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Abstract Frame theory is recently an active research area in mathematics and engineering
with many exciting applications in a variety of different fields. In the current paper, we devoted
to study the invariance of K-frames under the class of semi-regular operators in Hilbert C*-
module.

1 Introduction and preliminaries

Frames, redundant systems in separable Hilbert spaces, which provide non-unique representa-
tions of vectors, were first introduced by Duffin and Schaeffer[10] and used them as a tool in
the study of nonharmonic Fourier series. They were reintroduced and developed in 1986 by
Daubechies, Grossmann and Meyer[9]. Nowadays, Frames has been a useful tool in many areas
such signal processing [7], sampling theory [27] and so on.

In recent years, research on a special class of frames, named K -frames, were first introduced
by L. Gavruta [12] as a generalization of discrete frames due to some potential applications in
sampling theory. Indeed, K -frames reconstruct the elements from the range of a bounded linear
operator K in a separable Hilbert spaces. Frank and Larson [11] introduced the notion of frames
in Hilbert C*-module as a generalization of frames in Hilbert spaces.

In this section, we first present a brief account of basic definitions and some properties of
Hilbert C'*-modules and their frames. For background material on frame theory and related
topics, we refer to [8, 6, 5, 20].

Definition 1.1. [17] A left Hilbert C*-module over the unital C*-Algebra A is a left .4-module
‘H equipped with an .A-valued inner product

() ¢+ HxH — A
satisfying the following conditions:
1. {(x,2)4 >0, forall z € H and (x,z) 4 = 0 if and only if z = 0.
2. {ax 4+ y,2) 4 =alz,2) 4+ (y,2) 4, foralla € Aand z,y, 2z € H.
3. (z,y)a = (y,x)%y, forall z,y € H.
4. H is complete with respect to the norm ||z|| = ||(z, z) 4|2

Let H and K be two Hilbert .A-modules. A map 7" : H — K is said to be adjointable if
there exists a map 7% : K — H such that (T'z,y) = (z,T*y) forallz € Hand y € K. We
denote End’ (H,K) for the set of all adjointable operators from # to K and End’(H,H) is
abbreviated to End’ (#). Throughout this paper, we suppose that # is a Hilbert C*-module and
J a countable index set of N.

Example 1.2. Let us consider the following set

P(A) ={{a;}jes CA: Zaja; converge in || .||}

jel
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It is easy to see that /> (A) with pointwise operations and the inner product
(fag} (b5} =D ajb},
JjeJ
is a Hilbert C*-module which is called the standard Hilbert C*-module over A.

For T € End%(H), we denote by R (T) and N (T') the range and the kernel subspaces
of T respectively and [ is the identity operator. We will say that T is positive, if (Tz,z) >
0, forallz € H [31].

It is well-known that each adjointable operator is necessarily bounded .A-linear in the sense
T(azx) = aT'(x), for a € A and z € H, but it is important to realize that the converse is false
[17, 19].

Definition 1.3. [11] Let { be a Hilbert .A-module. A sequence {z;};c; is said to be a frame for
H, if there exist constant «, 3 > 0 such that

oz, x <Zxxj zj,x) < Bz, x), forallx € H.
Jel

The constants «, 3 are called frame bounds.
If just the right inequality in the above definition holds, we say that {z;} ;< is a Bessel sequence.
The operator

®:1°(A) —»H, defined by, ®(a)= Zajxj, a=(a;);e; € 2 (A)
ie]
is called synthesis operator. The adjoint operator is given by
" H — 1P (A) defined by, " (z) = {{z,7;)}jey
is called the analysis operator. By composing ¢ with its adjoint ¢* we obtain the frame operator
SiH=H, S(e) =0 (2" (2) =) (a5,
Jjel

For each x € H, we have
(Sz,x) = Z(x’ zj) (), ).
Jj€J
Then, S is bounded, positive and self-adjoint. Moreover, S verify

ol < S <8l

Thus, S is invertible.

Definition 1.4. [25] Let K € End’ (H). We shall say that {x;},cy is a K-frame for H, if there
exist constants «, 8 > 0 such that

oKz, K*x <Zxxj g, x) < Bla, ), forallz € H.
jel

Example 1.5. Let {e; };>) be an orthonormal basis for H and K € B (#) be defined as follows
Ke; =3e;, Key =€, Kes =e3, Ke; =0, fori>4.

