Palestine Journal of Mathematics

Vol. 12(3)(2023) , 276-285 © Palestine Polytechnic University-PPU 2023

CHARATERISTIC POLYNOMILAL AND RANK OF
SPECIAL TYPES OF EVEN ORDER MATRICES

Hamdan Alr. ALSulaimani and Saleem Sh. ALAshhab

Communicated by Jawad Abuhlail

MSC 2010 Classifications: Primary 15A03, 15A18; Secondary 15A15, 26C10.

Keywords and phrases: Eigenvalues, characteristic polynomial, minimal polynomial, rank, Franklin square.

The authors like to thank Dr. Dimitrios Pispinis for his contributions in the formulation of
this paper.

Abstract In this paper we introduce a different types of matrices. We determine the charac-
teristic polynomial theoretically and by using software. In some cases we draw conclusions from
it about the eigenvalues of the matrices. The proofs are sometimes constructive in the sense that
we construct a basis of the nullspace.

1 Introduction

In [7] Nordgren proved that QR magic squares have signed pairs of eigenvalues just as do regular
magic squares according to a well-known theorem of Mattingly. This leads to the fact that odd
powers of QR magic squares are magic squares which also can be established directly from
the QR condition. Since all pandiagonal magic squares of order 4 are MP, they are QR. Also,
the researcher showed that all pandiagonal magic squares of order 5 are QR but higher order
ones may or may not be. Similarly, in [8] Stephens studied magic squares of order 4 and 5
and detailed the results concerning the eigenvalues. A n by n matrix A = (A;;) is called a
pentadiagonal matrix if A;; = 0 whenever |¢ — j| > 2. Tridiagonal and pentadiagonal matrices
appear in several areas of mathematics and engineering, specially involving linear systems of
differential equations. Since every 3 by 3 matrix is a pentadiagonal one, it is clear that not every
pentadiagonal matrix is similar to a symmetric matrix. In [3] Alvarez et. al. consider two classes
of pentadiagonal matrices and obtain recursive formulas for the characteristic polynomials and
explicit formulas for the eigenvalues of these classes of pentadiagonal matrices. They show that
if A is a pentadiagonal matrix, then under certain conditions on the sign of the product of the
entries the matrix A is similar to a symmetric pentadiagonal matrix. Thus, all the eigenvalues of
A are real and A is diagonalizable.

We are going to consider different types of symbolic matrices. For each type we determine
the rank or the characteristic polynomial.

2 Squares with Four Blocks Property

In the literature we encounter the concept of a Franklin square (see [1] and [2]). Usually its a 8
by 8 matrix satisfying many conditions. One of these conditions is the four blocks property; i.e.

@ij T A0 +1) T GG T agr); = 8

for all 1< 4,5 < 7, where s is a constant. We are going to study the class of matrices, which
satisfy this condition and call it squares with the four blocks property. A simple example of a 6
by 6 square of this type is
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b J k l m
s—p—b—c p+c—j3 s—-k—p—c pH+c—-1l s—p—c—m
p+b—-d j-p+d p—-d+k d+l-p p+m-—d
s—p—b—f f+p—-j s—p—f—-k f-l+p s—p—f-m
p+b-g g+j-p p—gt+tk gH+i-p p-—gt+m
s—p—-b-h p—j+h s—h—-k—-p p—Il+h s—h-m-—p |

S w0

Its nullspace has as a basis the following set of vectors

[ o—k [ j—1 [ b—m ]
J—p 0 J—p
k—b l—p m-—=b
p—3j 0o |’

0 p—7J 0
L 0 JL 0 | Lp—J |

We will prove that all matrices of this type of an even order have rank 3. We consider the
following notation of this type, which we illustrate by this 4 by 4 square:

p C1 (67} Cc3
T S—p-—7T1—C p+Tr—C S—p—171—C3
. p—rta —pt+rtc p—rtcs

T3 S—p—rz—cC p+r3—C S—pP—13—C3

Definition 2.1. A matrix (m;;) is a square with four blocks property if and only if m;; = p and
for 2 < i,j < n the following hold

Mij = Cj—1, Myl = Ti—1 , Myj = S —p — 11 — ¢;j—1 when ¢, j are even,
m;; = rj—1 +c;—1 —p when i, j are odd,
mi; =p+ (—1)""'e;—1 + (—1)?~'r;_, when i, j have different parity.

Proposition 2.2. Assume that s (p — ¢2) (p — r2) # 0. For all n > 3 a matrix (m;;) is a square
with four blocks property of order 2n by 2n has rank three.

