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Abstract A signed graph is a graph in which each edge is labelled with +1 or —1. In this
paper we define the vertex (n, k)-choosability of signed graphs which provides an extension of
the vertex (n, k)-choosability of the underlying graph. Also we define the vertex choice number
of a signed graph and prove some of its properties and provide bounds in terms of the vertex
choice number of the underlying graph and other signed graph parameters. Also we find a
characterisation for balance in bipartite signed graphs in terms of its vertex choice number.

1 Introduction

Let G = (V,E), be a graph of order n and size m, where V(G) = {1,2,...,n}. A signed
graph £ = (G, o) is a graph G = (V, E) together with a signature function o : £ — {+1,—1}.
Unless mentioned otherwise, all the underlying graphs considered in this paper are simple, finite,
connected and undirected. For any terms and definitions not defined specifically in this paper,
the reader may refer to [6] and [10].

An edge ¢ of a signed graph X is said to be positive (or negative) if o(¢) = +1 (oro(e) = —1).
A signed graph £ = (G, o) is balanced if every cycle contains an even number of negative
edges. That is, a signed graph X is said to be balanced if for all cycles C' in ¥ the product
0(C) = Il.ep(c)o(e) = 1 and is called antibalanced if —X is balanced.

For a signed graph X = (G, o) switching at a vertex v means changing the sign of each edge
incident with v. In general switching at a vertex subset X of V(X) means changing the sign of
every edge with exactly one end in X. Two signed graphs are switching equivalent if one can be
obtained from the other by a switching at some vertex subset. The operation of switching does
not essentially change the signed graph, because it preserves the sign of each cycle. It is well
known that a signed graph is balanced if and only if it is switching equivalent to an all positive
graph. The following theorem is known as Harary’s bipartition theorem gives a characterisation
for balance in signed graphs.

Theorem 1.1 (Harary’s bipartition theorem [5]). A signed graph ¥ is balanced if and only if there
is a bipartition of its vertex set, V.= V| U V,, such that every positive edge is induced by V| or
V, while every negative edge has one endpoint in Vi and one in V,.

The concept of list assignment (or a list coloring) of graphs was studied in [1] and by invoking
the concept of list-assignments of graphs, the concept of (a : b)-choosability was defined and
studied in [3].

Definition 1.2.[3] A graph G = (V,E) is (a : b)-choosable, if for every family of sets
{S(v) : v € V'} of cardinality a, there exist subsets C(v) C S(v), where |C'(v)| = b for every
v € V,and C(u) N C(v) = 0, whenever u,v € V are adjacent.

The vertex set oriented (a : b)-choosability, known as the vertex (n, k)-choosability of graphs
is defined and its relation with other graph parameters are studied in [4], [7] and [8].
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Definition 1.3. [4] A graph G = (V, E) of order n is said to be vertex (n, k)-choosable, if there
exists a collection of subsets {S;.(v) : v € V'} of V(G) of cardinality &, such that Sy (u)NSk(v) =
0 for all wv € E(G).

Definition 1.4. [4] The maximum value of k for which the given graph G is vertex (n,k)-
choosable is called vertex choice number of G, and is denoted by V., (G).

In this paper we study the vertex (n, k)-choosability in signed graphs which provides an
extension of the vertex (n,k)-choosability of an unsigned graph. Also we define the vertex
choice number of a signed graph and provide bounds in terms of other graph(signed graph)
parameters.

2 Definition and Main Results

In this section, we extend the notion of vertex (n, k)-choosability of graphs into signed graphs.
Also, the vertex choice number of a signed graph is defined and we give a characterization for
balance in bipartite signed graphs in terms of its vertex choice number.

Definition 2.1. Let A be a non-empty set of integers. Then, A is said to be symmetric, if A =
—A, otherwise the set is said to be non-symmetric.

Definition 2.2. A signed graph £ = (V, E, o) of order n is said to be vertex (n, k)-choosable,
if there exists a collection of non-symmetric sets {Sy(v) : v € V'}, where Si(v) is a subset of
{£1,£2,..., %} if nis even, (or Si(v) is a subset of {0, +1,42,..., j:”T_l}, if n is odd) of
cardinality &, such that

Si(u) N (o(uv)Sk(v)) = 0 for all wv € E(X).

Equivalently
(o(uv)Sk(u)) N Sk(v) = 0 for all uv € E(X).
OR
Sk(u) N Sk (v) = 0 whenever uv € E*(X)
and

Si(u) N —(Sk(v)) = 0 whenever uv € E~(X).