And
0; =ie;, fori=1,2,3, 0, =0, fori>4.

Obviously, we have

K*ey =3e;, K'e; =¢;,i=2,3 and K*e¢; =0, fori > 4.
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Hence

| K=z |P=]]) (@, 0K e; [P=9 | (x,00) > + | (x,60) |> + | (x,03) |*.
i>1

Thus .
g 1 K'x 1P< D [ (w,0:) P<9 |2 |7

i>1

Which implies that {¢; };> is a K-frame for H.

Lemma 1.6. [25] Let {x;};cy be a Bessel sequence in H and K € End’ (H). Then {x;};cy is
a K-frame for H if and only if there exists o > 0 such that

S >aKK*.
where S is the frame operator for {z;}c3.
Lemma 1.7. [26] Let T € End’ (H) . Then
(Tx,Tz) <|| T | (z,z), forall z € H.

Lemma 1.8. [32] Let T,G € End’ (H). If R(G) is closed, then the following statements are
equivalent:

1. R(T) C R(G).
2. oT*x, T*x) < (G*x,G*x), for some o > 0.

It is interesting to note that the concept of regularity is at the heart of the Kordula-Miiller
axiomatic spectral theory, that is given as follows

Definition 1.9. ([15]) A non-empty subset R of End’ () is called a regularity if the following
two conditions hold :

ifTeRandn > 1,thenT™ € R;

(ii) if T, G, C, D are mutually commuting operator of End’ () satisfying TC'+ GD = I. Then

TGeR&T,GeR.
Proposition 1.10. /23] Let R be a non-empty set of End’y (H) satisfying
TGeR&TeRand GER,
for all commuting elements T, G € End’y (). Then, R is a regularity.
Example 1.11. The set of invertible operators in End’ () is a regularity.

Following Saphar in [30] the algebraic core C (T') of T, is the greatest subspace M of H for
which T (M) = M. Obviously, if T is surjective, then C' (T') = H.

Proposition 1.12. [23] Suppose that T, G, C, D are mutually commuting in End’y (H) such that
TC+ GD = 1. Then
C(TG)=C(T)nC(G).

In addition, we pay attention that the concept of the conorme v (T') plays a fundamental role
in the perturbation theory of Fredholm operators.

Definition 1.13. [22] For an operator T € End’ (1) , the conorme of 7" is defined by
y(T):=inf{|| Tz ||, x € H, dist (x,N (T)) = 1}.

Formally, we set v (0) := oc. Clearly v (7') > 0 if and only if R (T') is closed.
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Example 1.14. Let T € B (C?) be defined as follows

T C? — C?
(371,.'];‘2) — (.1‘1,371).

We have || Tz ||= v2 | 1 | and dist(x, N (T)) =| 2 |, where z = (21, x3) .
Then v (T) = V2.

The concept of invertibility admits several generalizations, for instance an operator K €
End’, (H) admits a generalized inverse L € End’ (H) if :

KLK =K and LKL = L.

In general, the generalized inverse is not unique, [21]
The Moore-Penrose inverse plays an important role in theoretical study and numerical analysis
in many areas, such as the optimization problems and also in statistical problems.

Let us consider the operator

Ko=K/N(K)" : N(K)- — R(K)
that is clearly bijective. Define KT by

K'z = K;'z if € R(K),
Kiz = 0 if v e R(K)".
Then, KT = Ky lPR( k) 1s called Moore-Penrose inverse of K.

Recall from [31], that the Moore-Penrose inverse of an operator K € End’ (#) with closed
range is a unique operator K such that

KK" (u)=u, forallue R(K).

The reader is referred to [29, 13] for more details.

In addition, the notion of semi-regularity of operators in Banach spaces, was originated clas-
sical treatment of perturbation theory owed to Kato [14] and it has been benefited from the work
of many authors in the last years, in particular from the work of M. Mbekhta and Ouahab [22],
Muiller [24], Rakocevic [28].

Definition 1.15. [22] An operator 7' € End’ (H) is said to be semi-regular if R(T') is closed
and N (T) C R(T™), forevery n > 1.

Example 1.16. Clearly, all injective operators with closed range and all surjective operators are
semi-regular. Some other examples may be found in [16].

