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Abstract Recently, Kim-Kim [4] introduced the type 2 poly-Bernoulli polynomials and num-
bers arising from the polyexponential function. In this paper, we study the type 2 poly-Bernoulli
polynomials of the second kind arising from polyexponential function and derive their explicit
expressions and some identity involving them. Also, we derive the type 2 unipoly-Bernoulli
polynomials of the second kind and discuss some properties of them.

1 Introduction

It is well known, the ordinary Bernoulli polynomials of the second are defined by the generating
function

t

log(1 + t)
(1 + t)x =

∞∑
n=0

bn(x)
tn

n!
, (see [2, 3, 9, 14]). (1.1)

When x = 0, bn = bn(0) are called the Bernoulli numbers of the second kind.

In (2019), Kim-Kim [7] introduced the polyexponential function, as an inverse to the poly-
logarithm function to be

Eik(x) =
∞∑
n=1

xn

(n− 1)!nk
, (k ∈ Z). (1.2)

For k = 1, (1.2) gives

Ei1(x) =
∞∑
n=1

xn

n!
= ex − 1. (1.3)

For k ∈ Z, Kim-Kim considered the type 2 poly-Bernoulli polynomials are defined by means
of the following generating function

Eik (log(1 + t))

et − 1
ext =

∞∑
n=0

B(k)
n (x)

tn

n!
, (see [7]). (1.4)

When x = 0, B(k)
n = B

(k)
n (0) are called the type 2 poly-Bernoulli numbers. Note that

B
(1)
n (x) = Bn(x) are called the ordinary Bernoulli polynomials.

For k ∈ Z, the polylogarithm function is defined by

Lik(x) =
∞∑
n=1

xn

nk
, (| x |< 1), (see, [1, 8]). (1.5)

Note that

Li1(x) =
∞∑
n=1

xn

n
= − log(1− x). (1.6)
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Kim et al. [9] introduced the poly-Bernoulli polynomials of the second given by

Lik(1− e−t)
log(1 + t)

(1 + t)x =
∞∑
n=0

b(k)n (x)
tn

n!
. (1.7)

When x = 0, b(k)n = b
(k)
n (0) are called the poly-Bernoulli numbers of the second kind.

The Daehee polynomials are defined by

log(1 + t)

t
(1 + t)x =

∞∑
n=0

Dn(x)
tn

n!
, (see [10, 16]). (1.8)

When x = 0, Dn = Dn(0) are called the Daehee numbers.

For n ≥ 0, the Stirling numbers of the first kind are defined by

(x)n =
n∑
l=0

S1(n, l)x
l, (see [4, 5, 6]), (1.9)

where (x)0 = 1, and (x)n = x(x− 1) · · · (x− n+ 1), (n ≥ 1). From (1.9), it is easily to see
that

1
k!
(log(1 + t))k =

∞∑
n=k

S1(n, k)
tn

n!
, (k ≥ 0), (see [11, 12, 13]). (1.10)

In the inverse expression to (1.9), the Stirling numbers of the second kind are defined by

xn =
n∑
l=0

S2(n, l)(x)l. (1.11)

From (1.11), it is easily to see that

1
k!
(et − 1)k =

∞∑
n=l

S2(n, l)
tn

n!
, (see [15, 17]). (1.12)

In this paper, we introduce type 2 poly-Bernoulli polynomials and numbers of the second
kind by arising from polyexponential functions. We investigate some fundamental properties of
these polynomials. Furthermore, we consider type 2 unipoly-Bernoulli polynomials and num-
bers of the second kind and derive explicit expressions for these polynomials.

2 Type 2 poly-Bernoulli polynomials of the second kind

For k ∈ Z, and by means of the polyexponential functions, we define the type 2 poly-Bernoulli
polynomials of the second kind by

Eik (log(1 + t))

log(1 + t)
(1 + t)x =

∞∑
n=0

Pb(k)n (x)
tn

n!
. (2.1)

When x = 0, Pb(k)n = Pb
(k)
n (0) are called the type 2 poly-Bernoulli numbers of the second

kind.