Proof. If we calculate the determinant of the 3 by 3 upper left corner of this matrix then we
obtain

—s(p—c2)(p—r2).

Thus the rank is at least 3. We give now the explicit form of 2n — 3 independent vectors in
the nullspace, which can be checked by forward computation. The first set of vectors has the
structure for2 <¢<n-—1:

(CZ — C24, —P + Cziaoa "'aoap - 02705 "'aO)t

where p — ¢, will be located at the position 27 + 1.
The second set of vectors has the structure for2 <i<n—1:

t
(Cl — C2i—1, P + C2,C2—1 — 61707 "'707p - 02303 30)

where p — ¢, will be located at the position 2 + 2. O

Proposition 2.3. Assume that s = 0,(p+c1) (p+r1) # 0. For all n > 2 a matrix (m;;) is a
square with four blocks property of order 2n by 2n has rank two.

Proof. If we calculate the determinant of the 2 by 2 upper left corner of this matrix then we
obtain — (p + ¢1) (p + r1). Thus, the rank is at least 3. We give now the explicit form of 2n — 2
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independent vectors in the nullspace, which can be checked by forward computation: The first
set of vectors has the structure for 1 <i<n —1:
(*Cl — €24, P — C24, 07 ] 0,]9 + Claoa ceey O)t

where p + ¢; will be located at the position 27 + 1. The second set of vectors has the structure
forl <i<n-1:

t
(C] — C2i+1, =P — 62i+1505 507p+ Cl,O, ,O)

where p + ¢; will be located at the position 2¢ + 2. O

Remark 2.4. If we add the vector
(—02 —C3 — ..0— Cp—1, —C) — C3 — ..0— Cp—1,p+c,p+cy,...,p+ Cl)t

to the set of independent vectors in the nullspace, which were described in Proposition 2.2, then
we obtain a basis for the nullspace in case s = 0.

The following 8 by 8 square of the structure

r e
A ¥
where
F m—-p—q—F f+k—J m—k—xz—f
r— f+s—F —j+2b+2—s J+s—k —s+k+zx
G f—-b+k L —Jj+f+0b
m—f—s—G s+b—k m—f—s—1L Jj+s—b
b—qg+zx -b—-p—-z+m p4+xz-U q—x-U
A= —b+p+gq b U —b+j5+k
H j—=2b+k+p q D
m—-p—x—H —j+2b—k+z J x
f+s—M m—-b—x—f R m+D— f ]
O — M —s+b+x f+s—R —-D—s
—f—k—a+m f—j+k —f+ji+a f
k—s+a j—k+s —j—s+m-—a S |
[ —a+p+x m—j—z—p B ~k—p—x+m ]
@ a J —a—j—k+m k
g—a—-U p—b+k b—p+a ~b+p+j
L N r+b—k m—b—a—ux —j+b+x

D=j-b—k—z,B=p+a+ax—m+j+kF=—j+f+2b—q+z—0p,
G=—f+b—k—q—-p+mH=—j+2b—k—2p—q+m,J=m—q—2x—p,
L=j+q+p—-f-bM=a+j+s—-b—az,N=j+a—x—b+k,
U=bt+m—-j—k—p-—qR=btata+k+f—-—m

is a traditional Franklin square 8 by 8. We know that I', ®, A, W are all semi magic squares. If
we require the condition that x = m — %b then we obtain also a traditional magic square since
Franklin squares do not strictly qualify as "magic squares" according to the common definition of
the term that includes the diagonal sums. Its characteristic polynomial is according to computer
calculations X° (X —2m) (X? —2(b+m) X — 4A), where
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A=2(b—j) —4k> +b(m~+3a+4(f —s)) + k(5b—2f) +2(j + k)(s — a)—
(4f+b)(p+q) —4pla+ k) +2m(p —j) +2(m — j)(f + k) +2¢(j — k).

We consider another class of 8 by 8 squares, namely

[ c+d+x -2 —¢ —-d b | a —-b—1l—-a
h+k4+m —-h -k —-m n o p -n—o0—p
r —-r 0 0 0 0 w —u
w —w 0 0O 0 0 y —y
Y -y 0 0 0 0 w —w
U —u 0 0O 0 0 r -r
n+o+p —-p —o -n m k h —(h+k+m)
b+l+a —-a -1 —-b d c¢ =x —c—d—z |

‘We notice that it consists of four semi magic squares (here the sum is zero 0) like a Franklin
square. It is apparent that the two following independent vectors belong to the nullspace:

(1,1,1,1,0,0,0,0)",(0,0,0,0,1,1,1,1)".

