in (3.12), (3.2) can be expressed as

p(z) +
1
c
zDqp(z) ≺ g(z).

Now for a convex function g, ϑ ∈ (−π, π), <c > 0 and in view of Lemma 2.4 (for k = 1), we
have

p(z) ≺ c

zc

∫ z

0
ηc−1g(η)dqη ≺ g(z). (3.19)

Recall that p(z) = Dqf(z) and letting η = zt1/c implies that dη = z
[ 1
c

]
q
t(1/c)−1dqt (t = {0, 1}),

so that from (3.19) we get

Dqf(z) ≺
c

zc

∫ 1

0
(zt1/c)c−1g(zt1/c)z

[
1
c

]
q

t(1/c)−1dqt ≺ g(z) (3.20)

and by simpification

Dqf(z) ≺ c
[

1
c

]
q

∫ 1

0
g(zt1/c)dqt ≺ g(z) (z ∈ E). (3.21)

Since the result of Lemma 2.4 is sharp, so also is this result and the proof is complete.
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Letting f satisfy condition (3.3) implies that f ∈ R q(0, g). Thus, the next result follows from
Theorem 3.15.

Corollary 3.16. If f ∈ R q(0, g), then

Dqf(z) ≺
∫ 1

0
g(zt)dqt ≺ g(z) (z ∈ E)

and if f ∈ lim
q→1−

R q(0, g), then

f ′(z) ≺
∫ 1

0
g(zt)dt ≺ g(z) (z ∈ E).

Remark 3.17. Let q → 1−, then Theorem 3.15 becomes the result of Srivastava et al. [23].

The Fekete-Szegö Problem

Fekete-Szegö functional ψ(f, ρ) = |a3− ρa2
2| for function f(z) = z+ a2z

2 + a3z
3 + · · · is well-

known. It was reported by Fekete and Szegö [8] when they proved the claim of Littlewood-Parley
conjecture to be false for odd univalent functions. The functional has received great attention
particularly for many subclasses of analytic and univalent functions. The determination of sharp
upper bounds for the non-linear functional ψ(f, ρ) for any subclass Ã ⊂ A is what has come to
be known as Fekete-Szegö problem of class Ã . Some recent studies of Fekete-Szegö problem
include the works in [1, 5, 16, 17, 18, 20, 23].

In particular, Ali et al. [2] (see also [16]) investigated the Fekete-Szegö problem associated
with the mth-root transform for some subclasses of S . In [9], the mth-root transform for function
f ∈ S was defined by

T (z) = m

√
f(zm) = z +

1
m
a2z

m+1 +

(
1
m
a3 −

m− 1
2m2 a2

2

)
z2m+1 + · · ·

≡ z +
∞∑
k=1

dkm+1z
km+1. (3.22)

Theorem 3.18. Let f ∈ S belongs to R q(ϑ, g). If ϑ ∈ (−π, π] and g ∈ G , then for γ ∈ C,

|d2m+1 − γd2
m+1| 6

2|A1|
m[3]q|∆3|

max

{
1,

∣∣∣∣∣A1[3]q∆3(2γ +m− 1)
m[2]2q∆2

2
− A2

A1

∣∣∣∣∣
}
,

dkm+1 is as defined in (3.22), m ∈ N and |∆k| (k = {2, 3, . . .}) is as defined in (3.17).

Proof. Firstly, it is well-known that (1.4) and (2.1) are related such that

b(z) =
p(z)− 1
p(z) + 1

=
1
2
p1z +

1
2

(
p2 −

1
2
p2

1

)
z2 + · · · (3.23)

and putting (3.23) into (3.1) gives

g(b(z)) = 1 +
1
2
A1p1z +

1
2

(
1
2
A2p

2
1 +A1

(
p2 −

1
2
p2

1

))
z2 + · · · . (3.24)

Putting (1.7) and (3.24) in (3.13) yields

1 +
∞∑
k=2

{2 + [k − 1]q(1 + eiϑ)} [k]q
2
akz

k−1

= 1 +
1
2
A1p1z +

1
2

(
1
2
A2p

2
1 +A1

(
p2 −

1
2
p2

1

))
z2 + · · · , (3.25)
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so that if we use (3.17) and we compare the coefficients in (3.25), then we get

∆2
[2]q
2
a2 =

1
2
A1p1 =⇒ a2 =

A1p1

[2]q∆2
(3.26)

and

∆3
[3]q
2
a3 =

1
2

(
1
2
A2p

2
1 +A1

(
p2 −

1
2
p2

1

))
=⇒ a3 =

A2p
2
1 + 2A1

(
p2 − 1

2p
2
1

)
2[3]q∆3

. (3.27)

