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Abstract In this article, we have shown that two important pairs of («, §)-metrics, namely,
2

generalized (o, 8)-metric F' = pja + woff + ugﬁ—, (where py, po and 3 are constants) with

Kropina metric and generalized («, §)-metric with Randers metric, have same Douglas tensors
if and only if both are Douglas metrics. Furthermore, we study the projective relation between
two important («, 8)-metrics with dimension n > 0, where 3 and B are one-forms, while . and
& denote Riemannian metrics.

1 Introduction

The projective change of Finsler metric is a fascinating concept to investigate in Finsler ge-
ometry. On a manifold M, two Finsler metrics F' and F are called projectively related if every
geodesic of the first metric is also a geodesic of the second metric and vice-versa. Many authors
[2, 3,9, 10, 11, 12, 13], have investigated the projective relation between two Finsler metrics.

The paper [13] by Rapsack provides us with a very important and necessary result related
to the projective change, dealing with necessary and sufficient conditions for projective relation.
In the recent year many authors [5, 6, 7, 14], discussed the projective changes between special

(v, B)-metric with Kropina metric in detail. In [8], Pradeep Kumar et al. have introduced a gen-
2

eralized (o, 8)-metric F' = pya+ pp 8+ p3 Eal (where 1, 1o and p3 are constants) and discussed
«
projective change.

The («, 3) metric is a substantial and significant class of Finsler metrics. It can be expressed

as F' = ad(s), s = é where o denotes Riemannian metric, 5 is 1-form and ¢ represents the
!
2
. . . . . o

positive C'*° function. L. Berwald was the first author to introduce the Kropina metric F' = —
and was studied by V. K. Kropina [4]. However, the Kropina metric is a non-regular Finsler met-
ric, but the Randers metric F' = o+ 3 is a regular Finsler metric. Kropina metric is regarded as a
significant and elementary Finsler metric with a plethora of interesting and useful applications in
physics, irreversible thermodynamics, dissipative mechanics, and electron optics in the presence
of a magnetic field. They also have interesting applications in relativistic field theory, evolution,
and developmental biology given in [1].

The aim of this article is to continue the investigation on the generalized («, 3)-metric F =
2

pwre+ pof 4+ u3 5 and to study the projective relation between two («, 3)-metrics. The results
(e
have been proved in two cases in section 3. In the first part, we have proved that both generalized
=2
. . .= a . .
metric ' and Kropina metric F' = F are Douglas metrics and also, we have proved F' is

projectively related to Kropina metric F. Furthermore, we proved that the generalized metric F
and Randers metric F' = & + (8 are Douglas metrics and are projectively related.
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2 Preliminaries

Let F™ = (M, F) be a Finsler space with a fundamental function F'(z,y) on a differential
manifold M [1]. We have

* gij = %5i3jF2, 0; = 8%/’

|
* Cijr = Eaigij,
* hij = gij — Ll
1
* Vg = ng(ajgrk + Okgrj — Orgjr,
* G = 57y, G = 0,67, Gy, = 0465, Gy = G

The theory of (a, 3)-metric F" = (M, F(«, 3)) is originated by M. Matsumoto in 1972 and
analyzed by several authors [3, 5, 7]. Two Finsler metrics F' and F’ on a manifold M are called
projectively related if and only if [3]

G'=G"+ P(y)y', 2.1

here, P(y) denotes a scalar-function on 7'M \{0} and homogeneous of degree one in y. The
geodesic of F' must satisfy the following ODE by certain Finsler metric F' := F(z,y)

- dx A2zt
267 (2, 2) = 22
¢ (z dt) a2’

here G* = G*(x,y) is a geodesic coefficient, G' is provided by

{{Fz]m””ylym - [Fz]ml}gil-

G = J

The following relation is satisfied by the positive C'>° function ¢ = ¢(s), |s| < bo

1"

(0 — 529" (s) + ¢(s) — 56 (s) > 0, (|s] < b < by). 2.2)

The F = ad(z), s = é is a regular (v, 8)-metric, if || B |la< bo, V& € M is satisfied by
the Riemannian metric o = a;;y'y? and 1-form 3 = b;y". Let 73 = b;);dz* ® da’? be covariant

o . 1 1
derivative of § with respect to . Denote r;; = E(bm +b;);) and s;; = i(bilj —bji), where b;;
is known as coefficient of the covariant derivative of 3 in reference to «. Taking note of the fact
that s;; = O if and only if 3 is closed [5]. Let s; = b’s", s} = allsy;, so = sy, sy = shy’ and
T00 = Tijy'y’. ‘ _
The spray coefficient G*, geodesic coefficient G, of F' and « are connected by [10].

