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Abstract. In this paper, we define a new sequence of positive linear operators in two variables
by combining Chlodowsky operators and Szdsz type operators via Sheffer polynomials. Further,
we calculate basic estimates. In the next section, we investigate their rapidity of convergence and
order of approximation. Morever, Local approximation results and global approximation results
are studied in various functional spaces.

1 Introduction

Operators Theory is a fascinating field of research for the last two decades due to the advent of
computer. It plays a significant role in pure and applied , viz, fixed point theory, numerical anal-
ysis. In computational aspects mathematics and shape of geometric objects, CAGD(Computer-
aided Geometric design) plays an interesting with the mathematical description. It focuses on
Mathematics that is compatible with computers in shape designing. To investigate the behaviour
of parametric surfaces and curves, control nets and control points play a significant role respec-
tively. CAGD is widely used as an applications in Applied Mathematics and industries. It has
several applications in other branches of sciences, e.g., Approximation theory, Computer graph-
ics, data structures, Numerical analysis, Computer algebra etc. The first sequences of positive
linear operator are developed by Bernstein [1] in 1912 to present the simplest and easiest proof
of fundamental theorem of approximation theory named as Weierstrass approximation theorem.
Later, these sequences are termed as classical Bernstein operators defined as:

= v

By(fiz) = any(x)f(n) neN, (1.1)
v=0

where p,, , (z) = (0)z¥(1 —x)" ¥,z € [0,1] and f € C0, 1] (spaces of all continuous function

in [0, 1]).

The basis p,,,(z) = (I)z¥(1 — 2)"~" of Bernstein polynomials (1.1) has significant role
in preserving the shape of the surfaces or curves. Graphic design programs, viz, photoshop
inkspaces and Adobe’s illustrator deals with Bernstein polynomials in the form of Bézier curves.
To Preserve the shape of the parametric surface or curve, it depends on basis p, ., (z) = (])z” (1—
x)™~" which is used to construct the curves. Several modifications have been studied for the op-

erators defined in (1.1).

In 1937, Chlodowsky [2] presented a generalization of Bernstein polynomials which is well
known as Bernstein-Chlodowsky polynomials on the interval [0, ¢,,], where ¢, — co as n — oo
as:

By(f;) :ipmk(;)f(gcn)7 n € N, (1.2)
k=0 "
where, P () = (Z)(i)k(l - i)_k r€[0,c,]and lim < =0,

Cn

In 1974, Ismail [3] introduced a new form of Szdasz operators including Sheffer polynomials
as follows:
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77’L1‘H oo

T.(f;) Zpk n) ( ) (13)

where 2 > 0, pi(nz) >0, A(1) # 0, H'(1) = 1 and n € N. In equation (1.3) py(nz) are Sheffer
polynomials given by the generating functions:

H(u) — z:pk(x)uk7 (1.4)
k=0
where
= Zakzk (a() 75 0) (15)
and
2) =Y hpz® (hy #0) (1.6)
k=0

are the analytic functions in the disc | z |< R (R > 1). Relation (1.4) is valid for | v |< R and
the power series given by (1.6) converges for | z |[< R, R > 1. Various current literature are
available in this direction (see [?]n1)-[?]n5))

The aim of this paper is to present a new sequence of operators for functions of two variables
as:

—’I’L]ailH

Ly, (fim1,22) = Z Z Py, kl( )Pk(nﬂz)f(%%” %) (1.7)

k=0 kr= m

where (z1,27) € I X Jyi.e.] = [0,¢,]andJ = [0, 00).

In subsequent sections,we investigate basic lemmas, rate of convergence and order of ap-
proximation for the class of continuous functions of two variables. In the last, local and global
approximation results are obtained in different functional spaces.

2 Basic Estimates

Here, we recall some Lemmas from [3] and [2] as follows:

Lemma 2.1. [3] Let e;(t) = t%, i, j = 0, 1,2 be the test functions. Then, we have

T.(1,z) = 1,
T,(thz) = z+ :1;((11))’
T.(t2) = a3+ <2ﬁégl)) +H'(1)+ 1) f; + A/(%z(‘f) M),

Lemma 2.2. [2] Let e;(t) = t', i,j = 0, 1,2 be the test functions. Then, we have
Bn.(l;z) = 1,
B,(t;x) = x,

