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Abstract The purpose of this article is to define and examine graded almost prime ideals
over a non-commutative graded ring, and consider some cases where all graded right ideals of a
non-commutative graded ring are graded almost prime.

1 Introduction

Let G be a group. Then a ring R is called a G-graded ring if R = @ R, with the property
geq

RyR, C Ry for all g,h € G, where R, is an additive subgroup of R for all g € G. The

elements of R, are called homogeneous of degree g. If € R, then = can be written uniquely

as Z x4, where x4 is the component of x in R,. The set of all homogeneous elements of R is
gea
U R, and is denoted by h(R). The component R, is a subring of R, and if R has unity 1, then
e
1 € R.. For more terminology, see [7]. Let R be a G-graded and P be a right ideal of R. Then
P is said to be a graded right ideal if P = @(Pﬂ Ry),ie,forz € Pz, € Pforallg € G. A
geG
right deal of a graded ring is not necessary to be graded right ideal, see ([3], Example 1).
A proper ideal P of a commutative ring R is said to be prime if xy € P implies x € P or
y € Pforall z,y € R. The concept of graded prime ideals over commutative graded rings was
introduced in [8]. A proper graded ideal P of a commutative graded ring R is said to be graded
prime if zy € P implies x € Pory € P forall z,y € h(R). Assume that P is a prime ideal of a
commutative ring R. If R is graded and P is a graded ideal of R, then it will be easy to see that
P is a graded prime ideal of R. On the other hand, if P is a graded prime ideal of R, then P is
not necessary to be prime ideal of R, see the following example:

Example 1.1. Consider R = Z[i] and G = Z,. Then R is G-graded by Ry = Z and R, = iZ.
Consider the graded ideal P = 2R of R. We show that P is a graded prime ideal of R. Let
zy € P for some x,y € h(R).

Case (1): Assume that x,y € Ry. In this case, x,y € 7Z such that 2 divides xy, and then
either 2 divides x or 2 divides y as 2 is a prime number, which implies that x € P ory € P.

Case (2): Assume that x,y € Ry. In this case, x = ia and y = ib for some a,b € 7 such that
2 divides xy = —ab, and then 2 divides a or 2 divides b in 7., which implies that 2 divides x = ia
or 2 divides y = ib in R. Then we have that x € P or y € P.

Case (3): Assume that © € Ry and y € Ry. In this case, x € 7 and y = ib for some b € Z
such that 2 divides xy = izb in R, that is ixb = 2(a + i) for some a, B € Z. Then we obtain
xb = 2, that is 2 divides xb in Z, and again 2 divides x or 2 divides b, which implies that 2
divides x or 2 divides y = ib in R. Thus, x € P ory € P.

One can similarly show that x € P or y € P in other cases. So, P is a graded prime ideal
of R. On the other hand, P is not a prime ideal of R since (1 —i)(1 +1i) € P, (1 —1) ¢ P and
(1+4) ¢ P.

Almost prime ideals over commutative rings have been appeared for the first time in [5]. A
proper ideal P of a commutative ring R is said to be almost prime if 2y € P — P? implies z € P
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ory € P forall z,y € R. The concept of graded almost prime ideals over commutative graded
rings was introduced in [6]. A proper graded ideal P of a commutative graded ring R is said to
be graded almost prime if xy € P — P? implies z € P ory € P forall z,y € h(R). Assume that
P is an almost prime ideal of a commutative ring R. If R is graded and P is a graded ideal of R,
then it will be easy to see that P is a graded almost prime ideal of R. On the other hand, if P is
a graded almost prime ideal of R, then P is not necessary to be almost prime ideal of R, see the
following example:

Example 1.2. Consider R = Z[i] and G = Z,. Then R is G-graded by Ry = Z and R, = iZ.
Consider the graded ideal P = 2R of R. Clearly, P is a graded almost prime ideal of R since

it is a graded prime ideal by Example 1.1. Indeed, P is not an almost prime ideal of R since
(1-i)1+i)e P—P% (1—i)¢ Pand(1+1i) ¢ P.

Clearly, every graded prime ideal over a commutative graded ring is graded almost prime.
However, the next example shows that converse is not true in general:

Example 1.3. Consider R = Zy;[i]| and G = Z,. Then R is G-graded by Ry = Zy, and
Ry = iZyy. Consider the graded ideal P = 4R of R. Clearly, P is a graded almost prime ideal
of R since P?> = P. Indeed, P is not a graded prime ideal of R since 2.2 € P and2 ¢ P.