G = {—2aQso + o0 H{PV + Oa 'y} + aQsh + G, (2.3)
where o
Q= prympor
_ l ¢//
EREICEr R ra)
o_ 09 —s(#d +69")
20((b? — s2)¢" 4 (¢ — s¢'))
a2

For the Kropina metric F' =

relation ¢(s) + (b2 — s2)¢ (s

, it is very easy to see that it is not a regular («, 8)-metric but the

=

— 5¢ (s) > 0is still true for |s| > 0.

~
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Definition 2.1. [3] Let D := D 110i @ da' ® dr* ® dr' is Douglas tensor.

. ok 1 oG™ . .
o — _ G 2.4
IR 9yd Dyk By < n+1 oym 4 > ’ 24)

here G is the spray coefficient of F'. A Finsler metric is called Douglas metric if D; w = 0[6].

Let
G' =W{-2aQsp + oo }b" + aQsh + G, (2.5)

Then (2.3) reduces to
Gi = Gi + @{7’00 - 20[@80}%.

According to (2.1), G* and G are projective equivalents and they are having similar Douglas
tensors. Let

T = W{roo — 2aQs0}b* + aQs). (2.6)
Then G = G°, + T?, thus
D;‘kl = D;‘kl
s L B
Oyl oykoy! (n+1) oy™ (n+1) oy™ Y

The Douglas tensor of an («, 3)-metric is given by
) a3 ' 1 o1T™ |
Dy=—F+ |T"—————y" ). 2.7
TR Byd Ok Oy ( n+1 oy™ Y ) 2.7)

We use ar = a™!; s, = a=?(bga — syy) to simplify (2.7), where y; = a;y' and o« means

Y
foJe!
aiyk . Then

[0QSF ]y = a72Q [bma? — Bymsy + o~ ym Qs = Q so,

and

[\P(TOO — 2Q0680) bm]m

Y

= —a "W roo — 2Qaso] (s> — b2) + 2¥[ro + Q (s> — b?)so — Qssol,
where ro = r;y* and ; = b'r;;. Thus using (2.6), we have

T = 2W[rg — Q (b” — s%)so — Qsso) + Q so — ¥ ' (s> — %) [roo — 2Qasg),  (2.8)

Yy

Now, assume that the Douglas tensor is the same for F and £'. Hence, Dl = D; - From (2.4)
and (2.7), we can write

o - 1 o
— (T -7 - T — T )yt ) = 0.
dyI oYk oy ( n+1( Y Y )y)

Then there exist a class of a scalar function H; £ = H;k (x), such that

Hig=T' ~T' — — (T} ~ T}y 2.9)

where Hi, = H},y'y*, T* and T}, are given by (2.6) and (2.8).
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2

= (M, F), the metric F' = F'(x,y) is a Finsler metric provided || 3 ||< by
and the geodesic coefficients of Finsler metric are obtained by Eq. (2.3).
B

3 Projective relation between two classes of (a, 3)-metric

For a Finsler space F™
(a). Generalized («, 3)-metric F' = pja + pofS + pz— .
(0%
For the generalized metric F, equation (2.2) can be used to demonstrate that F' is a usual

Finsler metric, given || 3, ||o< 1, for any x € M.
The geodesic coefficients are provided by (2.3) as follows
_ M2+ 2p3s
i — pas?’
_ H3
(1 4 2p30% — 3u3s?)’ G.D
O g = 3papzs® — p3s’
2(p1 + pos + p3s?) (1 + 2p3b? — 3pzs?)”
_ a2
(b). Kropina metric F' = —.
For the Kropina metric I, the geodesic coefficients are provided by (2.3) that yields
- s
@ - _ﬁ’
Q= : 3.2
=, (3:2)
- 1
¥Y=_—
2b%

(3.3)

(c). Randers metric F = & + (.
1,

0,

For the Randers metric I, the geodesic coefficients are provided by (2.3) that yields

O

1

(2+2s)

@
Il

&

Now, we discuss the projective relation between generalized («, 3)-metric with Kropina and
5

Randers metrics.
Lo . _ B 5
3.1 Projective relation between F' = pjo + po8 + p3- and F' =
This section is about the projective relation between generalized metric F' and Kropina metric
=2