Proposition 1.17. [4] Assume that T € End’y (H) is semi-regular and L € End’y (M) such that
TLT =T. Then
T™L"T" =T", foralln > 1.

Now, we collect some useful properties of semi-regular operators. We refer to [1], [22], for
further information.

Proposition 1.18. /1] Let T' € End’ (1) be semi-regular. Then we have
1. C(T) is closed;
2. T™ is semi-regular, for all n € N;
3. T — X\ is semi-regular and C (T') C C (T — XI), forall |\| <~ (T).

Remark 1.19. [1] If T' is semi-regular and C (T') = {0}, then T is bounded below.
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Recall that the semi-regular resolvent of a bounded operator 7" is defined by
reg(T) ={A € C: T — A is semi — regular}.

Notice that reg (T') is an open subset of C. (see[1]), for more information.
In the following result, we show that the subspaces C' (T" — AI) are constant as A ranges through
a component Q of reg (T') .

Theorem 1.20. /1] Let T € End’ (H) and Q be a connected component Q of reg (T). If
o € Q, then
C(T — AI) = C (T — Ml

forevery \ € Q.
Theorem 1.21. [23] The set of all semi-regular operators is a regularity.

The main purpose of the present paper is to study the invariance of K-frames in Hilbert
C*-modules under the class of semi-regular operators introduced by M. Mbekhta [22].

2 Main Results
For given T' € End’(H), We fix the next notations
D(T)={XeC:x|<~(T)}.
PA(T)=T" - AT""', A€ Cand n > 1.
and we assume that C (T') # {0}.

Theorem 2.1. Let T, K € End’y (H) be two semi-regular operators such that KT = TK. Let
{x:}jer be a K-frame for H. Then {T (x;)}jey is a K-frame for C (T) with frame operator
defined by St = T ST™.

Proof. Let {x;};cy be a K-frame for H with frame bounds « and /5. Then, for each z € C'(T')
a(K*x, K*x) < Z(ij).(xj,m} < Bz, x).
JjeJ
Now, let u € C'(T), then there exists v € C (T') such that u = T' (v).

This give
K (u) = K(Tv) = (KT) (v) = (TK) (v).

It follows from Theorem 1.21, that R (K'T) is closed.
By Lemma 1.8, there exists o’ > 0 such that

o (K*z, K*r) < ((TK)" z,(TK)" z).
This implies that
ad (K*z, K*x) < Z(a:,ij)<ij,x> < BTz, T*z), (x € C(T)).
jel

Using Lemma 1.7, we have

(T2, T*z) <|| T |]? {2, ),
So, there exists A = aa’ > 0and B = 3 || T ||*> 0 such that

A(K"z, K*z) < Z(x,ij>.<ij,x> < B(z, ).
Jjel

Then, {7 (z,)};ey is a K-frame for C (T').
On the other hand, we have for every z € C (T')

S(z)= Z(w,mj>.mj

Jjel
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It follows that

TST* (z) = Z(T*x,mj).ij = Z(x,ij).ij = St (x).

Jj€el jel

Thus, the frame operator for {7 (x;)};eyis Sp = T'ST™.
This completes the proof. O

Remark 2.2. St is bounded, positive and self-adjoint.

Corollary 2.3. Assume that T € End’y (M) is semi-regular. Then { Py (T) (z;)};ey is a K-frame
Sfor C(T), forevery A € D(T).

Proof. By Proposition 1.12, we have
C(PA(T))=C(T"")YNnC(T - AI)
=C(T)NC(T - \)
=C(T).

It follows from Proposition 1.18 and Theorem 1.21, that Py (T) is a semi-regular operator.
Therefore, By Theorem 2.1, we deduce that {(Py (T')) (x;)};ey is a K-frame for C (T'). ]

Under assumptions of the Theorem 1.20, we put Cy (T') = C' (T — \I).

Corollary 2.4. Let T € End’y (M) be semi-regular. Then, {(T — XI) (x;)} ey is a K-frame for
Co(T), for every A € Q.

Proof. 1t follows immediately from Theorem 1.20 and Theorem 2.1 O

Motivated by the work of Mbekhta [21], we exhibit some examples for which there is exists
a bounded operator L such that K LK = K.

Example 2.5. Let K, L € B (C?) defined by:

k=" Naar=("?).
0 0 0 0
Then, it is easy to get K LK = K.

Recall that an operator V' is said to be a partial isometry if VV*V = V.