Graded prime ideals over non-commutative graded rings have been defined and examined in
[3]. A proper graded right ideal P of R is called graded prime if XY C P implies X C P
or Y C P for all graded right ideals X,Y of R. If R has unity, then the previous definition
is equivalent to the following: a graded right ideal P of R is called graded prime if xRy C P
implies z € Pory € P for all z,y € h(R). Graded weakly prime ideals over non-commutative
graded rings have been introduced and investigated in [4]. A proper graded right ideal P of
R is called graded weakly prime if 0 # XY C P implies X C Por Y C P, for all graded
right ideals X, Y of R. The purpose of this article is following [1] to define and examine graded
almost prime ideals over a non-commutative graded ring. We propose the following definition: a
proper graded right ideal P of R is called graded almost prime if XY C P and XY ¢ P? imply
X C PorY C P for all graded right ideals X,Y of R. A speedy attention provides that our
definition and the notion of graded almost prime ideals over commutative graded rings with unity
are equivalent. Nevertheless, the definitions disagree over non-commutative graded rings. We
show in Theorem 2.6 that [ is a graded almost prime ideal in a non-commutative graded ring R
with unity if and only if xRy C I and xRy SZ I? imply either z € Tory € I forall =,y € h(R).
Among several results, we prove that if R is a graded ring with unity and P is a graded ideal of
R, then P is a graded almost prime right ideal of R if and only if P is a graded almost prime
ideal of R (Proposition 2.5). We show that if R is a graded ring with unity and I is a graded
right ideal of R with (I? : I) C I, then I is a graded prime right ideal of R if and only if I is a
graded almost prime right ideal of R (Theorem 2.7). We prove that if I is a graded ideal of R,
then [ is a graded almost prime right ideal of R if and only if I /1? is a graded weakly prime right
ideal of R/I* (Theorem 2.11). In Theorem 2.12, Corollary 2.13, Theorem 2.14 and Corollary
2.15, we study graded almost prime right ideals over graded homomorphism. In Theorem 2.16,
we examine graded almost prime right ideals over graded quotient rings. Finally, we consider
some cases where all graded right ideals of a non-commutative graded ring are graded almost
prime. Throughout this article all rings are associative, non-commutative, and without unity
unless stated otherwise, and by ideal we mean a proper two sided ideal.

2 Graded Almost Prime Right Ideals

In this section, we introduce and study the concept of graded almost prime ideals over non-
commutative graded rings.

Definition 2.1. Let R be a graded ring and P be a proper graded right ideal of R. Then P is said
10 be graded almost prime if XY C P and XY ¢ P2 imply X C P orY C P for all graded
right ideals X,Y of R.

Clearly, every graded prime right ideal is graded almost prime. Indeed, P = {0} is a graded
almost prime right ideal in any graded ring R that is not necessary to be graded prime. Also, the
next examples show that the converse is not true in general:
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Example 2.2. Consider the non-commutative ring R = {0, x,y, z} under the operations:

+ 0 z y =z .0z oy =z
0 0 =z y =z 0 0 0 0O
zr z 0 z y z 0 =z = O
y y z 0 =z y 0y y O
z z y x 0 z 0 2z 2 O

The only additive subgroups of R are {0}, {0,z}, {0, y} and {0, z}. Let R be G-graded for some
group G and assume that g € G — {e}. Then Ry = {0}, {0,z}, {0,y} or {0, z}. If R, = {0, z},
thenx = z.x € RgRy C R, and then 0 # z € Ry Ry, which implies that g = gz, and hence
g = e, a contradiction. Similarly, if R, = {0,y}, then g = e, a contradiction. Hence, for g # e,
R, = {0} or {0, 2}, and R. = {0}, {0,z} or {0,y}. So, if we take G = Zs, then we can choose
R to be G-graded by Ry = {0,z}, Ry = {0, z} and R, = {0}. The only right ideals of R are
{0}, P ={0,z}, I ={0,y} and J = {0, z}. Note that, I is not a graded right ideal of R since
y € Iandy = yo+ y1 withyy = z,y1 = z ¢ I. So, {0}, P and J are the only graded right
ideals of R. Since P> = P, P is a graded almost prime right ideal of R. On the other hand, P
is not a graded prime right ideal of R since J.J = {0} C P and J ¢ P.

As an application on Example 2.2, we introduce the following example:

Example 2.3. Consider the subring of M(Z,):

{0 6) 4= (o o) o= (0 1) e=(1 1)}

and G = Z3. Depending on the discussion in Example 2.2, R is G-graded by

{80 )b n{(5 ) efeen-{(0 )

with P = { ( 8 8 ) , A} is a graded almost prime right ideal of R which is not graded prime.

a

Example 2.4. Consider the ring with unity R = { ( 0

b ) ta,b,ce R} and G = Z4. Then
c
R is G-graded by

(5 0 )imeerfm={(§ ) perfuman-n-{( 0 7))}

00
Indeed, P = 0 :c € R} is a graded almost prime right ideal of R which is not
c

gradedprimesince A= 0 1) B=( 2 ) enmwimare={(° ° )lcp
0 0 0 0 0 0

and A,B ¢ P.