F' on the same fundamental manifold M of dimension n > 3.
Now, we have the following theorem
2 _ a
Theorem 3.1. Let F' = pja + pof3 + u3— be a generalized (o, 3)-metric and F = 7 be a
(6%
Kropina- metric on n-dim manifold M (n > 3), where /3 and [3 are two non-zero I-forms, o and
& are two Riemannian metrics. Then Finsler metric F and F are Douglas metrics if and only if

both are Douglas tensors.
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Proof. Let Finsler metric F and F' be Douglas metrics with Douglas tensors be D}, and D; i

Then D;kl = 0and D;'.k,l = 0 (by the definition of Douglas metric), i.e., the pair F and F' are
having identical Douglas tensor.

Conversely, suppose F, as well as I, have the identical Douglas tensors, at that time Eq. (2.9)
holds.

Substituting (3.1) and (3.2) in (2.9), we get

Ao + B'a' + C'a® + D'a® 4+ E'a’ + Fla® 4+ G'a® + H'o* + I'a’
Miq10 + Nia8 + Otab + Pig# +Qia2 +RL

+Jia? + Kla+ L) Ao+ B*

2023

i
Hyy =

(3.4)
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where

A" =12 (1 + 2p3b) (=203 s0 (12 + 2013) B + 2pap13b7s}),

B =3 (11 + 20307 (12 + 2401 1128 + 4p36° B) sy — 21 parory’ + pi pabroo),

C" =dpuy pop3 (21 + pab?) (025587 + (2uy s8> + 1)b'so) + B2[=3p2 papz (i

+ 23b%)]sg + B[—2411 paps (g1 + 21367 s0Ay',

D' = =3 ( + 203b%) (91 + 4pab®)] + B[~ 207 paps (21 + pab®) s+
Bl (1 + 2p30%) + apsi + 4 psblroo + 82 [4pt i3 2 + p3b?)]
roXy’ + B(=6p3 1307 ro0Ny") + 23 pa (=g (g1 + 20367 ) + 636 (2 + p13) 8
+ 2038 (1 + p3b?))soXy’ + B2 [App3 (1 + 2p3b?)) Ay,

E' =3[243b" (12 + 2p13) (11 + 2p3b% + 6p1113) s0] + B 2paps3{ g (b7 + 6p1)+
pab” (O + 26°)}] + 87 [— a3 (224 + 8u3b?) Ay,

FU=B[2p3 (1 + 2030 ) (1 + 6pu1 03 + 230°) ] + B s (1 + 2p30°) + 6413)
{1 (p2s + pab'roo) | + 21413 (21 + p13b*)(6553° + b'roo8°) — B (12001143
(11 + p3b?)roxy’] — BH[16p113 (201 + p3b?)soy’] — B*(1213 13 Ny") + B°
(61743 (111 + 3136 roohy'] — B2 (241 p30° (2 + 1) + 4pt il + 8t pi3b* Aoy’

— B2 20345 (= 2p36%) — 1245345 + 81 i3b*]so Ny’ + Bl2ui i3 (1 + 4psb?)
+ 81 3% s0 My,

G =B[613b" (12 + p3)so0] — B°[Bpapi3 (11 + 4pab® + 6411 3) 5] + B (3641 p1213)
soAy’ — B2 [Buipap3 (1 — p3b®) + 12p1 203 (6> — 6) + dpap3b*]sody’ + 52
2ppiopa (1 + 4b%) + dpuap3b® + pia + 26° My,

H' =B7[—613 (111 + 20126°) {17 (111 + 2013b%) + 663 p3 + 1} + B°[—=3p g3 s
— A { bt (4 2p30°)7 + 6123 (11 + 2p36%) + 36" Yoo + 5°(2441413)
soAy' — B6p3(1 + 12447) + 61307 (1 + 2n)Jroory’ + 57 [1230% (s — p12)
so\y'] — B8 13 — 12013 (11 + 2p3b%)]so Ny — B[ 3 (3 + 4usb?)
—2p313 — 8u3b*|Ny’,

I' =% (9papi3sy) — B7[6p243 (12 + 2)]s0My" — B7[6p2ps3 (1 + b%) + 181 p12413]
so\y' = B [12p23(1 + b%)]so My,