1 y
Bn(tz;x) = (1 — —)x% + @xl.
n n
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Proof. In the light of (1.7) and linearity property, we find that

ny,n (60,0; x1, 932)
ni,ny (61,0; Z1,T2

(
n1,ny (60,1 31,

L

L T
Ly, my(€2,0571, 22
L i)
L

)
)
)
)

n1my (€025 T1, 22

using these equalities, we can easily prove Lemma 2.2. O
Lemma 2.3. For the operators constructed in (1.7),we get
Lyt = o0in,zz) = oy =
ny,n2 1 Jj] ,371’-732 - nl ’I’Ll’
A'(1) xy A1)+ A"(1)
L o, (01— 21)5 21, = 2 H'() 41| =2+ 22— 7
1 2((1 I]) 1 :Ez) (A(]) + ( )+ >n2 n%A(l)
Proof. In view of Lemma 2.2 and linearity property, it is easy to prove Lemma 2.3. O

3 Rate of Conergence and Order of Approximation

Definition 3.1. Let X, Y C R be any two given intervals and the set B(X xY) = {f : X xY —
R|f isbounded on X xY'}. For f € B(X xY), let the function wyozq: (f; -, %) @ [0,00) x [0, 00) —
R, defined for any (d;,d,) € [0,00) x [0, 00) by

wtotal(f;(Sh 62) == SUP{‘f(xay) - f(xl>y/)

2 (m,y), (2,y) € [0,00) x

[0700)7 ‘LU - !L‘/| < 61? |y - y/| < 62}7

is called the first order modulus of smoothness of the function f or the total modulus of continuity

of the function f.

Here, we recall the following result due to Volkov [4]:

Theorem 3.2. Let I and J be compact intervals of the real line. Let L,, ,,

C(I x J),(n1,n2) € N x N be linear positive operators. If

€ijs (Zvj) € {(O’ O)v (170)7 (O’ 1)}7

Iim L, ., (e
n1,n2—00 ”]7”2( 74])

lim Lnl K% (620 + 602)

ny,ny—>r0o0

e + ep,

:C(I x J) —

uniformly on I x J, then the sequence (L., »,f) converges to f uniformly on I x J for any

fecxJ).

Theorem 3.3. Let ¢(z1,72) = i2}(0 < i+ j < 2,4,j € N) be the test functions defined on

IxJ.If
lim
ng,Ny—>00
uniformly on I x J, then
lim
ny,ny—00

uniformly for any f € C(I x J).

(L, my€ij) (1, 02) = eij(x1, 22)and

71,2 —>00

(L ) (1, 22) = f(21,22)

lim Ly, n,(e20 + €0)

ex + e

Proof. Using the Theorem 3.2 and Lemma 2.2, Theorem 3.3 can easily be proved. O
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Theorem 3.4. [5] Let L : C(]0,00) x[0,00)) — B([0,00) x [0, 00)) be a linear positive operator.
Forany f € C(X xY), any (z,y) € X x Y and any 61,0, > 0, the following inequality

|(Lf)($,y) - f(x,y)l < |L€070($,y) - 1||f(x,y)| + [Leo)o(x,y) + 61_1\/L60,0(x’y)(L(' - xz))z(x’y)

+ 6 \/Leo,o(x, y)(L(x — y2)*(z,y) + 6765 \/(Leo,0)2(x, Y)(L(- — 22))2(z, )
Wiotal (f3 01, 02),

X

holds.

Theorem 3.5. Let f € C(I x J) and (z1,22) € I x J. Then, for ny,ny € N and for any
61,02 > 0, we have

|(Ln],n2f)($17x2) - f(l'],l'2)| S 4Wtotal(f;61752)7

where 6, ny = \/Lny n, (01 — 21) %21, 2) (85 — 24)2); 21, 22).

Proof. In the direction of 3.4 and Lemma 2.3 , we can arrive at the proof of the Theorem 3.5. O

4 Local and Global Approximation Results

Let ¢ be weight function such that ¢(xy,22) = 1 + 2% + 23 and satisfying B, (Z x J) = {g :|
g(z1,22) |< Cyd(x1,22), Cq > 0}, where By, (Z x J) is the set of all bounded function on
IxJ =[0,cn]) x [0,00). Suppose C™) (Z x [J) be the m-times continuously differentiable
functions defined on Z x 7 = {(x1,22) € ZXx J : x1,22 € [0,¢,] x [0,00)}. The equipped

lg(z1,22)]

~2.L . Moreover, we have some classes of
¢>($17£2)

norm on By given by || g [[¢= sup,, ,erx7
function as follows:

Co'(ITxT)={g9:9€Cys(TxJT); suchthat lim M2K9<oo},

(z1,22)—00 (f)(ﬂ?],xz)

CO(ZxT)={h:heCP(ZxJ); suchthat lim M:o,

s ( )=A 5 ( ) L Py }
Co(ITxT)={9:9€BsNCy (T xT)}.