Definition 2.3. The maximum value of k for which the given signed graph ¥ = (G, o) is vertex
(n, k)-choosable is called vertex choice number of X, and is denoted by V., (X).

First we prove that the vertex (n, k)-choosability of X is switching invariant.
Theorem 2.4. The vertex choice number of a signed graph ¥. is switching invariant.

Proof. Suppose that V,;,(X) = k and X is switched to X°.
When we switch the signed graph X to X¢, together we switch the sets assigned to its vertices in
the following way ¢ (v)Sk(v) = S} (v). That is, if the vertex v is switched then the set assigned
to v is also switched to ¢(v)Sk (v).
Let ¢(u) = ((v). Then, the sign of the edge uv will be the same in both ¥ and X¢.
Hence,

Si(u) N Sk(v) =0 = Sp(u)NSy(v) =0

and
Sk(u) N =(Sk(v)) =0 = S (u) N =(S;(v)) =0
If ¢(u) # ((v). Then the sign of the edge uv will be reversed.
Sk(u) N Sk(v) =0 = Sp(u) N =(Sy(v)) =0
and
Sk(w) N =(Sk(v)) =0 = Si(u) NS} (v) =0.

Then, the non-symmetric collection {S,(v):v € V}, can be assigned to the vertices of X¢.
Since, X¢ can be switched to £, we can say that V., (%) = k. |
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Corollary 2.5. For any balanced signed graph X = (G, ), Ve, (G) = Ver(Z).

Proof. Since X is balanced, X can be switched to all-positive signed graph G. Then, by Theorem
24, Ver(G) = Vep(2). O

Theorem 2.6. Let £ = (G, o) be an odd cycle with V., (X) = k. Then, ¥ is balanced implies
there exists at least one vertex v € V (L), such that 0 € Sy (v).

Proof. LetX = (G, o) be a balanced odd cycle of order n, with V/(£) = {0, £1,+2,..., 271}
Then, by Corollary 2.5, Vo, (X) = Ver(G) = ”T_l Suppose that there does not exist a vertex
v € V(X) such that 0 € Si(v). Then, at a time we can find only two disjoint non-symmetric
sets of order 251, let it be Sk(4) and Sy (). Switch X to ¢ so that o(12) and /(23) are the only
negative edges in £¢. Let Si,(1) = Si(2) = Si(3) = Si(i). Then, the only possible way to label
the remaining n — 3 vertices in X are as follows:

Sk(1). Since, o(n1) is positive, Si(1) and Sy (n) should be disjoint, a contradiction. Therefore,
there should be a vertex v € V(X) such that 0 € Sy (v). o

Definition 2.7 ([9]). The balanced clique number of £, denoted by w;(X), is the maximum order
of a balanced complete subgraph.

Proposition 2.8. Let ¥ = (G, o) be a signed graph of odd order with V., (L) = k and wy,(X) = 2.
Then, for every balanced odd cycles C,, in ¥, there should be at least one vertex v € V(C,,),
such that 0 € Si(v).

Theorem 2.9. A bipartite signed graph X = (G, o) is balanced if and only if Vey, (G) = Ve (2).

Proof. First part follows from Corollary 2.5.

For the converse part, let £ be a bipartite signed graph of order n with Ve, (2) = Ve (G) = | %].
Suppose that X is not balanced. Then, we can find a negative even cycle in X, say, C,, =
VIV ... Upm. Switch X to X¢ so that C), contains only one negative edge, say, vjvs. Since,
wp(X) = 2 and X contains no odd cycles, by Proposition 2.8 we have, it is not necessary to
consider symmetric sets containing 0. Then, there are only two disjoint non-symmetric sets of

cardinality | % |, say, Sy (i) and S, (j). Since, 0(12) = —1, Sp(1) = Sk(2) = Sk(i). The only

possible way to label the remaining m —2 vertices is, S (3) = Sk(5) = -+ = Sp(m—1) = Sk(4)
and Sy (4) = S(6) = --- = Sk(m) = Sk(i) = Sk(1). Since, o(m1) = +1, by our definition,
Sk (m) should be disjoint from Sy (1), a contradiction. Therefore, X should be balanced. i

Lemma 2.10. The vertex choice number of a full negative signed graph X. of order n is [%J .