JP=313(68%s) 4+ 683700) — B¥[643(ro + 250)Ay'] — B7[643b% + 613 (1 — 23)]
ooy’ — BOus(10p; — 32u3b%)so Ay’ + B[18 15 — 12p3(1 + 2b%)]s0 Ay,

K* =183 8%s0 My,
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L' =181387s0\y" — 12p138° — 615387 r00 My’

M =i (1 + 2u3b%),

N =B[—pip3 (1 + 2p3b%) (91 + 6p13b%)],

O" =3[ 3 {Bp 3 (T + 8u3b®) + (1 + 2u30%) (1 + 2pu3b?
+ 43 (21 + p3b®))}],

P = — iy [6p1 + 1201 p3b% + 183 s + 3paps (Tpn + 8usb?) + (1 + 2p30%)],

Q" =15p1413 + 343 (61 + 407),

R'=— 9350,

A" =b*5) — b'5p,

B =B[22\ (7o + 50) — b'7o0),
and

1
IS
Thus, (3.4) is equivalent to

(3.5)

(Ala' + B'a' + C'a® + Dia® + E'a’ + Fia® + G'a” + Hia* + I'a’ + J'a?
+K'o+ Li) X (21_)26_) + (fliozZ + Bi) (MiozlO + Nia® + 0'a® + Pla* + Qia? (3.6)
+R") = Hf, (20°B) (M'a' + Nia® + 0'a® + Pla* + Q'a* + RY) .
Replacing (y*) by (—y%) in (3.6) yields
(7Ai0411 _'_Bialo o Cia9 +Dia8 *EiOﬂ +Fia6 o GiOZS +Hia4 . IiOéS —|—J’d2
—K'a+ L") x (=20°B) — (A'a® + B') (M'a'? + N'a® + O0'a® + Pla* + Q'a>  (37)
—i—Ri) = —Héo (21_)25) (Miozlo + Na® + 0'a® + Pla* + Q'a? + Ri) .
Adding (3.6) and (3.7), we get
(Aioz11 +C°+ E'a + G’ + T’ + Kioz) X (2525) =0.
Rearranging the above equation
(A" + C'’ + E'd’ + G'o’ + I'a® + K'al) = 0. (3.8)
Using (3.8), equation (3.4) is equivalent to
(B'a'’ + D'a® + Fia® + H'a®* + J'a? + L) (20°P)
= Hj, (20*B) (M'a' + N'a® + 0'a® + Pla* + Q'a® + RY) .
From (3.9), we observe that A’a? (M'a!'® + Nia® + O'a® + Pla* + Q' + R') is divided by
f . Since, 8 = ¢f3, then A’a* M'a'” can be divided by 3. Because /3 is prime as related to o and
&, A" = b?5} — b'5 can be divided by 3.
Hence, o o
b5 — b'50 = By (3.10)
Contracting (3.10) by §; = a;;, we get ¥'(g;) = —3p. Since §; is arbitrary vector, we get
Y(z) = —5'. Then we have

5ij = = [bi5; — b;j5] (3.11)



206 AjayKumar AR and Pradeep Kumar

-2
provided b # 0. By Lemma 2.3(see,[7]), if » = 2 then F' = % is a Douglas metric. As a

result, the fact that F' and F have identical Douglas tensors indicates that they follow Douglas
metrics. O

Hence, the proof.
Now, we state and prove the following,

2 a2

Theorem 3.2. Let F = pya + 8 + ,u36— be a generalized (o, B)-metric and F = 7 be a
e

Kropina metric on n-dim manifold M (n > 3). The Finsler metric F is projectively connected

to I if and only if the following equation holds true

Gt + T%Ozzbl =GL+ 2%2 (&%5" + roob’) + 0y, (3.12)

where 8 and B are non-zero 1-forms while o and & are Riemannian metrics. bt = a¥ b, bt =
aib;, b* =|| B ||, scalar v = 7(x) and 6 = 0;y" is a one-form on M.