For k = 1, by using (1.3) and (2.1), we see that

Ei1 (log(1 + t))

log(1 + t)
(1 + t)x =

t

log(1 + t)
(1 + t)x =

∞∑
n=0

bn(x)
tn

n!
, (2.2)
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where bn(x) are called the ordinary Bernoulli polynomials of the second kind.

By (2.1) and (2.2), we get

Pb(1)n (x) = bn(x), (n ≥ 0).

First, we note that

Eik (log(1 + t)) =
∞∑
m=1

(log(1 + t))m

(m− 1)!mk

=
∞∑
m=0

(log(1 + t))m+1

m!(m+ 1)k

=
∞∑
m=0

1
(m+ 1)k−1

1
(m+ 1)!

(log(1 + t))m+1

=
∞∑
m=0

1
(m+ 1)k−1

∞∑
l=m+1

S1(l,m+ 1)
tl

l!
. (2.3)

By (2.3), we see that (2.1) is equal to

t

log(1 + t)
(1+t)xEik (log(1 + t)) =

t

log(1 + t)
(1+t)x

∞∑
m=0

1
(m+ 1)k−1

∞∑
l=m

S1(l+ 1,m+ 1)
l+ 1

tl

l!

=
∞∑
n=0

bn(x)
tn

n!

∞∑
m=0

1
(m+ 1)k−1

∞∑
l=m

S1(l+ 1,m+ 1)
l+ 1

tl

l!

=
∞∑
n=0

(
n∑
l=0

(
n

l

) l∑
m=0

1
(m+ 1)k−1

S1(l+ 1,m+ 1)
l+ 1

bn−l(x)

)
tn

n!
. (2.4)

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1. For k ∈ Z and n ≥ 0, we have

Pb(k)n (x) =
n∑
l=0

(
n

l

) l∑
m=0

1
(m+ 1)k−1

S1(l+ 1,m+ 1)
l+ 1

bn−l(x).

Corollary 2.1. For n ≥ 0, we have

Pbn(x) =
n∑
l=0

(
n

l

) l∑
m=0

S1(l+ 1,m+ 1)
l+ 1

bn−l(x).

Moreover,
n∑
l=0

(
n

l

) l∑
m=0

S1(l+ 1,m+ 1)
l+ 1

bn−l(x) = 0, (n ≥ 1).

Let k ≥ 1, be an integer. For s ∈ C, we define the function ηk(s) as

ηk(s) =
1

Γ(s)

∫ ∞
0

ts−1

log(1 + t)
Eik (log(1 + t)) dt. (2.5)

From (2.5), we have

η1(s) =
1

Γ(s)

∫ ∞
0

ts−1

log(1 + t)
Ei1 (log(1 + t)) dt =

1
Γ(s)

∫ ∞
0

ts

log(1 + t)
dt

=
s

sΓ(s)

∫ ∞
0

ts

log(1 + t)
dt =

s

Γ(s+ 1)

∫ ∞
0

ts

log(1 + t)
dt = sζ(s+ 1), (2.6)
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where

ζ(s) =
∞∑
n=1

1
ns
.

is the Rieman zeta function.

We see from (2.6) that ηk(s) is holomorphic for<(s) > 0, since Eik (log(1 + t)) ≤ Ei1 (log(1 + t)),
for t ≥ 0. From (2.6), we note that

ηk(s) =
1

Γ(s)

∫ ∞
0

ts−1

log(1 + t)
Eik (log(1 + t)) dt

=
1

Γ(s)

∫ 1

0

ts−1

log(1 + t)
Eik (log(1 + t)) dt

+
1

Γ(s)

∫ ∞
1

ts−1

log(1 + t)
Eik (log(1 + t)) dt. (2.7)

The second integral converges absolutely for any s ∈ C and hence, the second term on the right
hand side vanishes at non-positive integers. That is,

lim
s→−m

∣∣∣∣ 1
Γ(s)

∫ ∞
1

ts−1

log(1 + t)
Eik (log(1 + t)) dt

∣∣∣∣ ≤ 1
Γ(−m)

M = 0. (2.8)

On the other hand, for <(s) > 0, the first integral in (2.7) can be written as

1
Γ(s)

∞∑
l=0

Pb
(k)
l

l!
1

s+ l
,

which defines an entire function of s. Thus, we may include that ηk(s) can be continued to an
entire function of s.