Example 2.6. Let K € End* (H) such that K = UVU~! with V is a partial isometry and U an
invertible operator, then

U'KU =V =VvV*'V =U"'KUU*K*U*"'U'KU.

Therefore
K=KUU'K*U*'U"'K = KLK.
where L = (UU*) K* (UU*)™"

Theorem 2.7. Assume {x;};cy is a K-frame for H and K,L € End’(H). If L is such that
KLK =K, then {(KL) x;},ejy is a K-frame for 1.

Proof. Suppose that {z;} jcy is a K-frame for H with frame bounds « and 3. Then, forall z € H
oKz, K*x) <Zx$3 zj,x) < Bz, x),
Jjel

since
KLK =K,
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hence
a(K*L*K*0, K*L"K*x) < (x, (KL) 2;)(KL) xj,2) < B(L*K*z, L* K*x).
j€l
By taking 8’ = 3 || KL ||, we get
al{K*z,K*x) Z (KL)z;)((KL) zj,z) < B'(z,x).
2
Then {(K L) z;};ey is a K-frame for . i

Corollary 2.8. Let K € End’(H) be with closed range and L € End*(H) be a generalized
inverse of K. If {x;}cy is a K-frame for H, then {(K L) xz;};cy is a K-frame for H.

Proof. Results from Theorem 2.7. O

Proposition 2.9. Assume that {x;};cy is a K-frame for H. Then, {x;};cy is also a K"-frame
for H, for eachn > 1.

Proof. The first, there exist o, 5 > 0 such that
a{K*z, K 'z <Z:vgcj Waj,x) < Blz,x), Ve e H,
jeJ

By Lemma 1.7, we have
(K"z, K"z) <|| K" ||? (Kz, Kz),Vz € H.

Thus
o || K712 (K, K™ < 3 (@25 (@,0) < Bla,a).
jel
This complete the proof. O
Proposition 2.10. Let K € End’ (H) be semi-regular and {x;};cy be a K-frame for H. If L is
such that KLK = K, then {(K"L") x;};ecy is a K"-frame for H.
Morover, {(K"K'™) z;} ¢y is also a K"-frame for 1, for every n > 1.

Proof. The result follows from Proposition 1.17, Proposition 2.9 and Theorem 2.7. O

Example 2.11. Let {e;};> be a orthonormal basis of i* (C) and let K € B (I* (C)) defined as
follows
K (1’1, T2, ) = ($2,1’3, ) .

For (yj)j>1 € [>(C), we have

K~ (y17y27 ) = (07 Y1, Y2, ) .

Thus
KK*K (x1,72,..) = K (0,23, 13, ..) = (22,23, ..) = K (z1,22,..),
hence
KK'K =K and KKK* = K*.
Then K* = KT,

On the other hand, we have
(K*z, K*z) = Z | z; |°= Z(m,ej><ej,x>.
j=>1 j=1

Thus
(K2, K*z) <) (2,¢){ej,2) < ().
7>1
Then {e;};en is a K-frame for I? (C).
By a simple calculation, we deduce that { (K" K1) e;} ;> is a K"-frame for I* (C) , (Vn > 1).
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In what follows, we are concerning with the construction of New K -frames. To this interest,
we recall the following definition

Definition 2.12. [3] A sequence of .A-modules and .A-homomorphisms

) T;
e—M;_ i} M; —+£ Mi+1 — ...
is said to be exact at M; if R (T;) = N (T;+1).The sequence is exact if it is exact at each M.

Let us consider the following set

Er ={K e Endy (H):H L5 1 T Hois a sequence exact at H}

Proposition 2.13. Let T' € End’y (H) be a semi-regular operator and K € Ep. Then there exists
a constant o, > 0 such that TPT*P > o, KK*, for every p > 1.

Proof. Let T be semi-regular and K € Ep, then R(K) = N (T). Since R (T?) is closed, we
have
R(K)C R(T?), forallp>1.

Using Lemma 1.8, there exists a;, > 0 such that TPT*P > a, KK*.
This complete the proof O

Theorem 2.14. Let T' € End’y (M) be semi-regular and K € Eq. If {x;};cr is a frame for H.
Then {T? (z;)} ey is a K-frame for H, for all p > 1.

