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Abstract In this paper, we aim to provide new and simple proof for the determinant char-
acterization of moment sequences with discrete measures by investing in generalized Fibonacci
sequences.

1 Introduction

Let s = (Sn)nzo be an infinite sequence of real numbers. s is positive semidefinite, if for all
&,61,...,6, € Nand n € N, we have

n

Z spiérél > 0,

k,1=0

or equivalently Ls(P?) > 0 for all P € R[], where L, denotes the Riesz functional on R|z]
defined by
Ly(2™) = sp, neN.

We recall the Hankel matrix H,(s) and the Hankel determinant D,,(s) respectively by

S0 . Sp,
H,=|": : | and Dy(s) = det H,(s).
Sn e S2n

The Hamburger moment problem associated with the sequence s concerns if there exists a posi-
tive Radon measure x on R such that for all n € N the integral [ j;o 2™du converges and satisfies

+o0
Sp = / x"dpu.
—00

In the affirmative case, we say that s is a Hamburger moment sequence and that y is a represent-
ing measure for s.

Assume that s = (s,,),en is the moment sequence of a positive measure i on R. Then, for
any polynomial p(z) = Y"}_, axz"® € R[z] we obtain

L(p*) = /(Z arae ) dp =" agasp > 0.

k,1=0 k,1=0

So, the fact that the Hankel matrix H,(s) is positive semidefinite for each n € N, is a necessary
condition for a sequence to be a moment sequence. Hamburger’s Theorem(see [1] or [2]) states
that this condition is also sufficient for the existence of a positive measure.

It is well known that a Hankel matrix H,, is positive definite if and only if all upper left
submatrices have positive determinants [5, Theorem 7.2]. However, the condition that all the
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upper left submatrices have nonnegative determinant does not imply the positive semidefinite-
ness of H,,. It yields that the positive semidefiniteness is more difficult to check than the positive
definiteness. The following example illustrates this fact.

Example 1.1. Let s = (1,2,4,8,0,0,0, .. .) be an infinite sequence of real numbers. We have

1 2 4 8
1 2 4
DO:I,D1:1 2:0,D2—2 4 8:0,D;:2 48 0:4096
2 4 4 8 0 0
480 8 00 O
and
1 2 4 8 0
2 4 8 00
Dy=14 8 0 0 0/=0
8 00 0O
00 0 0O

Hence, D, = 0 for all £ > 0. However, s is not positive semidefinite.

If s = (sn)n>0 is a sequence of the moment, it is easy to see that if one of the finite Hankel
matrices is singular, then all the following ones are also singular. Conversely, C. Berg and R.
Szwarc [3, Theorem 1.1] proved that for a given infinite sequence of numbers (s,,),>0, if the
corresponding sequence of Hankel determinants D,, = det(H,,) satisfies

D,, > 0forn < ng, and D,, = 0 for n > ny, (1.1)

then all Hankel matrices are positive semidefinite and in particular, (s,),>0 is the sequence of
moments of a discrete measure concentrated in ng points of the real line.

In this paper, we aim to prove that if a sequence s = (s, ),>0 verifies (1.1), then s is a
generalized Fibonacci sequence, and this will allow us to provide a new and simple proof for the
Theorem 1.1 in [3].

We recall that an r-generalized sequence (s, ), >0, is defined by the initial conditions (s, s1, . .
and the following linear recurrence relation of order 7,

S+l = AoSn + a1Sp—1 + ...+ ar_1Sp—pq1 forn >r —1

where ag, ay,...,a,_; andr € Nwithr > 2 and a,_; # 0.
The remainder of this paper is divided as follows. The next section provides some prelimi-
naries that will be needed in this work. The third section is devoted to stating our main findings.

2 Preliminaries

In this section, we gather some results that will be used in the remainder of this paper.

Let s = (sj);ig" be a truncated sequence of 2n + 1 real numbers, called a (2n)-sequence,
(n € N).

For all k < n the Hankel matrix Hy/(s), is the matrix defined by

Hi(s) = (si45)F j=o»
and Dy, Dy, ..., D, are the major minors of H,(s).

Definition 2.1. s is said to be positive definite if and only if:

Y(ag, ... an) € R" (ag,...,a1) # (0,0,...) = Z a;a;S;45 > 0. 2.1
i,j=0

-757‘71)
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In terms of the Riesz functional L, on Ry, [x] the condition (2.1) is equivalent to the requirement
Ls(P?) > 0forallp € R,[z], P #0.
Further, by Theorem 7.2 in [5] the condition (2.1) is equivalent to the condition

Vk e {0,1,...,n},Dr >0
2n+1
j=o
definite, then by Lemma 9.1 in [4], s can be extended to a sequence 5§ = (sj)z’“r2 positive
definite.

The map <, >; defined by < P,Q >;= L;(P,Q) is a inner product over R,,.;[z]. Bilinearity
and symmetry are immediate and the positive definiteness follows from the fact that s is positive
definite.