Let wy(g; 01, 62) be the weighted modulus of smoothness for all g € Cg (T x J)andéy,d >0,
defined by

| g(z1 + 01,22+ 02) — g(x1,22) |

we(g;01,00) = sup sup “4.1)
(9301, ) (21,22)€[0,cn] X [0,00) 0<|0 | <81, 0<|02| <5 P(x1,22) (01, 602)
For any 7,7, > 0 one has
we(gsmd1,mdz) < 4(14n1) (1 +m)(1 4 63)(1 + 63)ws(g; 61,62), 4.2)

IN

d(x1,2) (|t =1 || s — w2 |Jwy (g3 t — 21 [,] 5 — 22 ])
< (1+x%+x%)(l+(t—x1)2)(l+(s—x2)2)w¢ (5]t —z1 |, | s—22|).

| g(t,s) — g(x1,22) |

Theorem 4.1. For the operator L, ,,(f;x1,22) defined by (1.7), we have

fmadloon) stz |y () (1o o) Yo (s (). (o

(14 23+ 23)

where ¥, n, = (1 +(z1+ 1)+ C1(zy +1)> +V/Cs(z + 1)3> (1 + (2 + 1)+ Co(zp +1)2 +

\/04(332 + 1)3> and Cy, Cp, C3, Cy >0and g € CO([ X J).
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Proof. For all d,,,,6,, > 0 we have

|g(ti,t) — gz, a2) | < 41427 +23) (1+ (b —21)?) (1 + (s2 — 22)?)

t — —
(1 L) (e B2y 0 62 )0 02 ()
ny ny

X

= 41+ +23)(1+06,)(1+67,)

X <1+|t16;xl+(t1$1)2+6711|t93|(t1x1)2>

X <1+|tzé_m+(tz—xz)2+tz§_$2|(t2—xz)2> Wi (9505 Ony ) -
2 n

Apply operator L., ,(f;x1,22) given by (1.7) both the sides,

| Ln,,nz(f;331,932)(9;3317-752) *g(iﬂl,wz) | < Lnl nz(f T, 22 (| g ) ($1,$2) |;‘T17$2) 4<1 +x% +SC%)
| tl -1 |

+ (t1 —21)* + 5
n

|s2—x2 |,

On, (

X Lnlnzfl'l,xz 14— |t17(£

|t2—$2|

x Lnl,nz I3 $1,$2 (1 + +(t2—$2)2+

= 41+ 27+ 23)(1+ 6 )(1+ 67, )ws (93 0n, On,)

1
X (1 + TLnl,nz(f;xh'xZ)ﬂ ti—x [s21,22) + Ly oy (fr201, 2

n

1

+ TLnl,nz(f;xlvxZ)ﬂ th—ax | (b — $1)2;$1,$2>
n

1
X <1+5 L,y (fiz1,22)(| ta — @2 |521, @2) + Liny n, (f3 21,

1
+ —Ln, (f;:v17$2)(|t2—$2|(t2—$2)229€1,$2>;

ny,na
On,

| Loy (f3 01, 22) (g3 21, 22) — g, 22) | < 4142t +23)(1+6,,)(1+ 65, )we (g5 6,5 6ny)

1
X |:1 + T\/Lnl,ng(f;xth)((tl - 1’1)2;1’1,352) + Lnl,nz(f;:c'
ny

1
gV B (s e = e, 22 L (F51, 220

1
X |:1 + T\/Lnl,nz(f;zth)((tZ - IZ)Z;IMSCZ) + Lnl,nz(f;x'

1
VB (Fsm w2 (2 = w2, 22 L (Fi1, )
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If we choose 6, = 0 (nﬁ) and 4, = o (n;%) , then

| Lﬂhnz(f;xlaxz)(g;xth) —9(1‘1,1'2) | < 4(1 +$% +$%)(1 + 57211)(1 + 57212)w¢ (g;énlv(snz)

[l o (L) my
C (e ey
< ety () @ ()
s ) o) o]

401+ a3+ 23) (1 + 82 )(1 + 62)wy (95 6nys Oy

AN

X [1 + (z1+ 1) + Ci(z1 + 12+ /Ca(z1 + 1)3] [1 + (r2+ 1

+ Ci(m+ 1)+ 04(x2+1)3}

Which complete the proof of the theorem 4.1
Lemma 4.2 ([6, 7]). For the positive sequence of operators { Ly, n,(f;21,22)}n, ny>1, which
acting Cy — By defined earlier then there exists some positive K such that