Further, from (2.7) and (2.8), we obtain

ηk(−m) = lim
s→−m

1
Γ(s)

∫ 1

0

ts−1

log(1 + t)
Eik (log(1 + t)) dt

= lim
s→−m

1
Γ(s)

∫ 1

0
ts−1

∞∑
l=0

Pb
(k)
l tl

l!
dt = lim

s→−m

1
Γ(s)

∞∑
l=0

Pb
(k)
l

s+ l

1
l!

= · · ·+ 0 + · · ·+ 0 + lim
s→−m

1
Γ(s)

1
s+m

Pb
(k)
m

m!
+ 0 + 0 + · · · (2.9)

= lim
s→−m

(
Γ(1−s) sinπs

π

)
s+m

Pb
(k)
m

m!
= Γ(1 +m) cos(πm)

Pb
(k)
m

m!

= (−1)mPb(k)m .

Therefore, by (2.9), we obtain the following theorem.

Theorem 2.2. Let k ≥ 1 and m ∈ N
⋃
{0}, s ∈ C, we have

ηk(−m) = (−1)mPb(k)m .

Using (1.2), we observe that

d

dx
Eik (log(1 + x)) =

d

dx

∞∑
n=1

(log(1 + x))n

nk(n− 1)!
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=
1

(1 + x) log(1 + x)

∞∑
n=1

(log(1 + x))n

nk−1(n− 1)!
=

1
(1 + x) log(1 + x)

Eik−1(log(1 + x)). (2.10)

Thus, by (2.10), for k ≥ 2, we get

Eik(log(1 + x)) =

∫ x

0

1
(1 + t) log(1 + t)

Eik−1(log(1 + t))dt

=

∫ x

0

1
(1 + t) log(1 + t)

∫ t

0
· · · 1

(1 + t) log(1 + t)

∫ t

0

1
(1 + t) log(1 + t)︸ ︷︷ ︸

(k−2)−times

dt · · · dt

×Ei1(log(1 + t))dt · · · dt

=

∫ x

0

1
(1 + t) log(1 + t)

∫ t

0
· · · 1

(1 + t) log(1 + t)

∫ t

0

1
(1 + t) log(1 + t)︸ ︷︷ ︸

(k−2)−times

dt · · · dt. (2.11)

From (2.1) and (2.11), we get

∞∑
n=0

Pb(k)n
xn

n!
=

Eik (log(1 + x))

log(1 + x)
=

1
log(1 + x)

×
∫ x

0

1
(1 + t) log(1 + t)

∫ t

0

1
(1 + t) log(1 + t)

· · ·
∫ t

0︸ ︷︷ ︸
(k−2)−times

t

(1 + t) log(1 + t)
dt · · · dt. (2.12)

=
1

log(1 + x)

∞∑
m=0

∑
m1+···+mk−1=m

(
m

m1, · · · ,mk−1

)

×B
(m1)
m1 (0)
m1 + 1

B
(m2)
m2 (0)

m1 +m2 + 1
· · ·

B
(mk−1)
mk−1 (0)

m1 + · · ·+mk−1 + 1
xn

n!

=
∞∑
n=0

n∑
m=0

(
n

m

) ∑
m1+···+mk−1=m

(
m

m1, · · · ,mk−1

)
bn−m

×B
(m1)
m1 (0)
m1 + 1

B
(m2)
m2 (0)

m1 +m2 + 1
· · ·

B
(mk−1)
mk−1 (0)

m1 + · · ·+mk−1 + 1
xn

n!
. (2.13)

Therefore, by (2.13), we obtain the following theorem.