From the canonical basis (1, z, ..., 2""!) and using the Gram-Schmidt method, we construct an
orthogonal basis formed of unit polynomials (P, Py, ..., P,+1). This family, does not depend
on s»,17 (unless we want to normalize P, 1).

The polynomials (P;)o<i<n+1 are given by the formulas

It is proved that if s = (s;) is a real sequence such that the sequence (sJ)Z" is positive

SO DY Sk
1 : : :
=1land P, = : : oy, 1 <kE<n+1.
k=Tisp 1 -+ Sop1
1 . zk
In the sequel, if s = (sj)?igl is a real sequence such that (s])zno is positive definite then the
family of unitary orthogonal polynomials (Pp,..., P,+1) associated with the inner product <

P, Q >;= Ls;(PQ), where § = (sj)g’:orz is a positive definite extension of s.
For simplicity, the polynomial P, will be denoted by P.
In this work, we will use the following lemma, which follows from Theorems 9.4 and 9.6 in [4].

Lemma 2.2. Let s = (sj);zgnﬂ be a real sequence such that (s;)

is a truncated moment sequence of the (n + 1)-atomic measure:

2n

i, is positive definite, then s

n+1

pp = Z Moy,
=1

P(

where mj = Lg(mj(x)), mj(z) = mizfor all1 < j <n+1, (A\j)i<j<ni1 are the roots

of the polynomial P and 5kj is the Dirac measure.

Proof. Let f € Ry,41[z], there exists py, gy € Ry, [x)], such that f = ¢y P + py.
By orthogonality, we have:

Lo(f) = Ls(qs P+ py) = Ls(py),

and since degree of py is lower or equal to n, then py coincides with its interpolating Lagrange
polynomial at the points ((X;, pr(Ni))1<i<n+1s

n+1

pr= Zﬂj(x)pf(%)

Hence,
n+1

)= pr (Aj) Ls (mj(2))

n+1

_Zf

/f Vdup (z

In particular, forall 0 < j <2n+1, s; = [p2/dup(z). o
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The following example illustrates this lemma.

Example 2.3. Let s = (5]‘)§zg = (1,1,2,6,24,104) be a 5-real sequence.
The sub-sequence (sj)gzg = (1,1,2,6,24) is positive definite. We have
Do=Dy=1,D, =4,
Py=1, Pi=z—1, P=a’>-42+2, P=P=2’-5"+22+2,
M=1, M=2-V6, \=2+6,
4 _6+6 6— V6

and mp = -, mp 60 m3 = 60

9]

Thus the measure which represents s = (sj)j:j) is p = Z;j m;dy,, so that

s :/a:jdup(m), 0<j<5.
R

3 Main results
In this section, we present our main findings.

Theorem 3.1. Consider an infinite sequence of numbers s = (S,)n>0. If the corresponding
sequence of Hankel determinants D,, = det(H,,) satisfies D,, > 0 for n < r and D,, = 0 for
n > r, then s is an (r + 1)-generalized Fibonacci sequence.

To prove this theorem, we construct a finite measure yu, concentrated on 7 + 1 points which
represents the truncated sequence (sg, s1, - .., s2-+1) and we prove later, that the sequence s is
represented by p. For this, the following lemma will be useful.

Lemma 3.2. Let (s; );Zé”l be a (2r + 1)-real sequence such that the sequence (sj)éi(z)r is posi-

tive definite. If we denote the columns of H,.(s) by vo, vi, . .., v and if ves1 = (Spi1, Spi2s -+ -5 82041)5
the following assertions

(i) P=z"t —qp—ajz—...—a,z”.
1=7
(ii) vr1 = 3 a;v;.
i=0
are equivalent for all ay, . . . ,a, € R.

Proof. Letj € {0,1,...,r}, by orthogonality we have: Ls(z7P) = 0.
Hence,
Vie{0,1,...,7}, Spqjr1 — Q0Sj — Q1Sj41 — -+ - — QrSjpr = 0.
Thus, v, = i a;v;.
i=0

Conversely, let A be a root of the polynomial P, we have

S0 Sp Spgl
1
P()\) [
D, Sp o S2r S2p4d
1 . A" )\7‘+1

Expanding according to the last row, we obtain

P()\) _ L[)\TJADT + Z(*1>k+l)\rikDr,k,]y

r k=0
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with
So v Sr—k—1 Sp—k+1 tt Sp4d
DT',k -
Sp ottt S2r—k—1  S2r—k+1 o S2p4d
On the other hand,
i=r 1=
(N e E A;V; = VUpy] — E a;V; = a;v;.
i=0 i=0,i7j
i=r
Thus, replacing the last column v,y by v,.41 — > a;v; , we obtain
i=0,i#r—k
S0 0 Sr—k—1 Sr—k+1 0 Qr—kSr—k
. . . . . . . k
Drp=1: : : : : = (=1)"Dya,—y.
Sr e S2r—k—1 S2r—k+1 o Qp—kS2r—k
Hence,

_ 1 r+1 - k+1yr—k k _
P(/\)f0<:>D—T A Dr+;)(—1) AR (ke D, | =0

= )\'r’+1 + Z(_1)2k+]>\r_kar7k =0
k=0

T

PN )\r-‘rl _ Z Arikar—k
k=0

.
e AT =" N,
=0

We deduce that X is a root of P if and only if X is a root of the polynomial Q = 2" ! — i a;xt.
i=0

The polynomials @) and P have the same degree and roots and are both unitary. Therefore P = Q
and the proof is ended. O

Now, we are in a position to provide proof of Theorem 3.1.

