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Abstract In this paper, we introduce a new labeling namely one modulo N-difference mean
labeling. We establish that the graphs such as By, 5, Sy.ns Pn @ Py, B(l,m,n), T(n, m), shrub,
caterpillar and K ,, are one modulo N-difference mean graph. In addition we show that the
graph (3 is not a one modulo N-difference mean graph.

1 Introduction

Here we consider only finite and simple graphs.The vertex set and the edge set of a graph G
are denoted by V(G) and E(G) respectively. For various graph theoretic notations and termi-
nology we follow [1]. A graph labeling is an assignment of integers to the vertices or edges or
both, subject to certain conditions and a detailed survey on graph labeling is available in [2].The
concept of mean labeling was introduced by Somasundaram et.al[5]. A graph G = (V, E)
with p vertices and ¢ edges is called a mean graph if there is an injective function f that maps
V to {0,1,2,...,q} such that each edge uv is labeled with w if f(u) + f(v) is even

and w if f(u) + f(v) is odd and the resulting labels of the edges are distinct and are
1,2,3,...,q. Several papers have been published on mean labeling and its variations.

The concept of one modulo N graceful labeling was introduced by Ramachandran et.al[4]. A
function f is called a graceful labeling of a graph G with ¢ edges if f is an injection from
the vertices of G to the set {0,1,2,...,q} such that, when each edge xy is assigned the la-
bel |f(z) — f(y)|, the resulting edge labels are distinct. A graph G is said to be one modulo
N graceful (where N is a positive integer) if there is a function ¢ from the vertex set of G
to {0,1,N,(N +1),2N,(2N +1),...,N(qg—1),N(q — 1) + 1} in such a way that (i) ¢ is 1-
1 (i) induces a bijection ¢* from the edge set of G to {1,N + 1,2N +1,....N(¢— 1) + 1}
where o (uv) = |p(u) — ¢ (v)]

The concept of one modulo three geometric mean labeling was introduced by Maheswari
et.al[3]. A graph G is said to be one modulo three geometric mean graph if there is an injective
function ¢ from the vertex set of G to the set {a | 1 < a < 3g — 2 and either a = 0(mod3)
or a = 1(mod3)}, where ¢ is the number of edges of G and ¢ induces a bijection ¢* from the

edge setof Gto {a |1 < a < 3g—2anda = 1(mod3)} given by o*(uv) = { @(u)gp(v)w or

{ go(u)cp(u)J and the function ¢ is called one modulo three geometric mean labeling of G.

Motivated by the concept and the results in[3,4], we introduce a new labeling called one
modulo N-difference mean labeling. A graph G = (p, q) is said to be one modulo N-difference
mean graph if there is an injective function f from the vertex set of G to the set {a/0 < a <
2(q — 1)N + 1 and either a = 0(modN) or a = 1(modN)}, where N is a positive integer and f
induces a bijection f* from the edge set of G to {a/1 <a < (¢— 1)N + 1 and a = 1(modN)}

Mw and the function f is called a one modulo N-difference mean

given by f*(uv) = [
labeling of G. A graph that admits a one modulo N-difference mean labeling is called a one
modulo N-difference mean graph. The bistar B,, ,, is obtained by joining the centers of K ,,
and K , by an edge. The graph S, , has n spokes in which each spoke is a path of length

m. The graph P, @ P,, is obtained by identifying one pendant vertex of the path P,, to each a
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vertex of the path P,,. The graph B(l,m,n) is obtained by joining the centers of the stars K ;
and K, ,,, by a path of length n. The coconut tree 7'(n,m) is obtained by identifying the apex
vertex of the star K ,,, with a pendant vertex of the path P,. In this paper, we show that the
graphs such as B, 1, Sm.n, Prn@P,,, B(l,m,n), T(n,m), shrub, caterpillar and K ,, are one
modulo N-difference mean graph. In addition we show that the graph C5 is not a one modulo
N-difference mean graph.