Proposition 2.5. Let R be a graded ring with unity and P be a graded ideal of R. Then P is a
graded almost prime right ideal of R if and only if P is a graded almost prime ideal of R.

Proof. Suppose that P is a graded almost prime ideal of R. Let X,Y be two graded right
ideals of R such that XY C P, and XY ,CZ P?. Since R has unity, XR = X, and then
(RX)(RY) = RXY C RP = P, where RX and RY are graded ideals of R. Further, if
(RX)(RY) C P? then XY C RXY = (RX)(RY) C P? which is a contradiction. So,
(RX)(RY) SZ P?. Hence, since P is graded almost prime, we have either X € RX C P or
Y C RY C P. Thus, P is a graded almost prime right ideal of R. The converse is clear. O

Let R be aring and P, K C R. Define (P : K) = {et € R: Kz C P} and (P :. K) =
{z € R:zK C P}. Suppose that R is a graded ring and P, K are graded right ideals of R. Then
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using a similar proof to ([2], Lemma 2.19), one can prove that (P : K) is a graded right ideal of
R. Also similarly, If P and K are graded left ideals of R, then (P :, K) is a graded left ideal of
R. Note that, if P and K are graded ideals of R, then so are (P : K) and (P :, K).

Theorem 2.6. Let R be a graded ring with unity and P be a graded ideal of R. Then the following
assertions are equivalent:

(i) P is a graded almost prime ideal of R.

(i) If z,y € h(R) such that (z){y) C P and (z){y) ¢ P?, then either z € P ory € P.
(iii) If z,y € h(R) such that tRy C P and ny SZ P?, then either x € P ory € P.
(iv) (P:{(z)) =PU(P?: (z)), and (P :. (x)) = PU(P? :. (x)) forall x € h(R) — P.

(v) Either (P : (z)) = Por (P : (z)) = (P?: (z)), and either (P :, (x)) = P or (P :. (x)) =
(P2 (z ))frallz:eh(R)fP.
(2 )

Proof. (1) = Suppose that z,y € h(R) such that (z)(y) C P and (z)(y) ¢ P>. Then
(RxR)( yR) = R(z)Rly) = R(z){y) C RP = P. If (RzR)(RyR) c P2 then (x)(y) C
R(z)(y) = (RzR)(RyR) C P? which is a contradiction. Hence, (RzR)(RyR) ¢ P*. Thus,

either RxR C Por RyR C P by (1), which implies that either x € P ory € P.

(2) = (3): Assume that z,y € h(R) such that zRy C P and xRy ¢ P?. Then (z)(y) =
rRyR C PR = P. If (x)(y) C P?, then we get Ry C xRyR = (x)(y) C P2, a contradiction.
So, (x)(y) ¢ P2, and then either x € P ory € P by (2).

(3) = (4): Letz € h(R) — Pandy € (P : (z)). Theny, € (P : (z)) forall g € G, and
then for g € G, xRy, C (z)y, C P. If ztRy, ¢ P?, then by (3), we have y, € P forallg € G
since z ¢ P, and theny € P. If 2Ry, C P2, then (z)y, = RxRy, C RP?> = P%. Hence,
yg € (P?: (z)) for all g € G, which implies that y € (P? : (x)). Therefore, (P : (z)) C
PU(P?*: (z)). Lety € PU(P?*: (z)). If y € P, theny, € P forall g € G, and then for
g € G, (x)y, C ()P C P, and thus y, € (P : (z)) forall g € G, that gives y € (P : (x)).
Ify € (P?: (z)), theny, € (P?: (z)) forall g € G, and then for g € G, (x)y, C P*> C P,
which implies that y, € (P : (z)) for all ¢ € G, which yields that y € (P : (z)). Thus,
PU(P?: (z)) C (P : (z)), and consequently, (P : (z)) = PJ(P? : (z)). Similarly, one can
prove that (P :, (z)) = PU(P? i, (z)).

(4) = (5): It is understandable.