Theorem 2.3. For n ∈ N and k ∈ Z, we have

Pb(k)n =
n∑

m=0

(
n

m

) ∑
m1+···+mk−1=m

(
m

m1, · · · ,mk−1

)
bn−m

×B
(m1)
m1 (0)
m1 + 1

B
(m2)
m2 (0)

m1 +m2 + 1
· · ·

B
(mk−1)
mk−1 (0)

m1 + · · ·+mk−1 + 1
.

Corollary 2.2. For n ≥ 0, we have

Pb(2)n =
n∑

m=0

(
n

m

)
B

(m)
m+1(0)
l+ 1

bn−m.

Replacing t by et − 1 in (2.1), we get

∞∑
m=0

Pb(k)m (x)
(et − 1)m

m!
=

Eik (t)
t

ext
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=
∞∑
n=0

xntn

n!

∞∑
l=0

tl

(l+ 1)kl!
=
∞∑
n=0

(
n∑
l=0

(
n

l

)
xn−l

(l+ 1)k

)
tn

n!
. (2.14)

On the other hand,

∞∑
m=0

Pb(k)m (x)
(et − 1)m

m!
=
∞∑
m=0

Pb(k)m (x)
∞∑
n=m

S2(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

Pb(k)m (x)S2(n,m)

)
tn

n!
. (2.15)

Therefore, by equations (2.14) and (2.15), we obtain the following theorem.

Theorem 2.4. For k ∈ Z and n ≥ 0, we have

n∑
m=0

Pb(k)m (x)S2(n,m) =
n∑
l=0

(
n

l

)
xn−l

(l+ 1)k
.

From (2.1), we get

∞∑
n=0

[
b(k)n (x+ 1)− b(k)n (x)

] tn
n!

=
Eik (log(1 + t))

log(1 + t)
(1 + t)x+1 − Eik (log(1 + t))

log(1 + t)
(1 + t)x

=
tEik (log(1 + t))

log(1 + t)
(1 + t)x =

(
t

log(1 + t)
(1 + t)x

)
(Eik (log(1 + t)))

=

( ∞∑
n=0

bn(x)
tn

n!

)( ∞∑
m=1

(log(1 + t))m

(m− 1)!mk

)

=

( ∞∑
n=0

bn(x)
tn

n!

)( ∞∑
m=0

(log(1 + t))m+1

m!(m+ 1)k

)

=

( ∞∑
n=0

bn(x)
tn

n!

)( ∞∑
m=0

1
(m+ 1)k−1

1
(m+ 1)!

(log(1 + t))m+1

)

=

( ∞∑
n=0

bn(x)
tn

n!

)( ∞∑
m=0

1
(m+ 1)k−1

∞∑
l=m+1

S1(l,m+ 1)
tl

l!

)

=

( ∞∑
n=0

bn(x)
tn

n!

)( ∞∑
l=0

l∑
m=0

1
(m+ 1)k−1

S1(l+ 1,m+ 1)
l+ 1

tl

l!

)

=
∞∑
n=0

(
n∑
l=0

(
n

l

) l∑
m=0

1
(m+ 1)k−1

S1(l+ 1,m+ 1)
l+ 1

bn(x)

)
tn

n!
. (2.16)

Therefore, by comparing the coefficients of t
n

n! in both sides, we get the following theorem.

Theorem 2.5. For n ≥ 0, we have

b(k)n (x+ 1)− b(k)n (x) =
n∑
l=0

(
n

l

) l∑
m=0

1
(m+ 1)k−1

S1(l+ 1,m+ 1)
l+ 1

bn(x).

From (2.1), we have

∞∑
n=0

b(k)n (x+ y)
tn

n!
=

Eik (log(1 + t))

log(1 + t)
(1 + t)x+y



80 Waseem A. Khan1 and M. Kamarujjama2

=
Eik (log(1 + t))

log(1 + t)
(1 + t)x(1 + t)y =

( ∞∑
n=0

b(k)n (x)
tn

n!

)( ∞∑
m=0

(y)m
tm

m!

)

∞∑
n=0

(
n∑

m=0

(
n

m

)
b
(k)
n−m(x)(y)m

)
tn

n!
. (2.17)

Therefore, by equation (2.17), we get the following theorem.