Proof. Suppose that {x; };cy is a frame for 7{ with frame bounds « and . Then
aTPx, TP x) < Z(x,Tpxj>.<Tpxj,x> < B(TP*x, TP*x), forallx € H.
jel
By Lemma 1.8, there exists o’ > 0 such that
o (K*x, K*z) < (T*Pz, T*Pz),
and from Lemma 1.7, we have
(TP, T*Px) <|| T ||* (x,z), forallz € H.
Therefore, there exist A = aa’ > 0and B = || T ||*’> 0 such that
A(K*z, K*x) < Z(x,Tpxj>.<Tpxj,:zr> < B(z,x), forallx € H.
Jel
which implies that {T%x; };cy is a K-frame for #. O

Corollary 2.15. Let T' be semi-regular and positive on H such that || T ||< 1 and K € Er. Let
{x;};ey be a frame for H with S frame operator such that ST = TS. Then, {€ (z;)}je1 is a
K-frame for H, where e =" _ LTP.

peN p!
Proof. Let K € Ep, we have

S.r =elSeT
€

=y L Lpkgpr
k! p!
k,p>0
_ 1 V1o
e 2 ST
k#k! ,p#k’

So, by Proposition 2.13, there exists Ag- > 0 such that
St > Mg KK™.
Then

*

S.r > Aw
~ (k)

Obviously, {e” (z;)};e is a Bessel sequence for H.
It follows from Lemma 1.6 that {e” (z;)} ey is a K-frame for 7. O
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Remark 2.16. Let {e;} jen be an orthonormal basis for 1? (C) . Let T € B ({* (C)) be defined as
follows

T (CL(), at, ) = (al,az, T ) .
Obviously, we have
N(T)={(,0,0,.,.): be C}.

Now, let K € B (I* (C)) defined by
K (Cl(), a, a, ) = (Cl()7 a‘laoa 07 ) 3

hence
R(K)~C? and N (T)~C.
Therefore
R(K)# N (T).

Consequently, we obtain K ¢ Er.
By setting a = (ao, a1, az, -, .), we get

(K™ (a), K" (a)) =[ a0 * + [ a1 | .

By some straightforward computations, we obtain that

Z<Tp (a) ’ ej>-<ej7Tp (a» = Z«ap’ Ap+1, ) ’ ej>-<ej7 (ap?ap+17 )>

jEN jEN

:Zlap+j ‘2'

jEN
We take p > 3 and a = (ay, 0,0, ..) such that ay # 0, we get

> (17 (a),¢5)-{ej, TP (a)) < (K™ (a), K™ (a)).

jEN

Therefore {T” (a;)},en is not a K-frame for .

References
[1] Aiena,P.,, Fredholm and Local Spectral Theory with Applications to Multipliers, Kluwer.Acad.Press,
(2004) .
[2] Apostol, C., The reduced minimum modulus, Mich. Math. J. 32, 279-294(1985).

[3] Atiyah,M., Macdonald,I.G., Introduction to commutative algebra, Addison -Wesley Publishing Company,
(1969) .

[4] Badea, C., Mbekhta, M.: Operators similar to partial isometries, Acta Sci. Math. (Szeged) 71, 663-680
(2005).

[5] Bhandari, A. and Mukherjee, S., Atomic Subspaces for Operators, Indian Journal of Pure and Applied
Mathematics, Vol. 51(3), 1039-1052, (2020).

[6] Bhandari, A., Borah, D. and Mukherjee, S. : Characterizations of weaving K-frames, Proc. Japan
Academy, Ser. - A, Math. Sci., Vol. 96(5), pp. 39-43, (2020) .

[7]1 Boleskei,H., Hlawatsch,F., Feichtinger,H.G., Frame-theoretic analysis of oversampled filter banks, IEEE
Trans. Signal Process. 46(12), 3256-3268(1998).

[8] Christensen,O., An introduction to frames and Riesz bases. Applied and numerical harmonic analysis.
Birkhduser Boston Inc, Boston, (2003) .

[9] Daubechies,l., Grossmann,A., Meyer, Y., Painless non orthogonal expansions, J. Math. Phys. 27, 1271-
1283(1986).

[10] Duffin, R.J.,Schaeer,A.C., A class of nonharmonic fourier series, Trans. Amer. Math. Soc. 72, 341-
366(1952).