(5) = (1): Let X and Y be two graded ideals of R such that XY C P. Suppose that
X ¢ PandY ¢ P. We show that XY C P2. Firstly, we show that (X — P)Y C P2
Let z € X — P. Then we have (z)Y C XY C P, which implies that Y C (P : (x)), and
then by assumption, we have Y C (P? : (z)) since Y ¢ P. Therefore, 2Y C (z)Y C P2
Consequently, (X — P)Y C P2. Secondly, we show that X (Y — P) C P%. Lety € Y — P. Then,
X{y) C XY C P,andso X C (P :. (y)), and then by assumption we get X C (P? :, (y)) since
X Q P. Thus, Xy C X(y) C P?, consequently X(Y-P)C P?. The final step that completes
the proof is observing that

XY =(X-P)Y+(XNP)Y -P)+(XNP)YNP)C
(X-P)Y+X(Y-P)+(XNP)(YNP)C P

O

Examples 2.2, 2.3 and 2.4 show that a graded almost prime right ideal does not have to be a
graded prime right ideal. In the next result, we consider a case such that the concepts above are
corresponding.

Theorem 2.7. Let R be a graded ring with unity and I be a graded right ideal of R with (I* :
I) C I. Then I is a graded prime right ideal of R if and only if I is a graded almost prime right
ideal of R.

Proof. Suppose that I is a graded almost prime right ideal of R which is not graded prime.
Then there exist graded right ideals X,Y of R such that XY C I with X ¢ Tand Y ¢ I,
and then XY C I?. Letx € X — I andy € Y — I. Then there exist g,h € G such that
zg € X —ITandy, € Y — I, and then (z4R + I)yp R = z4Ryp R+ Iyp R C XY + Iy, R C I.
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If (v,R + I)yn R C I?, then Ty, R C I%. This implies that Iy, C I?, and thus yj, € (12: 1) C I,
a contradiction. Hence, either xyR + I C I or y, R C I, which implies that z, € T ory, € I, a
contradiction. The converse is obvious. O

Theorem 2.8. Let R be graded ring and I be a graded right ideal of R such that 1> = {0}. Then
1 is a graded weakly prime right ideal of R if and only if I is a graded almost prime right ideal
of R.

Proof. 1t is understandable. O

Remark 2.9. In Example 2.2, J = {0, 2} is a graded almost prime right ideal of R and J*> = {0}.
Hence, J is a graded weakly prime right ideal of R by Theorem 2.8.

Corollary 2.10. Let R be graded ring such that R> = {0} and I be a graded right ideal of R.
Then I is a graded weakly prime right ideal of R if and only if I is a graded almost prime right
ideal of R.

Proof. The result is a consequence of Theorem 2.8. O

Let R be a G-graded ring and P be a graded ideal of R. Then R/P is a G-graded ring by
(R/P)y = (R, + P)/P for all g € G. It has been proved in ([6], Theorem 3) that if R is a
commutative graded ring, then I is a graded almost prime ideal of R if and only if /1% is a
graded weakly prime ideal of R/I°. In the next result, we prove that the same holds for graded
almost prime right ideals and graded weakly prime right ideals in a non-commutative graded
ring.

Theorem 2.11. Let R be a graded ring and I be a graded ideal of R. Then I is a graded almost
prime right ideal of R if and only if I /1? is a graded weakly prime right ideal of R/I>.

Proof. Suppose that I is a graded almost prime right ideal of R. Assume that X and Y are graded
right ideals of R/I? such that 0 # XY C T = I/I°. Then there exist graded right ideals X D I°
andY D I? of Rsuchthat X = X/I? andY = Y/I?. Therefore, I?/1> # (XY +1%)/1*> C I/I°,
hence 1> # XY C I. So, we have that either X C J or Y C I since XY Q I?. This gives that
either X C T or Y C I. Conversely, suppose that X and Y are graded right ideals of R such that
XY CTand XY ¢ I>. Then X = (X +1?)/I? and Y = (Y + I?)/I* are graded right ideals of
R/I*. Moreover, X Y = (XY + XI?+ I’Y + I*+ I?)/I>? CI/I? =1,and X Y ¢ I2. Thus,
0+# XY C 1T andhence either X C TorY C I. Consequently, X C TorY C I. O

Let R and T be two G-graded rings. Then a ring homomorphism f : R — T is said to be a
graded homomorphism if f(R,) C T, forall g € G [7].