2 One Modulo N-difference Mean Graphs
Theorem 2.1. Any path P, (n > 1) is a one modulo N-difference mean graph.

Proof. Let vy, v, ..., v, be the vertices of the path P,,.

Define f : V(P,) — {0,1, N,N + 1,2N,2N + 1,...,2N(n — 2) + 1} as follows:

Flon) = N@GE—-1) if1 <i<mn, iisodd

v N(2n—-i—-2)+1 if2<i<n, iiseven.

Lete; =vv; forl <i<mn-—1.

The corresponding edge label f* is

fle;)=Nn—i—1)+1for1 <i<n-—1.

Therefore P,, admits a one modulo N-difference mean labeling. O

A one modulo 5- difference mean labeling of Fs is given in Figure 1.

0 41 10 31 20 pall
& & * & 9
Figure 1.

Theorem 2.2. The star graph K, ,, admits a one modulo N-difference mean labeling.

Proof. Let v, v; (1 <i < n) be the vertices of K, ,, and E(K ,,) = {vov; : 1 <i < n}. Then
K, hasn + 1 vertices and n edges.

Define f : V(K ) = {0,1, N,N +1,2N,2N +1,...,2N(n—1) + 1} by

fvo) =0, f(v;) =2N(i—1)+1forl <i<n.

Lete; = vov; for 1 <7 < n.

Then the label is f*(e;) = N(i — 1) + 1 for 1 <4 < n.

Therefore K ,, is a one modulo N-difference mean graph. O

A one modulo 9- difference mean labeling of K g is given in Figure 2.
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Figure 2.

Theorem 2.3. The graph P, @ P,, admits a one modulo N-difference mean labeling.
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Proof. Let v; (1 < i < n) be the vertices of P, and uf (1 <i<mn1<j<m)bethe
vertices of P,,,. P, @ P,, is obtained by identifying the vertices v; with ull Then E(P,@P,,) =
{vivign(1<i<n-— 1),ufuf+l(1 <i<n1<j<n-1}
Define f : V(P,@P,,) — {0,1,N,N + 1,2N,2N + 1,4N,4N + 1,...,.2N(mn — 2) + 1} as
follows:
Flon) = Nm(i—1) if 1 <i<mn, tisodd
YT NRmn — 1) = mi] +1 if1 <i<n, iiseven.
For odd 7 and odd j,
ful)=Nm(i—1)+N(G—1) forl<i<mand1<j<m.
For odd ¢ and even j,
f(ul) =N[m@2n—i+1)—4]-N(j—-2)+1for1 <i<nand2 <j<m.
For even i and odd j,

f(u]) = N[m@2n —i)+j—3]+ 1 for2<i<mnandl<j<m.
For even ¢ and even j,
f(u]) = N(mi - j) for2<i<mand2<j<m.

The corresponding edge labels are given below:

Lete; = v;v541 forl§i§n—landeg:ugufrl forl <i<nand1<j<m-—1.
f*(e;) = Nim(n—14) — 1]+ 1 forl <i<n-—1.

Foroddi, f*(el) = N[(n—i+1)m—j—1]+1forl1 <i<nand1<j<m-—1,

Foreveni, f*(e]) = N[(n—i)m+j— 1]+ 1for2<i<nand1<j<m-—1.
It establishes that P, @ P,,, admits a one modulo N-difference mean labeling. O

A one modulo 3- difference mean labeling of Ps @ P; is given in Figure 3.

0 91 24 67 48

100 o iz e 85 ¢ 42 ¢ 614

e 97 @ 00 738 248

103 o 12 ¢ 7o e ET 5574
Figure 3.

Theorem 2.4. The bistar B, ,, is a one modulo N-difference mean graph.

Proof. Let V(By, ) = {uo, vo, us,v; : 1 <i<m,1 <j<n}and

E(Bm.n) = {uovo, uou;, vovj : 1 <i <m,1 <j<n}.