After tedious computations with the aid of computer we found that its characteristic polynomial
is
X?(X® 4+ aX* 4+ BX?)
where
B=F4+uv—w—y)(r—u—w+y)
(E+o0)(b+d)—(m+n)(c+1)((k—o0)(b—d)+ (m—n)(c—1)).

So, in general the rank is 6.

3 S-Squares

Another interesting structure in the case of matrices with even order is the following 6 by 6
matrix

-k f —u u —-f k
h d —c¢ ¢ —-d -—h

It has in general rank four, and a basis of the nullspace basis is

[g—y ] [ O ]
0 g—y
—2j —2t
25 || -2t
0 g—y

Lg—y ] L 0 |

Its minimum polynomial is X* 4 (y2 —g* +dej + 4tu) X2 while its characteristic polyno-
mial is X® + (y* — g> 4 4cj + 4tu) X*. We generalize for matrices of order 2n + 2. We denote
by E the matrix order n, which has on ones on the opposite diagonal, i.e. E = (e;;) with
€itn—i) = 1 fori=1,...,n and 0 else. It is well known that left/right multiplication of a suitable
matrix K by E will reverse the order of the rows/columns of K and, hence, E?=1.
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Definition 3.1. A matrix S € M,,,12(R) is called a S-matrix iff it has the form

A C -C —AF
R g —y RE

-R Y -9 —RFE
EFA —-EC EC -—-FAFE

where A € My, (R), R € M;,(R),C € M, 1(R) and ¢,y € R.

We notice that S can be calculated by employing block matrix multiplications, and yields

2CR (9—y)C -C 2CRE
(9g+y)R+2RA (¢* —y*) +2RC —2RC (9+y)RE — 2RAFE
(9+y)R—2RA —2RC (> —vy*) +2RC (9+y)RE +2RAE

2ECR (g —y)EC EC 2ECRE

We obtain also

S* = (¢ — > +2RC)+ S* ()

For example the entries in 7 + 1,7 + 2 rows and columns of S? are calculated by

R g —y g -y RE
c —C |+ + EC —EC | =
-R [ } Y g] y g] —RE [
(¢*> —v*) +2RC —2RC
—2RC (¢*> —y*) +2RC

Lemma 3.2. The number (g*> — y*) + 4RC is an eigenvalue of S>.
Proof. By direct computation we verify that
(0,...,0,—1,1,0,...,0)", (C, g + 4,0, EC)"

are corresponding eigenvalues. We notice that these two eigenvectors are linearly independent. O

Proposition 3.3. The rank of S? is two and the nullity is 2n.

Proof. Without loss of generality we assume that for the first element in C, ¢; # 0. Clearly, S>
is now equivalent to

2CR (9—y)C (9 —y)C 2CRE
(9g+y)R+2RA (¢*> —y*) +2RC —2RC (9+y)RE — 2RAFE
(9 +y)R—2RA —2RC (9> —y*) +2RC (g+y)RE+2RAE
[0]nxn 0 0 (0]

We consider two cases:
1) For g + y # 0, apply the row operations sequence

C; .
R; = R; — ;ZRI,Z <t <n, Ry = Rpq1 + Ryga,
1

1 1
RnJr] — 7RTL+1;RTL+1 — Rn+l - *Rl
gty ci

to obtain the form

2c1R (g —_g)cl (g —_;/)cl 2c1RE
[0]n><n 0 0 [O}nxn
(g+y)R—2RA —2RC (¢*> —y*)+2RC (g+y)RE +2RAFE
— -

[0] 0 0 [0]
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Therefore, rank of S? is 2 and its nullity is 2n.
ii) For g + y = 0 we proceed similarly, observing that R, = — R, 1. O

Theorem 3.4. The matrix S has minimal polynomial
g(x) = 2*(2* — (9 — y*) +4RC))
and characteristic polynomial
®s(z) = 2™ (2? — (¢ — y* +4RC))
Proof. From the relation (1) we conclude that is a root of the polynomial
2(2® = (9% = *) +4RC)).

Thus, p(z) is the minimal polynomial of S, since none of its factors is annihilated by S2.
Furthermore, since nullity of S is 2n, the algebraic multiplicity of the zero eigenvalue is greater
than or equal 2n and the algebraic multiplicity of the eigenvalue (g — y?) +4RC is greater than
or equal two. Putting everything together, we conclude that the characteristic polynomial of 5>
is

2" (z — (¢* — y* +4RC))>.