Theorem 2.6. For n ≥ 0, we have

b(k)n (x+ y) =
n∑

m=0

(
n

m

)
b
(k)
n−m(x)(y)m.

By, (2.1), we have

Eik (log(1 + t))

log(1 + t)
=
∞∑
n=0

b(k)n
tn

n!

Eik (log(1 + t)) = log(1 + t)
∞∑
n=0

b(k)n
tn

n!

Eik (log(1 + t))

t
=

log(1 + t)

t

∞∑
n=0

b(k)n
tn

n!

=

( ∞∑
m=0

Dm
tm

m!

)( ∞∑
n=0

b(k)n
tn

n!

)

=
∞∑
n=0

(
n∑

m=0

(
n

m

)
b
(k)
n−mDm

)
tn

n!
. (2.18)

On the other hand,

Eik (log(1 + t))

t
=

1
t

∞∑
m=1

(log(1 + t))m

(m− 1)!mk

=
1
t

∞∑
m=0

(log(1 + t))m+1

mk!(m+ 1)

=
1
t

∞∑
m=0

1
(m+ 1)k−1

1
(m+ 1)!

(log(1 + t))m+1

=
∞∑
n=0

(
n∑

m=0

1
(m+ 1)k−1

S1(n+ 1,m+ 1)
n+ 1

)
tn

n!
. (2.19)

Therefore, by equations (2.18) and (2.19), we obtain the following theorem.

Theorem 2.7. For n ≥ 0, we have

n∑
m=0

(
n

m

)
b
(k)
n−mDm =

n∑
m=0

1
(m+ 1)k−1

S1(n+ 1,m+ 1)
n+ 1

.
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3 The unipoly-Bernoulli polynomials of the second kind

Let p be any arithmetic function which is a real or complex valued function defined on the set of
positive integers N. Kim-Kim [7] defined the unipoly function attached to polynomials p(x) by

uk(x|p) =
∞∑
n=1

p(n)

nk
xn, (k ∈ Z). (3.1)

Moreover,

uk(x|1) =
∞∑
n=1

xn

nk
= Lik(x), (see [8]), (3.2)

is the ordinary polylogarithm function.

Now, we define the unipoly-Bernoulli polynomials of the second kind attached to polynomi-
als p(x) by

1
log(1 + t)

uk (log(1 + t)|p) (1 + t)x =
∞∑
n=0

Pb(k)n,p(x)
tn

n!
. (3.3)

When x = 0, Pb(k,p)n = PB
(k,p)
n (0) are called the unipoly-Bernoulli numbers of the second

attached to p, (see [4]).

If we take p(n) = 1
Γ(n) . Then, we have

∞∑
n=0

Pb
(k)

n, 1
Γ

(x)
tn

n!
=

1
log(1 + t)

(1 + t)xuk

(
log(1 + t)| 1

Γ

)

=
1

log(1 + t)
(1 + t)x

∞∑
m=1

(log(1 + t))m

mk(m− 1)!
. (3.4)

In particular, for k = 1, we obtain

∞∑
n=0

Pb
(1)
n, 1

Γ

(x)
tn

n!
=

1
log(1 + t)

(1 + t)x
∞∑
m=1

(log(1 + t))m

m!
=

t

log(1 + t)
(1 + t)x. (3.5)

Therefore by (3.3) and (3.5), we have

Pb
(k)

n, 1
Γ

(x) = bn(x). (3.6)

From (3.3), we have

∞∑
n=0

Pb(k)n,p(x)
tn

n!
=

1
log(1 + t)

(1 + t)xuk (log(1 + t)|p)

=
1

log(1 + t)
(1 + t)x

∞∑
m=1

p(m)

mk
(log(1 + t))m

=
1

log(1 + t)
(1 + t)x

∞∑
m=0

p(m+ 1)
(m+ 1)k

(log(1 + t))m+1

=
1

log(1 + t)
(1 + t)x

∞∑
m=0

p(m+ 1)(m+ 1)!
(m+ 1)k

∞∑
l=m+1

S1(l,m+ 1)
tl

l!