Proof. Suppose that X is a full negative signed graph of order n. Let e = ij be any edge in
. Since e is negative, choose a non-symmetric set Sy (i) so that Sg (i) N —(Sk(i)) = 0. Then,
we can assign the same set to j also, that is Si(j) = Sk (). In a similar manner every vertices
adjacent to 7 or j can be labeled by the same set Sk (). Since, X is full negative, if we consider
any edge, the end vertices can be labeled by the same set. Therefore, the maximum order & of

the non-symmetric set we can choose from {0, £1,+2, ..., i”T*l}, (if n is odd) so that Sy () N
—(Sk(i)) = 0is | % . Similarly, when n is even the maximum order k of the non-symmetric set
we can choose from {£1,£2,...,£%}, so that Si.(i) N —(Sk(2)) = D is . i

Corollary 2.11. For every k > 1, there exists a signed simple graph X = (G, o) with Ve, (X) = k.

Proof. For any full negative signed graph X = (G, o) on 2k vertices, the vertex choice number
will be k. O

Theorem 2.12. For a non-cyclic signed graph ¥ of order n, Vop(X) = L%J if and only if ¥ is
antibalanced.

Proof. Let X be an antibalanced non-cyclic signed graph of order n. Then, ¥ is switching equiv-

alent to the all negative signature of X, and by Lemma 2.10, V., () = | 5] .

Conversely, suppose that X is a non-cyclic signed graph of order n with V., (£) = | %] . Let Si (i)
and Sy (j) be two non-symmetric sets of order | % | . Then, we can find a bipartition of the vertex
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set of X, V(X) = V; U V4, where all the vertices in V; is labeled by S (i) and all the vertices in
V5 is labeled by S (5). Then, the negative edges in £ will be either in V; or in V5 and the positive
edges has one point in V] and one in V5. If we consider —X, we can see that V; and V, will give
a Harary bipartition of —X. Then, by Theorem 1.1 we get —X is balanced, which implies X is
antibalanced. O

Theorem 2.13. Let £ = (G, o) be a signed graph of order n. Then, Vor(G) < V() < | %]
The lower bound is attained when X is balanced and the upper bound is attained when ¥ is
antibalanced.

Proof. Let X = (G, o) be a signed graph of order n. To label the end vertices of an edge e = ij
in X, either Sk (i) N Sk(5) = @ or Si(:) N —(Sk(j)) = 0. That is, there should be at least two
disjoint non-symmetric sets of order k. Thus, the maximum possible value of k so that X is
vertex (n, k)-choosable is |4 | .

Since, the signature of an antibalanced signed graph X is switching equivalent to the all negative
signature, we have by Lemma 2.10, the vertex choice number of £ will be L%J . Hence, the
upper bound for V., (X) is attained when X is antibalanced. By Corollary 2.5, the lower bound is
attained when X is balanced.

O

Remark 2.14. Let X be a signed complete graph on n vertices, then
* Ver(X) = 1if and only if X is balanced.

* Ven(X) = |4 if and only if ¥ is antibalanced.

Let X = (G,0) and A = (a;;) be the adjacency matrix of G. Then, the adjacency matrix of
¥ is defined as the matrix A(X) = (af;), where af; = o(ij)a;;. Let A1, Ay,..., A, be the n
eigenvalues of A(X) in non-increasing order

Theorem 2.15 ([9]). Let £ be a signed graph on n vertices. Then

n

Y) > .
Wb( )_n—)\l

Theorem 2.16. For a signed graph X of order n, Ve, (X) < Lﬁ(z)J .

Proof. Let X be a signed graph of order n, with w,(X) = m. Let K,,, be a balanced complete
subgraph of order m in X. Switch X to ¢, in such a way that K, contains no negative edges
in X¢. Since, all the vertices in K, are connected by positive edges we should have at least
m disjoint non-symmetric sets to label the vertices of K,,. After labeling the vertices of the
balanced complete subgraph of maximum order, we can label the remaining vertices in X using
the sets labeled to the vertices of K,,,. Hence, there should be at least m disjoint non-symmetric
sets to label all the vertices of X. Therefore, Vor,(2) < [ 2] . O

Now, we provide an upper bound for the largest adjacency eigenvalue of ¥ in terms of its vertex
choice number.

Theorem 2.17. Let X be a signed graph of order n and \,,... be the largest eigenvalue of X.
Then, Aoz <1 — Ver(X).

Proof. The theorem follows from Theorem 2.15 and Theorem 2.16. O
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