Now, we proceed with matrix S. From relation (1) again, we find that S is a root of the
polynomial ¢(z). By direct calculation, we verify that

S(S% - (¢*> —y* +4RC)I) # 0.

Hence, ¢(z) is the minimal polynomial.

It is well known that the algebraic multiplicities of the variable z in the characteristic poly-
nomial of S? as well S are the same. Furthermore, every factor of has to be prsentd in the
characteristic polynomial of S. Therefore, the characteristic polynomial of S is given by

2" (2? — (¢* —y? +4RC)).0

%
Remark 3.5. (i) Let O ; repersent the zero j-column vector and r; the entries of R. We verify
that for the n linearly independent vectors for 0 < k <n —1:

— — — —
vk =(0n-k-1,9— Y Ok, —2rks1, —2rk11, O, g —y, 0pi1)’

that Sv, = 6>n holds. Hence, vy, vy, ...., v, form a bais for the nullspace of S. This forces the
rank of S to be equal to n + 2.

(i1)) We avoided the trivial cases like that R, C' are zero in this section. Also, we discard the case
that the matrix is one and the same entry in the squares with four blocks property.

4 Self-Complementary Squares of Even Order

So far we saw many squares like S-squares, where the coefficients of odd powers of X in the
characteristic polynomial vanish. There are other cases of squares, which pocess this property.
They are self-complementary squares with a condition on the summation of the rows or columns.
We give a similar definition to the one in [6].

Definition 4.1. A 2n by 2n magic square A = (A;;) is called self-complementary square iff
Aij + A(znﬂ_i)@"/“_j) = & whenever 1 <i <2n, 1 < j <n, pis the magic constant.

We start with a self-complementary 4 by 4 square with the magic constant zero:
—j—=1l—n n J l
j+k+204+n —k—-1l-n —j—k-—1I k
—k j+k+l k4+l4+n —j—-k-2l-n
- —j -n j+i+n
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Its characteristic polynomial is X?(X? + (4jk — 4jn — 4kn — 8In — 4n?)), while its mini-
mum polynomial is

X(X?+ (4jk — 4jn — 4kn — 8ln — 4n?)).
Its nullspace basis is
{G=n=(+n),5+1,0)", (+n,j+2+n,0;j+1)"}.

When we add the same value for all entries we obtain the following self-complementary 4 by 4
square with magic constant 4s

s—j—1l—n n—+s j+s l+s
j+k+204+n+s s—k—-Il—-n s—j—k—-1 k+s
s—k j+k+l+s k+l+n+s —j—k—-2l—-n+s
s—1 s—7 s—n j+l+n+s

Its characteristic polynomial is
X (X —4s) (X* +4 (jk — jn— kn — 2In — n?)).
The nullspace basis is spanned by the vector
(n—j.j+20+n,—(G+2+n),—(n—j))

This can be explained by the theorem, which is proved in [4]: For any A is a semi-magic
square with eigenvalues p (magic constant) ms, ..., m,, in the field of complex numbers and p a
complex number, then A+pFE, where E is the all 1’s matrix, has the same eigenvalues my, ..., m,,
except that p is replaced with p + pn.

On the other side a general self-complementary square, which is not necessarily magic like

m n Jj l
P q h k
s—k s—h s—q s—p
s—=1l s—j s—n s—m
has rank four and a characteristic polynomial in general of the form

X4 —2sX3 -~ AX? - BX +C.

We see that zero is now not necessarily an eigenvalue. The following matrix

m n j 2s—m—n—j

p q h  2s—p—q-—nh
h+p+qgq—s s—h s—gq s—p
j+m4+n—s s—j s—n s—m

has zero as an eigenvalues, and the characteristic polynomial is
X(X —2s) (X2+2V 4R+ 2+ 0 — %),

V=jm—-h+n-—p—q)+slp+qg—m—n)+mn—np.

It is similar to a self-complementary square. We explain the need for the row or column sum
condition as follows: In general for a self-complementary square we look for a vector in nullpace
as follows: (—z,—y,y.z)!. The multiplication of the matrix with this vector yields just the
following two different entries D — Ay + By — ax and Kx — dy — fx + gy. Since the entries

are equal this vector is zero if and only if

(D —a)+ (B—-A)y=0,
(K= flz+(g—d)y=0.
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It has a nontrivial solution if one equation is a multiple of the other. The conditions
B-A=d-g,D—-a=f—-K

will be enough. The requirement that the sum in all columns is 2s (to be columns magic) means
that

A+d+s—g+s—B=2s,a+f+s—K+s—D=2s.