Define f : V(By.n) = {0,1, NN + 1,2N,2N + 1,...,2N(m +n) + 1} by
fuo) =0,

f(vg) =2Nn+1,

flug)) =2N(m+n+1—4)+1forl <i<m,

f(vj) =2Njforl <j<n.

The induced edge label f* is given below:

f*(’u,()’l)()) =Nn+1

fuou;)) =(m+n—i+1)N+1forl <i<m,

fvov;)) =N(n—j)+1forl <j<n.

Hence B,, ,, admits a one modulo N-difference mean labeling. O

A one modulo 2- difference mean labeling of By 5 is given in Figure 4.
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Theorem 2.5. The graph B(l,m,n) is a one modulo N-difference mean graph.

Proof. Let V(B(l,m,n)) = {v1,v2, ., vp,v], 08 : 1 <j <1, 1 <k <m}

and E(B(l,m,n)) = le',vnvf,,viv”].lgzgn—l,lgjgl,lgkgm}.
Define f : V(B(l,m,n)) = {0,1,N,N + 1,2N.2N +1,....2N(m+1+n —2) + 1} by
(v7) = N(i—1) if 1 <i<mn, iisodd

TO) =\ N+ m—1)—i+1 if2<i<n, iiseven.

J(}) = 2N(I+m 0 =2) 2N~ 1)+ 1 for | <j <L

Fornodd fF)=Nn+2k-3)+1forl <k <m.

For n even, f(vf) = N(n+2k —2) for1 <k <m.

The induced edge label f* is given below:

Letez—vzvzﬂ (1<i<n-—1), ej—vlvl (1<5<)

and e, = v,,vF (1 <k <m).

f(e,)—N(n—i—mfzfl)—ﬁ—lforlSignfl,
f*lej)=Nn+m+l—j—1)+1forl <j<l,

Forodd n, f*(ex) = N(k— 1)+ 1for1 <k <m,

Forevenn, f*(ep) = N(m—k)+ 1for1 <k <m.

Hence B(l,m,n) is a one modulo N-difference mean graph. i

A one modulo 2- difference mean labeling of B(4,5,4) is given in Figure 5.
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Figure 5.

Theorem 2.6. The coconut tree T(n,m) is a one modulo N-difference mean graph.

Proof. Let vy, v1,v2, ..., v, be the vertices of P, having path length n (n > 1). Let u be the
central vertex and uy, ug, ..., u,, be the pendant vertices of the star K ,,. Let T'(n, m) be a tree
obtained by identifying vy with u.

Define f : V(T'(n,m)) = {0,1,N,N + 1,2N,2N +1,...,.2N(m+n—1) + 1} as

f(vo) =0,

f(u;) =2N[m+n—jl+1forl <j<m,
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_JN@2n—-i-1)+1 if1<i<n, iisodd
S = Ni if2<i<n, iiseven.
Lete; = viviny (1 <i<n—1),e; =vpu; (1 <j<m).
f(vov1)) =N(n—1)+1,
fe)=Nmn—i—1)+1forl1 <i<n-—1,
f*(ej) =N(m+n—j)+1forl <j<m.

Therefore, the coconut tree 7'(n, m) admits a one modulo N-difference mean labeling.

A one modulo 3-difference mean labeling of T'(3,7) is given in Figure 6.
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Figure 6.

Theorem 2.7. The shrub graph constructed by joining the centers of different stars to a new

vertex is a one modulo N-difference mean graph.

Proof. Let K1y, K1 m,, .., K1,m, be n stars and let G be a graph obtained by joining the apex

vertices of k stars to a new vertex vg. We label the vertices as follows:
Letm=mi+my+ ... +my,.

f(vo) =0,
fw)=2N(mi+ma+..+m,+i—1)+1forl <i<n,

ful)=2N(m;+ma+...+mi1+i+j—1)forl <i<nand1 <j<m,.
The edge label f* is given below:

f*(vovi') =Nmi+ma+..+m,+i—1)+1forl <i<n,

f*(vlu]l) =N(m—j)+1forl <j<my,

fviul) =Nm—j5—(mi+may+ ...+ m_y)]+ 1for2<i<nand 1 <j<m,.