Proof. Let the Douglas tensor is invariant in the projective relation between two Finsler metrics.
Since, F' is projectively related to /', moreover both have the identical Douglas tensor.
From theorem (3.1), we have proved that together («, §)-metrics F as well as F' are Douglas

metrics. )

We know that generalized («, 3)-metric F' = pya + po8 + ,u36—, is Douglas metric if and
(6%
only if
2
bij; = 2r [(1 N fulac) b2> aij — 3“317,;@} . (3.13)
H1 M1

Within this instance, S is closed.
Substituting (3.13) and (3.1) in (2.3), we get

; ; pipaa® — 4pa B — 3pppzos? ] i At
G' =G, +T1 + r—0". 3.14
{ p1 (2pna? + 2pp0B + 13 52) 1 G
Also, substituting (3.15) and (3.6) in (2.3), we get
_ _ 1 27 B
G = Gla 2b2 { Ol S + (28()y — T()()bl) ;gﬁyl} . (315)

In view of F is projectively related to £, there is a scalar P = P(z,y) on TM\{0} as a result
G'=G"+ Py". (3.16)

By using (3.14), (3.15) and (3.16), we have

{P {Ml/tza —436° — 3#2#30652] B _l ( 7”005)} _
1 (2ma? + 208 + 13 5 v
1
20

GGt
1

(3.17)

( %5t + Foob’ )
The RHS of (3.17) is quadratic. Then there exist = 0;(xz)y’ is a 1-form on M such that

ppe’ = 43B° = 3z 1 7'005
P ) =0. 1
{ ! { w1 (2pa? 4+ 2upa + s B?) b2 So+ (3.18)

Thus, we have
G + e 2b Gl+—1 + 7oob’) + Oy 3.19
LT 0 T8 (as Foob") + 0y (3.19)
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Conversely, from (3.14), (3.15) and (3.19), we get

i ~i Hlﬂza - 4M2ﬂ3 - 3N2M3a52 1 ( 7“005)} i
G'=G"+ |0+ T+ = + . 3.20
1 (2p10? 4 2pp0 + p3 f?) %0 Y 420
From (3.16), we have
pipe® — 43 = 3uppzaf? 1 ( Tooﬁ) :
P=60+ T+ = + ‘. 3.21
i Cma? + 2maB + wf?) | 2\ Y G20
This concludes that F is projectively related to F'. Hence proved. O

From theorem 3.1 and theorem 3.2, we obtain the following result,

2 =2
Corollary 3.3. The Finsler metric F' = pja + 2 + mﬂ— and F' = % on a n-dim manifold
e

M (n > 3), where 3 and 3 denote non-zero 1-forms and o and & denote Reimannian metrics.

The Finsler metric F is projectively related to F if and only if Gi, = G, + (a 5" + Toob?) +

H3 o?

Oy' — =0, and 5;; = = [b;5; — b;5;] .
1

=

3.2 Projective relation between F' = p,00 + po3 + ug%z and F = & + 8.

Now, we obtain the projective relation between generalized metric ' and Randers metric £
on the same underlying manifold M of dimension n > 3.
First, we state the following.

2
Theorem 3.4. Let F = o + pof3 + m% be a generalized metric and F := & + (3 be a

Randers metric on n-dim. M (n > 3), where 3 and B are non-zero 1 -forms while o and & are
Riemannian metrics. The Finsler metrics ' and F have the same Douglas tensor if and only if
both are Douglas metrics.

Proof. Let Finsler metrics F' and F' are Douglas metrics with Douglas tensors D}, and D;'- Kl
Then Di;, = 0 and D’;, = 0 (by the definition of Douglas metric), i.e., the pair F" as well as F’
are having the identical Douglas tensor.

Conversely, if suppose F and F' have identical Douglas tensor, we claim equation (2.9).
Substituting (3.1) and (3.3) in (2.9), we get

00 Mial® + Nia® + Oiab + Pia* + Qia? + Ri (322)
+Jia? + Kla+ LY)
— (@ x 5p),

where all the coefficients of different powers of « are stated in equation (3.9).
Furthermore, equation (3.22) can be re-written as

(Ala' + B'a'" + C'a® + D'a® + E'a’ + F'a® + G'a® + H'a* + I'a’ + J'a? (323

+ Ko+ L) = (Hiy + (@ x 5)) (M'a'® + N'a® + 0'a’ + Pla* + Q'a® + R').
Replacing y* by —y¢, we have

( AZ 1]_|_Bz 10 Cia9+Dia8_Eia7_|_Fia6_Gia5+Hia4_Iia3+Jia2 (324)

— K'a+ L") = (Hjy — (@ x 3))) (M'a'® + N'a® + 0'a® + P'a* + Q'a* + RY).
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Subtracting (3.24) from (3.23), we get

(Aia” + 0+ Ed + G+ I'a® + Kia)

) ) . ) ) ) ) (3.25)
= (a x5y (M'a'® + N'a® + 0'a® + P'a* + Q'a* + RY).
Adding (3.23) and (3.24), we get
(Bla10+Dza8+Fla6+H1a4+J’La2+Ll)
(3.26)

= Hiy (M'a'® + N'a® + O'a® + Pia* + Q'a® + RY).