This leads to the previous condition. Also when we encounter

m n J 2s —m—mn—j
P q h  2s—p—q—h
h+p+qg—s s—h s—q s—p
j+m+n—s s—j s—n s—m
We transpose the matrix
m D h+p+qg—s j+m+n—s
n q s—h s—j
j h s—q s—n
2s—m—-n—j5 2s—p—q—~h s—p s—m

Its determinant is zero since it satisfies the column sum condition. Hence, the original matrix
has a nontrivial nullspace. So any self-complementary square of even order, which satisfies the
row sum condition, will have zero as an eigenvalue. We consider the 6 by 6 squares. A general
self-complementary square 6 by 6 with row sum 3s is the matrix

a

f

k
k+l+m+n+o—2s
f+g+h+i+j—2s
| a+b+ct+d+e—2s

b

9

l
s—o
5—J
s—e

c
h
m
s—n
s—1

s—d

d

i

n
s—m
s—h

s—C

e
J
0

s—1

§—4g

s—b

3s—a—-b—c—d—e
3s—f—g—h—i—j
3s—k—l—-—m—n—o

s—k
s—f
s—a

By using computer we find that its characteristic polynomial is
X(X -3s)(X*+GX?+H),
where

G =2(a+b+c+e—k—Il-m—-n—-o)d+2ela+b+c—f—g—h—1i—7j)+
2(io+ab+ac+bc—bf —ck —hl) —4ds(a+b+c)+b*+ +d>+ 52 +n>+ e — g —m>.

We consider a subset of such self-complementary square 6 by 6 with row sum 3s, where the
squares have a zero summation of the middle columns

[ a —c—d—e c d e 3s—a |
f —h—j-p h P J 3s—f
g — k -m-n-—o0 m n 0 3s —k
: k—2s s—o s—n s—m m+n+o+s s—k
f—2s s—7 s—p s—h h+j4+p+s s—f

| a—2s s—e s—d s—c c+d+e+s s—a |

Proposition 4.2. [f the condition

2(m+n—p h+2(f—k)(c+d) +2(h+p)(o—j) — (h* +m?+p* —n?)
4(a—d—e)=2(f+k—j—n—o0—p)

S =

holds, then the eigenvalues of S, are the four complex roots of a real number besides 0 and 2s.
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Proof. The characteristic polynomial of S, is
X(X -28)(X*+KX*+ L)
where
K=2(f+k—j—-n—o—p)s+2(m+n—p h+2(f—k)(c+d)+
2(h+p)(o—j) —4s(a—d—e)— (h* +m* + p* —n?)
When the condition holds then the characteristic polynomial becomes
X(X —28)(X*+1L).
and we are done. O

In case of 8 by 8 we have an interesting case of pandiagonal self-complementary square.
Actually, the structure is 8 by matrix, where the first four columns are shown below (the last four
columns are obtained by the self-complementary property)

e A+g+n G x
f L H m
t D qg fH+a+E
v w g ol
M —« —s -6
A —u —p R
R-G+w -2 Q -n
i C t—s—m FE F |

where

A=2f+g+m—-n+pt+qgt+s+t+ut+2vt+wt+at+r+v+e,
C=-2f—-2s—2t—2u—2v—-2a—0—X—9§—2e,
EF=-2f—-g—-m-p—qgq—s—t—u—v—w—x—2a—0F—7—¢,
F=4(f+v)+3e+g+stw+a)+2(m+p+qg+it+tu+y)+z+8+A+4,
G=w—-m-2s—t—2u—v—-2f—x—2a— 3 —\—2e,
H=2f+p+2s+2t+2u+v+z+2a+ 28+ 2e,
M=g+s+v+w+a+y+§6,
L=-2f—-29g—-2p—q—2t—2v—2w—y —e,
Q=2f+2m+2s+u+v+zx+2a+F+A+v+e,
R=n—-29g-2m—-3f—-p—q—2s—t—u—3v—2w—ax—200— X\ —27—2e.

We already explained that O is a double eigenvalue. We observed that the other eigenvalues are
always pairs in the form +¢ or +yi for some real numbers %, y.

In closing, we conjecture that this is the situation for all squares of this type, and conjecture
that the characteristic polynomial of a self-complementary square is

X8 + a1X6 + a2X4 + a3X2

for some real numbers ay, a;, a3. We think also that a theoretical mathematical computation of
the characteristic polynomial instead of a calculation by using computer is a better approach for
studying a wider class of matrices.
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