=
1

log(1 + t)
(1 + t)x

∞∑
m=0

p(m+ 1)(m+ 1)!
(m+ 1)k

∞∑
l=m

S1(l+ 1,m+ 1)
l+ 1

tl

l!
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=
∞∑
n=0

bn(x)
tn

n!

∞∑
l=0

(
l∑

m=0

p(m+ 1)(m+ 1)!
(m+ 1)k

S1(l+ 1,m+ 1)
l+ 1

)
tl

l!

=
∞∑
n=0

(
n∑
l=0

l∑
m=0

(
n

l

)
p(m+ 1)(m+ 1)!

(m+ 1)k
S1(l+ 1,m+ 1)

l+ 1
bn−l(x)

)
tn

n!
. (3.7)

Therefore, by comparing the coefficients on both sides of (3.7), we obtain the following the-
orem.

Theorem 3.1. For n ≥ 0 and k ∈ Z, we have

Pb(k)n,p(x) =
n∑
l=0

l∑
m=0

(
n

l

)
p(m+ 1)(m+ 1)!

(m+ 1)k
S1,λ(l+ 1,m+ 1)

l+ 1
bn−l(x).

Moreover,

Pb
(k)

n, 1
Γ

(x) =
n∑
l=0

l∑
m=0

(
n

l

)
1

(m+ 1)k−1
S1(l+ 1,m+ 1)

l+ 1
bn−l(x).

From (3.3), we have

∞∑
n=0

Pb(k)n,p(x)
tn

n!
=

1
log(1 + t)

uk(log(1 + t)|p)(1 + t)x

=
uk (logλ(1 + t)|p)

eλ(t)− 1

∞∑
n=0

(x)n
tn

n!

=
∞∑
m=0

Pb(k)m,p
tm

m!

∞∑
n=0

(x)n
tn

n!

=
∞∑
n=0

(
n∑

m=0

(
n

m

)
Pb(k)m,p(x)n−m

)
tn

n!
. (3.8)

By comparing the coefficients on both sides of (3.8), we get the following theorem.

Theorem 3.2. For n ≥ 0 and k ∈ Z, we have

Pb(k)n,p(x) =
n∑

m=0

(
n

m

)
Pb(k)m,p(x)n−m.

From (3.3), we have

∞∑
n=0

Pb(k)n,p
tn

n!
=

1
log(1 + t)

uk (log(1 + t)|p)

=
1

log(1 + t)

∞∑
m=1

p(m)

mk
(log(1 + t))m

=
∞∑
m=0

p(m+ 1)
(m+ 1)k

(log(1 + t))m+1

=
t

log(1 + t)

log(1 + t)

t

∞∑
m=0

p(m+ 1)m!
(m+ 1)k

(log(1 + t))m

m!

=
∞∑
n=0

Dn
tn

n!

∞∑
j=0

bj
tj

j!

∞∑
m=0

p(m+ 1)m!
(m+ 1)k

∞∑
l=m

S1,λ(l,m)
tl

l!
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=
∞∑
n=0

Dn
tn

n!

∞∑
j=0

bj
tj

j!

∞∑
l=0

l∑
m=0

p(m+ 1)m!
(m+ 1)k

S1(l,m)
tl

l!

=
∞∑
n=0

n∑
j=0

(
n

j

)
Dn−jbj

tn

n!

∞∑
l=0

l∑
m=0

p(m+ 1)m!
(m+ 1)k

S1(l,m)
tl

l!

=
∞∑
n=0

 n∑
l=0

l∑
m=0

n−l∑
j=0

(
n− l
j

)(
n

l

)
Dn−j−lbj

p(m+ 1)m!
(m+ 1)k

S1(l,m)

 tn

n!
. (3.9)

Therefore, by comparing the coefficients on both sides of (3.9), we obtain the following the-
orem.

Theorem 3.3. For n ≥ 0 and k ∈ Z, we have

Pb(k)n,p =
n∑
l=0

l∑
m=0

n−l∑
j=0

(
n− l
j

)(
n

l

)
Dn−j−lbj

p(m+ 1)m!
(m+ 1)k

S1(l,m).
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