H Ln],nz(f; x]axz)(¢;zl7x2) ||d)§ K

Theorem 4.3 ([6, 7). or the positive sequence of operators {Ly, n,(f;21,22)}n, n,>1 acting
Cy — By defined earlier satisfying the following conditions

(1) limnl,n2—>oo|| thnz(f;ml,xz)(l;xl,xz)—1 ||¢ = 0

(2) o Jim | Loy, (frr,22) (B30, 22) =21 |l = 0;

(3) o im Ly, (fr,22) (B3 1, 22) =22 |l = 0;

(4) o lim | Loy, (fr21,22) (5 + 63);21.22) — (a1 +23) |, = O.

Then for all g € Cg,
lim || L, o, (f521,22)9 — g [l4=0

n1,M2—>00

and there exists another function h € Cy \ C9, such that

lim ” Lnlynz(f;mlvxZ)hfh ”d)z L.

ng,ny—>00

Theorem 4.4. If g € Cg (Z x J), then we have

lim || Ly, o, (f521,22)(9) — g lg= 0.

n1,Ny—>00
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Proof. We know that,

| Litv (1 + af + a3; 21, 32) |

| Loy o (f3 21, 22) (G521, 22) |lp = sup
1,12 ¢ (z1,22)ETXT 14+ 3;% + 1‘%
QR [ (L”“”z(f;“31’902)(3??;561@2) + Ly o (;
(w1,m)erxg L1+ a7 + a3
2 | -
- 1+ sp — O ’(4+2/\+2M€At(”1xl)) -
(wraer L Hat+a3 - | en(mz1) /| (@) an)ers

A+ 1)(A+2)

2 A+ 1D\ +2
+ ‘ - '+ U e s +’( )g >‘
] (@raerxg 1+ o] +a3 ™2
+ ‘<4+2)\+2 (”m)) sup
(m222) )| (2ymn)ezx g | + a7 + 23
442012 442042 Ad2 A+ 1))
§1+’+ +u’+‘+ +u+‘( )(+)’+‘(+)g
ny n2 ”1 "

Now for all nj, ny # 0, there exists a positive constant K such that

H Lnl’nz(f;l’l,fﬂz)((ls;xl,ld) ||¢)S K.

Therefore, in order to prove Theorem 4.4 it is sufficient from the Theorem 4.1. Thus we led to
prove of Theorem 4.4. For any g € C(Z x J) and § > 0 modulus of continuity of order second
is given by

W (g3 0ny5 0ny) = sup{| g(t1,t2) — g(z1,22) |: (t1,t2), (v1,22) €T x T}

with | £} — 21 |[< 6y, | t2 — 22 |< J,,, with the partial modulus of continuity defined as:

wi(g:0) = sup  sup {| g(z1,22) — g(z1,22) [},
0<z,<1 |z —22| <O

wy (g:6) = sup  sup  {| g(z,y1) — g(z, ) [}-
0<z <1 |y —y2|<6

Theorem 4.5. For any g € C(Z x J) we have

| Lnl,nz(f;xlaxZ)(g;xlaxZ) - g(xlvxZ) |§ 2<wl(g;6z],nl) + w2(g;§zz,n2)>'

Proof. In order to give the prove of Theorem 4.5, in general we use well-known Cauchy-Schwarz
inequality. Thus we see that

| Ly oy (Fr 21, 2) (g5 21, 22) — g(z1,22) | < Ly, (fs 1, 22) (| 9(t1,t2) — g(z1,22) 521, 22)
S Lnl nz(f’xlvxz) (|g(t17t2) g(l' t2) |;I],LE2)
+ Loy (Fr21,22) (| g(21,t1) — g(21,22) 521, 22)
< Ly, (f z1,22) (wi(gs | t1 — 21 |); @1, 22) + Ly 0, (f3 21, 22)
< ) (1 +5n]1Lﬁ]"n2 (It — 2 [iz1,22))
+ ) (1 +5nzan1 m(frzn,22) (|t — a2 [s21,22))
S (1 + (5 \/Lnl ny f Il,xz)((t] 7561)2 I],Iz))
+ (1 + — o \/me (frz1,22)((ta — 22)%; xl,x2)>
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If we choose 62 = 62, = L, n, (f121,22)((t1—21)% 21, 22) and 63, = 62, ) = L, i, (121, 22) ((t2—
xz)z; x1, %), then we easily to reach our desired results.
Here we find convergence in terms of the Lipschitz class for bivariate function. For M > 0 and

p1, p2 € [0, 1], Lipschitz maximal function space on £ x E C Z x J defined by

Ly p(EXE) = {g ssup(L+ 1) (1 + £2)7 (gpypo (15 82) = Gpy .o (21, 72))