[11] Frank, M., Larson, D.R., Frames in Hilbert C*-modules and C* algebra, J. Operator Theory. 48, 273-
314(2002).



Spectral Theory and K -frames in Hilbert C*-modules 367

[12]
[13]
[14]

[15]
[16]
[17]

[18]

[19]

[20]
[21]
[22]

[23]

[24]
[25]

[26]
[27]

[28]

[29]

[30]

[31]

[32]

[33]

Gavruta, L., Frames for operators. Appl. Comput. Harmon. Anal. 32(1),139-144(2012).
Harte, R., Mbekhta, M.: On generalized inverses in C*-algebras. Studia Math. 103(1), 71-77 (1992) .

Kato,T., Perturbation theory for nullity, deficiency and other quantities of linear operators, J. Anal. Math.
6,261-322 (1958).

Kordula, V., Miiller, V., On the axiomatic theory of spectrum Studia Mathemtica 119, 109-128(1996)
Labrousse, J.P., Les opérateurs quasi-Fredholm., Rend. Circ. Mat. Palermo, XXIX 2, 161-258 (1980) .

Lance, E. : Hilbert C*-Modules, A Toolkit for Operator Algebraists, Cambridge Univers ity Press,
(1995).

Magajna, B. : Hilbert C*-modules in which all closed submodules are complemented, Proc. Amer. Math.
Soc., 125(3), 849-852(1997).

Manuilov, V.M., Adjointability of operators on Hilbert C*-modules. Acta Math. Univ. Comenian., 65,
161-169(1996).

Rossafi, M. and Kabbaj, S., - K -Operator Frame for End’ (H) . Asian-Eur. J. Math. 13 (2020), 2050060.
Mbekhta,M., Partial isometries and generalized inverses, Acta Sci. Math. (Szeged) 70, 767-781(2004).

Mbekhta, M., Ouahab,A., Opérateur s-régulier dans un espace de Banach et théorie spectrale., Acta Sci.
Math. (Szeged) 59, 525-43(1994).

Muiller,V.: Spectral Theory of Linear Operators and Spectral Systems in Banach Algebras 2nd edition.
Oper. Theory Advances and Applications. vol 139, (2007)

Muiller,V., On the regular spectrum, J. Operator Theory 31, 363-80(1994).

Najati, A., Saem, M. M., Gavruta,P., Frames and Operators in Hilbert C*-Modules, Oam. 10 (1), 73-
81(2016).

Paschke, W., Inner product modules over B*-algebras, Trans. Amer. Math. Soc.(182), 443-468(1973).

Poon, C., A consistent and stable approach to generalized sampling, J. Fourier Anal. Appl. 20(5), 985-
1019(2014).

Rakocevic,V., Generalized spectrum and commuting compact perturbations, Proc. Edinb. Math. Soc. 36,
197-209 (1993).

Sedghi Moghaddam,J., Najati,A., Ghobadzadeh,F., (F, G)-operator frames for L (H, K), International
Journal of Wavelets, Multiresolution and Information Processing, 2050031. (2020)

Saphar,P., Contribution & 1’étude des applications linéaires dans un espace de Banach, Bull. Soc. Math.
92, 363-384(1964).

Xu, Q.X., Sheng, L.J., Positive semi-definite matrices of adjointable operators on Hilbert C*-modules.
Linear Algebra Appl. 428, 992-1000(2008).

Zhang, L.C., The factor decomposition theorem of bounded generalized inverse modules and their topo-
logical continuity, J. Acta Math. Sin. 23, 1413-1418(2007).

K. E. Aubert, On the ideal theory of commutative semi-groups, Math. Scand. 1, 39-54 (1953).

Author information

Salah Eddine Oustani, Laboratory of Analysis, Geometry and Applications, Morocco.
E-mail: salaheddine.oustani.1975@gmail.com

Rachid Echarghaoui, Laboratory of Analysis, Geometry and Applications, University of Ibn Tofail, B.P. 133,
Kenitra, Morocco.
E-mail: rachid.echarghaoui@uit.ac.ma

Samir Kabbaj, Laboratory of Partial Differential Equations, Algebra and Spectral Geometry, University of Ibn
Tofail, B.P. 133, Kenitra, Morocco.
E-mail: samkabbaj@yahoo.fr

Received: 2022-06-06
Accepted: 2023-03-30



	1 Introduction and preliminaries
	2 Main Results