From (3.25), we can see that &R’ 53 containing the element a. Now, we divide the proof into two
different cases, and the result is as follows.

Case 1: Suppose & # §(z)a, then o? is one of the term in aR'5) = —9u3aB's). But 32
has no factor o®. Then the only possibility is that 35 has the factor a?. This is because 5'° and
« are relatively prime polynomials of y*. When n > 3, suppose 7% # 0, then

2 > rank(bp5,) 4+ rank(b;5},) > rank (b5} + b;5},) = rank(27'a;,) > 3 (3.27)
Equation (3.27) satisfies only when 7¢ = 0. Then 5} = 0, which implies 3 is closed.
Case 2: Suppose & = §(z)«, then (3.25) becomes
(A’:oz10 +Ca® + Ela® + Gla* + I'a® + Ki) @

10 - 6 - - . y o (3.28)
= (Mo + N'a® + 0'a® + P'a* + Q'a” + R') ad ()5 + 6(x)5R’,

We observe that §(z)55 R = —9u331°56(x) has the factor of a. Since, deg(z) # 0 then 3'°5]
has the factor o implying 5{, = 0, This shows that 3 is closed.

It is known that the Randers metric /' = & + 3 is a Douglas metric. Now, from the above
result, we can conclude that F" and F' are Douglas metrics. O

Hence the proof.
Now we can state the following results.

2
Theorem 3.5. Let F = o0+ pio 8+ 13 % be a generalized metric and F = & + (3 be a Randers

metric on n-dim. M (n > 0). The Finsler metric F is projectively related to F if and only if the
following equations holds true
Go =G5+ Py,
b;; =0, (3.29)
dg =0,

where b =|| 8 ||« and P is a scalar function on TM {0}.

Proof. We know that for two Finsler metrics, the Douglas tensor is projectively invariant. There-
fore F and F are identical Douglas metrics if and only if they are projectively related. In view of
Theorem 3.3, we have both F' and F' are Douglas metrics. Consider a generalized (v, 3)-metric
is a Douglas metric if n=2 then S is parallel to . Thus

by; = 0. (3.30)
Substituting (3.30) and (3.1) in (2.3), we get

G =Gl
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Since, F is projectively equivalent to /' and £3 is closed, then £ is Douglas metric that is
55 =0. (3.31)

Substituting (3.31) and (3.3) in (2.3), we get
. ) 700 )
Glj = sz + — =T l. 332
2(a+p) Y (532)

Suppose F is projectively equivalent to ', we have

G'=GY 4 Py'. (3.33)
From (3.30), (3.32) and (3.33), we get
P A 700 ;
G, =G, +{=——=+P,y". 3.34
ErAnal 339

We know that the RHS of (3.34) is quadratic. Then it follows that 1-form § = 6;3* on M such
that . B '
G' =Gy + 6y', (3.35)

where § = P + ﬁ. From (3.30), (3.32) and (3.34), « is projectively related to &.

&)
Conversely, if 3 is closed. It can be proved that « is projectively related to &. Substituting (3.30)
and (3.1) in (2.3), we get (3.32); Also, (3.32), (3.3) and (2.3) yields (3.33). Now, from (3.31),
(3.33) and (3.35), we get G* = G, + 0y". Hence, F is projectively related to F'.

Also, if F' is locally-Minkowskian, & is an Euclidean metric and = b;* is 1-form with b;
is constant. Then
Gy =G5+ Py,

3.36

Thus, we state the following

2
Corollary 3.6. Finsler metric F = pja+ pof3 + 13 5 is projectively equivalent to F = & + j if
a

and only if F is projectively flat. Furthermore, if F' is projectively flat, the equation (3.36) holds.

4 Conclusion

In this article, we have obtained the projective relation between two important («, 3)-metrics.
2

At first, we have considered generalized («, 8)-metric F = pjo + o8 + mﬂ— with Kropina
e

=2
metric ' = %. Subsequently, we have considered generalized («, 3)-metric F' with Randers

metric /' = &+ 5. Where « and & represents Riemannian metrics and 3 and 3 denotes non-zero
1-forms. This study provides two important results of two different («, 3)-metric pairs under the
projective change.
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