Proof. The sequence (s j);i(z)r is positive definite. Let us put:

1=T
P=P.. = 2" - E a;x".
i=0

T
Then, using the previous Lemma 3.2, we have: v, = > ajvg. Hence,
k=0

VEe{r+1r+2,...,2r+1}, sx=Y GiSkiir 1. (3.1
=0

Let us show by induction that (3.1) is verified for all £ > 27 4 1.
For k = 2r + 1, the proof is already done. Let & > 2r 4 1 and assume that (3.1) holds for all
k € {r+1,...,k} and let us show that,

T
Sk+1 — g Qi Sk+i—r-
i=0
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Forall kK > 2r 4+ 1, we have k — r > r 4+ 1, then D _,. = 0, where

S0 e Sy Sp+1 Sp42 vt Sk—r
Sy et Sy S2r+1 S2r42 et Sk
Dy =1 5001 -+ S2p41 S2r42 S2e43 0 Skgl
Sk—r—1 **°  Sk—1 Sk Sk+1 0 S2k—2r—1
Sk—r e Sk Sk+1 Sk+2 v S2k—2r
T
Forl € {r+1,...,k — r}, let us replace the column v;, by v; — >_ a;v;4;—r—1 and we use the
i=0

induction hypothesis. So we get

50 e s 0 0 - 0
sy i sy 0 0 - 0
Dk*r p— 5T+1 DECEEY 82T+1 O 0 ... al ,
an
Sk—r—1 =+ Sp—1 0 o
Sk—r 0t Sk QI 0 -0 Qpoap

i=r

with oj = 5545 — > Qi Sktjt+i—r—1 forallj e {1,...,k—2r}.
=0

=
This determinant takes the form

H,.(s) 0
Dk—’!‘ = ‘ ( ) A )
with
o o .- 0 aq
0 0 R (03] (%)
A=

0 (e%} te Qf—2r—1
ap Qp o Okp—2r—1 Q2

Thus, by performing a block calculation of the determinant Dy,_,., we obtain

Dy—p = |A| x |H.(s)| = (_l)k_ZrO‘IIFZTDT'

Whence,
-
Dy r=0=0a=0=sp11 = Z%Skﬂer-
i=0
Consequently, the sequence s is determined by the data of its  + 1 first terms, sy, ..., s, and by

the following linear recurrence relation of order » + 1:
Sk = aoSk—r—1 + @1Sk—r + ...+ arsg—1,Vk > 1r+ 1.
This ends the proof of the theorem. O
The following corollary gives a new and simple proof of the Theorem 1.1 in [3].

Corollary 3.3. If s = (s,,)n>0 satisfies the conditions of Theorem 3.1, then s is a sequence of
moment of a discrete measure . concentrated in v + 1 points of the real line.
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2,,‘ . . o . 2/,-+1 .
Proof. The sequence (s;);” is definite positive. So, the sequence (s;);," is a moment sequence

r+1
of the measure (r + 1)-atomic up = Y m;0y,, where ()\;)1<;<r41 are the roots of P = P,

i1
and m; = Ly (%)

So, we have

Vke{O,...,Zr—i—lLSk:/xkd,up(x). (3.2)
R

To complete the proof, we will show, by induction on £, that
Vk >2r 42,5, = / 2Fdup ().
R
For k = 2r + 2, we have
r+1

/szerzd/,Lp(ﬂj) —_ Z mi)\%r+2
i=1

r+1
= mATIATH

i=1

r+1 r
= E mi)\f+1 ak/\f
=1 k=0

r+1 r+1
= ap E mi)\;H +...+a, E mi)\lz-““l
i=1

i=1

:ao/ $T+1d,u,p(l’)—|—...+ar/ x2T+1dﬂp(x)
R R

= aoSr+1 + ...+ arS2rq1

= S52r42-

The last equality is obtained by the use of Theorem 3.1.
Let k > 2r + 2, suppose that (3.2) holds for all ¥ < 2r 4 2. We have

r+1

/ :rk+1dup(x) — ZmiAerl
R i=1
r+1
=D mATINET
i=1
r+1 r

= E AT a;X
i=1 =0

r r+1

=SSt
=0 =1

T

=Y a; [ At duno)
j=o E

r

= @i Sk—r+i = Sk+1-
i=0

This achieves the proof. O
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