1 1
< M
T (Itaym (1+$2)p2}’
where g is continuous and bounded on Z x 7, and

_ | g(t1,t2) — g(x1,22) |
|t1 — |Pl‘t2_332 |p2’

Gor,p2(t1:12) = Gpy .o (21, 22) (ti,t2), (z1,22) €I x J.  (4.3)

O
Theorem 4.6. Let g € L, ,,(E x E), then for any pi, p, € [0, 1], there exists M > 0 such that

P2
2

| thnz(f;xhxz)(g;xth) - g(xh-%?) | < M{ ( (d(xlvE))pl + (57211,zl>p71 ) ((d(xz’E»pZ + (572%1’2)

T+ (e, B) (d(, E))” }

where 0, ., and 6y, 5, defined by Theorem 4.6.

Proof. Take | z1 — xo |= d(z1, E) and | 25 — 2y |= d(x», E). For any (z,2,) € T x J, and
(o, 2() € E x Eweletd(zx, E) = inf{| ; — z; |: 2, € E}. Thus we can write here

| g(ti,t2) — g(a1,22) [< M | g(t1,t2) — g(wo, ) | + | g(zo, 20) — gla1,22) | - (4.4)
Apply Ly, n,(f3 21, 22), we obtain
| Lo (F3 21, 22) (9501, 02) — g(@1,02) | < Loy ony (F521,22) (| 9(1, 22) — g(wo, ) | + | g(20,20) — g(
< MLy, (frz1,22) (| 61 — o 7] b2 — |75 21, 22)
+ M|z —xzo || 22— (|7 .
Forall A, B > 0and p € [0, 1] we know inequality (A + B)? < A” 4+ B*, thus
[t —zo [ <|ti — 2y [P + [z — 20 |7,
| ta —ap | <|ta — 22 | + | 22 — 2 |2
Therefore
< MLy, o, (fizr,22) (| 81— 21 |P'] G2 — 22 P25 20, 22)
+ M|z —20 " Loy, (fiz1,22) (| t2 — 22 |7 21, 22)
+

M |z — x4 | Ly, iy (f3 1, 22) (| 11 — 1 |75 201, 22)

+ 2M |z —x0 |P'| @2 — x4 |?? Ly m, (f3 21, 22) (00,0521, 22) -

| Ly no (321, 22) (95 21, 22) — g(21, 22) |

On apply Holder inequality on L1892, we get

ni,ny?

Loy o (Frn,m2) (|t — 2y [Pty — 2 [P520,22) = Uy o ([t — a1 [P en,22) YV, ([l — 2 [520,22)

SN

IN

(Lo (f321,22) (| 81 — 21 [%520, 22))

X (Lopyma(frzn,22)(| o — 22 321, 22))

(Lnl K% (f, X

(L7l17n2(f; T

=N
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Thus we can obtain

(4R L}
| Ln]vnz(f;xl7x2)(g;xl7x2) - g(xIVCEZ) | < M (6’%1,11) ’ (537,2,I2) ’ + 2M (d(xl7E))p] (d(x27E))p2

i} o
+ M (d(xl I E))p] (537.2,Z2) ’ + L (d(x27 E))pz (521 ,ZE]) : ‘
We have complete the proof. O

Theorem 4.7. If g € C'(Z x [J), then for all (x,x2) € T x J, operator Ly, ,,(f;x1,x2) satis-
Jying

1 1
| Loy (f3 21, 22) (g3 21, 22) — 921, 22) <] 9, le@xa) (05,2,) " + | 9as lo@xa) (6m,0,)7
where 6,, , and 6, , are defined by Theorem 4.7.

Proof. Let g € C'(Z x J), and for any fixed (z1,2;) € Z x J we have

g(ti,t2) — g(z1,22) = /I

On apply Ly, n, (f;21,22)

t

12)
gr(r,t2)dr + / gs(x1,s)ds.