Theorem 2.12. Let f : R — T be a graded ring epimorphism and I be a graded almost prime
right ideal of R such that Ker(f) C I. Then f(I) is a graded almost prime right ideal of T

Proof. Suppose that CD C f(I) and CD ¢ (f(I))? for graded right ideals C and D of T'. Then
Ker(f) € f~YC) = X and Ker(f) C f~'(D) = Y are graded right ideals of R. Hence,
f(X)=Cand f(Y) = D since f is an epimorphism, and then we have that f(XY) = CD C
fI), and f(XY) € (f(I))* = f(I?). Thus XY C f~'(f(XY)) € f~'(f(I)) = I and
Xy ¢ I?. So, either X C Tor Y C I, and so either C C f(I)or D C f(I). O

Corollary 2.13. Let f : R — T be a graded ring epimorphism and J be a graded right ideal of
T such that f~'(J) is a graded almost prime right ideal of R. Then J is a graded almost prime
right ideal of T.

Proof. Since f~!(J) is a graded right ideal of R and Ker(f) C f~'(J), the result follows by
Theorem 2.12. o

Theorem 2.14. Let f : R — T be a graded ring epimorphism and I be a graded right ideal of
R such that Ker(f) C I*. If f(I) is a graded almost prime right ideal of T, then I is a graded
almost prime right ideal of R.



Graded Almost Prime Ideals over Non-Commutative Graded Rings 299

Proof. Suppose that XY C I and XY Q I? for graded right ideals X and Y of R. Then
JX)J(Y) = f(XY) C f(I). If f(XY) C f(I?), then XY C f~I(f(XY)) C f~'(f(I?)) =
I?, a contradiction. Hence, f(X)f(Y) = f(XY) € (f(I))*. Since f(I) is a graded al-
most prime right ideal of T, either f(X) C f(I) or f(Y) C f(I). Therefore, either X C

FUFX) € FU(fI) = Tory € 1. -

Corollary 2.15. Let f : R — T be a graded ring epimorphism and J be a graded almost prime
right ideal of T such that Ker(f) C (f~'(J))% Then f~(J) is a graded almost prime right
ideal of R.

Proof. Assume that I = f~!(J). Then I is a graded almost prime right ideal of R by Theorem
2.14 since Ker(f) C I* and f(I) = f(f~'(J)) = J is a graded almost prime right ideal of
T. O

Theorem 2.16. Let R be a graded ring and K be a graded ideal of R. Suppose that P is a
graded right ideal of R such that K C P. If P is a graded almost prime right ideal of R, then
P/K is a graded almost prime right ideal of R/ K.

Proof. Supposethat X Y C P=P/Kand X Y ¢ P’ for graded right ideals X and Y of R/K.
Assume that X = X/K and Y = Y/K for some graded right ideals X DO K and Y O K. Then
(XY + K)/K C P/K and (XY + K)/K ¢ (P? + K)/K which implies that XY C P and
XY ¢ P?. So, either X C PorY C P,and hence X C PorY C P. O

Remark 2.17. One can choose a graded ring R and a graded ideal K of R that is not a graded
almost prime right ideal of R. Indeed, 0 = K/K is a graded almost prime right ideal of R/ K.
So, the converse of Theorem 2.16 is not true in general.

In Example 2.2, every graded right ideal of R is graded almost prime. In the rest of our
article, we consider some cases where all graded right ideals of a non-commutative graded ring
are graded almost prime. The next result is a repercussion of Theorem 2.8.

Corollary 2.18. Let R be a graded ring such that I* = {0} for every graded right ideal I of R.
Then every graded right ideal of R is graded almost prime if and only if every graded right ideal
of R is graded weakly prime.

The next result is a consequence of Corollary 2.10.

Corollary 2.19. Let R be a graded ring such that R*> = {0}. Then every graded right ideal of R
is graded almost prime if and only if every graded right ideal of R is graded weakly prime.

Theorem 2.20. Let f : R — T be a graded ring epimorphism. If every graded right ideal of R
is graded almost prime, then so is T.

Proof. Let I be a graded right ideal of T. Then f~1(I) 2 Ker(f) is a graded almost prime right
ideal of R, and then by Theorem 2.12 we get that f(f~'(I)) = I is a graded almost prime right
ideal of T'. O

Theorem 2.21. Let f : R — T be a graded ring epimorphism such that Ker(f) C P? for any
graded right ideal P of R. If every graded right ideal of T is graded almost prime, then so is R.

Proof. Let I be a graded right ideal of R. Then f(I) is a graded almost prime right ideal of T,
and then by Theorem 2.14 we get that [ is a graded almost prime right ideal of R. O

Theorem 2.22. Let R be a graded ring and P be a graded ideal of R. If every graded right ideal
of R is graded almost prime, then so is R/ P.

Proof. Suppose that Zis a graded right ideal of R/P. Then there exists a graded right ideal
I' 2> Pof Rsuchthat I = I/P. Clearly, I is a graded almost prime right ideal of . Hence, by
Theorem 2.16 I is a graded almost prime right ideal of R/P. O
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