Substituting (3.26) and (3.27) into (3.22) gives

dm+1 =
1
m
a2 =

A1p1

m[2]q∆2

and

d2m+1 =
1
m

(
a3 −

m− 1
2t

a2
2

)
=
A2p

2
1 + 2A1(p2 − 1

2p
2
1)

2m[3]q∆3
−

(m− 1)A2
1p

2
1

2m2[2]2q∆2
2

so that

d2m+1 − γd2
m+1 =

A1

m[3]q∆3

{
p2 −

(
1
2
+

(m− 1)A1[3]q∆3

2m[2]2q∆2
2

+
γA1[3]q∆3

m[2]2q∆2
2
− A2

2A1

)
p2

1

}

and

|d2m+1 − γd2
m+1| =

|A1|
m[3]q|∆3|

∣∣∣∣∣p2 −

(
1
2
+

(m− 1)A1[3]q∆3

2m[2]2q∆2
2

+
γA1[3]q∆3

m[2]2q∆2
2
− A2

2A1

)
p2

1

∣∣∣∣∣
(3.28)

=
|A1|

m[3]q|∆3|

∣∣∣∣p2 − vp2
1

∣∣∣∣ (3.29)

where

v =
1
2

(
1 +

(m− 1)A1[3]q∆3

m[2]2q∆2
2

+
2γA1[3]q∆3

m[2]2q∆2
2
− A2

A1

)
.

Using Lemma 2.3 in (3.29) gives

|2v − 1| =

∣∣∣∣∣(m− 1)A1[3]q∆3

m[2]2q∆2
2

+
2γA1[3]q∆3

m[2]2q∆2
2
− A2

A1

∣∣∣∣∣ (3.30)

so that by putting (3.30) in (3.29) completes the proof.

Setting m = 1 in Theorem 3.18 gives the following results.

Corollary 3.19. If f ∈ R q(ϑ, g), then

|d3 − γd2
2| = |a3 − γa2

2| 6
2|A1|

[3]q|∆3|
max

{
1,

∣∣∣∣∣2γA1[3]q∆3

[2]2q∆2
2
− A2

A1

∣∣∣∣∣
}

and if q → 1−, then

|d3 − γd2
2| = |a3 − γa2

2| 6
|A1|

3
√

5 + 4 cosϑ
max

{
1,
∣∣∣∣3ϑA1(2 + eiϑ)

(3 + eiϑ)2 − A2

A1

∣∣∣∣} .
These are the results for function f ∈ R q(ϑ, g) of the form (1.1).

Letting f satisfy condition (3.3) implies that f ∈ R q(0, g). Thus, the next result follows from
Theorem 3.18.
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Corollary 3.20. If f ∈ R q(0, g), then for γ ∈ C,

|d2m+1−γd2
m+1| 6

|A1|
m[3]q

√
1 + [2]q(2 + [2]q)

max
{

1,
∣∣∣∣A1[3]q(2γ +m− 1)(1 + [2]q)

8m[2]2q
− A2

A1

∣∣∣∣} .
and if f ∈ lim

q→1−
R q(0, g), then

|d2m+1 − γd2
m+1| 6

|A1|
9m

max
{

1,
∣∣∣∣9A1(2γ +m− 1)

32m
− A2

A1

∣∣∣∣} .
Letting f satisfy condition (3.4) implies that f ∈ R q(π, g). Thus, the next result follows from

Theorem 3.18.

Corollary 3.21. If f ∈ R q(π, g), then for γ ∈ C,

|d2m+1 − γd2
m+1| 6

|A1|
[3]qm

max
{

1,
∣∣∣∣A1[3]q(2γ +m− 1)

2m[2]2q
− A2

A1

∣∣∣∣}
and if f ∈ lim

q→1−
R q(π, g), then

|d2m+1 − γd2
m+1| 6

|A1|
3m

max
{

1,
∣∣∣∣3A1(2γ +m− 1)

8m
− A2

A1

∣∣∣∣} .
Remark 3.22. If q → 1− in Theorem 3.18, then we get the result of Srivastava et al. [23].

4 Conclusion

The class R q(ϑ, g) studied in this work is the class of analytic functions defined by q-differential
operator and subordination. Some of the geometric properties that were investigated include the
characterization property, q-integral representation, coefficient estimate, q-differential subordi-
nation and the Fekete-Szegö functional. Our results however, generalized some of the known
ones as evident in many of our corollaries and remarks.
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