1 Z2

ty
L,y (fiz1,22) (9(t1,t2)s 1, 22)—g(21,22) = Ly, (f5 21, 22) (/ gr(r, tz)dr;:rl,xz> + Ly, (fr21,22)

1

(4.5)
From the sup-norm on Z x J we can see that

t) t
| / gr(r,t2)dr [< / | gr(rst2)dr |<|| ga, llc@xal tr — 21 | (4.6)

x| Z1

ty t
| [ 9s(z1,8)ds IS/ | 9u(@1,8)ds |<|| gu, lo@xa)l t2 — 22| - 4.7)

€T Z2

In the view of (4.4), (4.5) and (4.6) we can obtain

IN

| Ly no (321, 22) (921, 22)5 21, 2) — g1, 22) |

t
Lnl,nz(f;l‘l,fﬂz)(/ gr(r, t2)dr
z)

;$17x2>

ta
+ Lnl,nz(f;xth) <’/ gs(l’l,S)dS ;(ﬂl,IE2>
z)

| 9o lo@sa) Loy (Fr 1, 22) (| 8 — 2y [521, 22)

+ 1 95 llo@xg) Loy (fiz1,22) ([t — 22 [;21, 22)

IN

IN

I 9o: llo@sg) (Lnym (fr 2, 22) (0 — 1) 21, 22) L,
+ || 9z, HC(IXJ) (Lnl,nz(f;-Tl;xZ)((tZ - 1‘2)2;‘751,1}2)[/1

= | 9o lleaxg) 032)" + 1l 9o le@xa) (65,0,)° -

O

Theorem 4.8. For any f € C(Z x J), if we define an auxiliary operator such that
T#{%(fﬂlaﬂfz) = Ly, (fi21,22) (g5 w1, u2) + f(ur,u2) — f<Uﬁhk(61,o;$17$2)aVﬁz,l(eo,lﬂflaxz))~

. . B Al 5 ) _ A+l
where, unl,k(61,07x1;$2) = a1+ 5 and Vnz,l(eovl’x"m) =2

Then forall g € C'(Z x J), THv  satisfying

ny,n2

2
1 1
N . 2 2
Rzl,nz(f’tlth) — f(l’],.’tz) < {57”,“1 + 6n2,u2 + <(n1 — 1) (TL[ + 2(041 — 1)) up + 7(7“ — 1) — u1>

2
1 1
+ <(n21) (n2 +2(aa — 1)) ua + (=] —u2> } 19 llcxzxa) -
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Proof. In the light of operator T},", (f;x1,22) , we obtain T%% (1,21, 22) = 1, T ”nz( -

w3y, 22) = 0and Ty, () — :v;;c?fxg) = 0. Forany g € C'(Z x J) the Taylor series give us:
o ’ t 82 )\,
[t ta) = flzr,m2) = %@(tl — 1) +/m(tl _Q)%da
of(x1,22) r O f(x1, ¢)
v M, +L2 (t2— 0) 55 P o,

On apply TH-¥  we see that

ni,n?

Trn, (f(t, ), xa) = TRy, (f(er,22)

t 2
= T#{ ny (L (tl - a)%wxz)da II}17.’E2> _‘_T#ll;lz ( t - ¢ f;z;’¢)d¢;xl»x2)

t 2 [2) 2
L,y (f3 21, 22) (/ (t1 — 04)8 féazxz da; 331&‘2) Ly n, (f321,22) (/ (ta — ¢)8f(;f)]2’¢)d¢;

1 2
x4 2 +3 2
_ o L+x VP f(A\m) "2 1+ A > f(x1,9)
/:m <x1 + " a) 902 da /I2 Ty + - —¢ 052 do.

From hypothesis we easily obtain

t . 5

’/ tl 5 f «, xz)da’ g/ (tl — a)a{fgzéxz)da’ SH f HCZ(IXJ) (fl _361)27
PGt P f (21,0

‘/ (t2 - 82; d(b’ d))éilz)dﬁb‘ < f lerzxy (2 — 22)%,

A A1 O f (a, ) A1)
/L (331 +— . 04) wda‘ <l f llexzxa m

1

T2

A+l
+ n

2
($2+ - ¢) 3(¢2x1 d¢‘ <| f lle2@xa < " )

Thus,

| 7o, (fitsta) — flz,a2) | < {Lm,nz(f;ml,lfz)((tl - 171)2;131,1?2) + Ly, (f3 21, 22) (82 — xz)z;ﬂfl,
A+1 ? A+1 ?
+ +
( m > + <nz> } I 9 llc2zxa) -

We complete the proof of desired Theorem 4.8.
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