Hence G is a one modulo N-difference mean graph.

An example for the 3 modulo N- difference mean labeling of a shrub is given below.

a

Figure 7.
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Theorem 2.8. The caterpillar S(ny,ny, ..., ny,) is a one modulo N-difference mean graph.

Proof. Let vy, v, ..., v, be the vertices of the path P, and uf (1 <i<n,1<j<m;)bethe
pendant vertices joined with v;(1 <4 < n) by an edge.

Letm=m; +my + ... + m,.

Then V(S(n1,m2, ..., 1)) = {vi,uj 1 1 <i<n, 1 <j <m}

and E(S(m,nb...nm)) = {/UZ'U»H,I,'UZ 1<i<n—1,1<j<m}

Define f : V(S(n1,n2, ey in)) = {01, Ny N 4 1,2N,2N + 1, 2N(2m 41 — 2) + 1} as
follows:

f(v1) =0,

fwn) 2N[ma +ma + ... +mi_1 + (552))] if3<i<mn, iisodd
Vi) =

2N(m+n—2)+1—=2N[m +m3+ ...+ m;_; + (:52)] if2<i<n, iiseven.

f(w]) =2N(m+n—-2)=2N(j—1)+1for1 <j<m,
fu!)=2N[(m4+n—j—1)—[(my +1)+ (m3+ 1)+ ...+ (m;_o + 1)]] + 1 for i is odd and
3<z§n1<]<m“

f(ul) =2N[j+(ma+1)+(ms+1)+...4+m;_r+1)] foriisevenand 2 <i <n,1 < j <m,.

The corresponding edge label f* is given below:

ffvvig)) =Nm+n—i—1—(m;+my+...+m;)|+1forl <i<n-—1,

f*oiul) =Nm+n—-2—j+i—(mi+ma+..+m;)|+1forl <i<nandl<j<m,.
Hence S(ny,ny, ..., Ny ) is a one modulo N-difference mean graph. O

A one modulo 2-difference mean labeling of S(4,4,4,4) is shown in Figure 8.
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Figure 8.

Theorem 2.9. The graph Sy, ., is a one modulo N-difference mean graph.

Proof. Let vy be the root vertex. Denote the vertices of level 1 by U1 , vz, .. and the vertices of
level 2 by vf, V3, e v2,. Now we can denote the vertices in level j by vy, vz, Lvd forl < j<n.
Define a one modulo N-difference mean labeling as follows:

f(vo) =0,

forl <i¢<m,
i J2N[mn—i]—Nm(j—1)+1 if1 <j<n, jisodd
) = N4(m —j) +3j — 4] if2<j<n, jiseven.
Lete; = vov) (1 <i<m)andel =v/v/* forl <i<m,1<j<n-—l.
The corresponding edge label f* is given below:
f*(e;) = Nmn — Ni+ 1forl <i<m,
f(e)=Nmn—-Nm(j+1)—i]—N+1forl <i<m,1<j<n-—1.
Then S, ,, admits a one modulo N-difference mean labeling. O

A one modulo 2-difference mean labeling of S 4 is shown in Figure 9.



ONE MODULO N-DIFFERENCE MEAN GRAPHS 169

Figure 9.

Theorem 2.10. The graph C5 is not a one modulo N-difference mean graph.

Proof. Suppose C3 is a one modulo N-difference mean graph with one modulo N-difference
mean labeling f. Let u, v, w be the vertices of C5. Assume f(u) = 0 and f(v) = 4N + 1, so
that we get the edge label 2V + 1. To get 1 as an edge label, f(w) € {1,2,4N,4N — 1}. In the
above cases, N+1 cannot occur as an edge label of C3. Hence proved. O
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