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Abstract : In this paper we analyse an orthogonal pseudospectral collocation semidiscrete discretization the r-variable
of the nonhomogeneous wave axial symmetric and continuous in the variable t. The analysis is based on an approximation

property converges to the Gauss-Radau interpolation operator. We investigate the stability and the convergence.

1 Introduction

Spectral methods are techniques for approximating the solutions of partial differential equations.
Their main characteristic is that the discrete solutions are sought in high degree polynomial
spaces. In this sense, the precision of its methods is limited only by the regularity of the approx-
imate function, unlike other types of approximation such as finite differences or finite elements.
We know that the distance of an analytical function from a polynomial space of degree < N
decreases with the parameter N. In this paper we present a novel approach, based on an orthog-
onal pseudo spectral collocation semidiscrete discretization of the r-variable, for the numerical
solution of the problem proposed and continuous in the variable ¢. In this method the order of
the matrix is less than the order of the matrix in the other methods.

We consider the nonhomogeneous wave equation with axial symmetric in a finite domain A
with the general initial conditions

gt — Uy + %ur) = f(r,t), in A x (0,00)
u(r,t) = up(r), A £=0 (1.1
ug(r,t) = ur(r), 7

where A = [0, 1], «v is a positive real number, f € L% (A), where :

LI( A= {f : A — R measurable / / () rdr < oo} ; (1.2)
A

up and u; are smooth on A , we denote by ||. || 13(s) and (.,.) the norm and inner product in L? (A)

and the standard Sobolev space H] (A).
In this work we construct approximate solution to the problem (1.1) in the form

N(rt) = an(t)in(r), (1.3)
n=0

where the Lagrangian interpolates [,(r), 0 < n < N, are defined at the points r; € A,
0 < j < N. The grid made by r;,0 < j < N, is denoted by > ., .

The choice of the form (1.3) for the solution, added to some technics lead to a linear system
of second-order ordinary differential equations which can be written in a matricial form as
I'D%a + Aa = F, where A is a square symmetric positive defined matrix and I is a diagonal

dZ

invertible matrix and the operator D> = 27+ We write a = Pv where P is an orthogonal
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matrix such that P~' (I'"'4A) P = C is a diagonal matrix, then we obtain a system of N
second-order ordinary differential equations D?v;(t) + c;jv;(t) = h;(t), j = 0, N , we can use
Lagrange’s method of undetermined parameters to solve for each component v;(¢) of v , finally
we conclude the expressions of functions a,(t) and for which we obtain the approximation
solution uy.[4, 10].

2 Discretization of the problem

2.1 Continuous problem, weak form.
The variational formulation of problem (1.1), it is written :
{find w € H{(A), suchthat Vv € H{(A), (us,v) +ai(u,v) = (f,v) }. 2.1

where the bilinear form af(.,.) is given by:
1
ai(u,v) = / Orudyvrdr, 2.2)
0

see[8].Where the pivot space of the problem (1.1) is the space L? (A), the variational space is
(8] pivot sp p pace Lt (A), p
H{ (A) = {v/ v,0,v € L] (A)}, (2.3)

the corresponding norm is defined as

[N /A vErdrdt, (2.4)
the semi norm is defined as
ol = [ (@o)Prardt
A
and the norm of the variational space

2 2 2
ol a) = N0llz2a) + 0l a)

2.2 Discrete spaces

The approximate spaces is essentially generated by the finite dimensional subspace of L3(A),
IPy (A) is the approximate spaces of the space H| (A).In this work we consider the quadrature
formula and introduce a bilinear form a; which approach the form a; and we approximate
(.,.)n for (.,.), where N represent in spectral method the degree of polynomials. Here, the
discrete product is defined for all functions g and h continuous on A by

(9.h)y Zg ri)h 2.5)

2.3 Discrete problem, variational formulation
The variational formulation (2.1) is written :

find uy € IPy(A) such that 2.6)
Vuy € IPN(A), (upn,vn)y +ainv(un,vn) = (fv,on) v '

where ugxn and O;ugn are the interpolating polynomial of the initial conditions « and 0;u at the
Gauss-Radau nodes and the bilinear form a;y(.,.) is given by:

N

ain(un,vn) = (Opun,0ron)ny =Y (OrunOron) (TE)wk, 2.7
k=0

N
(un,vN)y = Z uuNUN) (7)) wh. (2.8)
k=0
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The equation is now what are the necessary tools to insure the existence and uniqueness of
the approximate solution which verify the variational formulation (2.6).

2.4 The spectral method

In this section we describe the spectral element method applied to subsection 2.3 of the algorithm
given in the introduction. The spectral method is based on a weak formulation of the considered
problem. The approximate solution representation then is given by :

N t) =Y an(®)l(r), Iu(r) € IPx(A),

n=0
the Lagrangian interpolates [,,(r),0 < n < N are defined on the interval A with r € A where

the points 7, are the roots of the polynomial Ay (r) , Ay(r) = %ddr—]]v\,((r —1)(r? —r))N.

2.5 Orthogonal polynomials
We work in the interval A = [0, 1] and we use the polynomials

2 d n

n! drm

On(r) = (r* =r)™), n>0,

occur from the Legendre polynomials with change of variable, each polynomial O,, has the
degree n and in L3(A) satisfies the following property:

/0 O3y = 2n2+ o 2.9)
also we use the polynomials
aar) = 2L (D)2 =), w20 (2.10)
n!drn
with the degree n + 1, which satisfies in L2(A) the following property:
b n+1
/0 Ay (r)rdr = TES e n >0, 2.11)
also we have |
/0 Al (r)AL (r)rdr = 2n + 2. (2.12)

2.6 Weighted quadrature formula

Proposition 2.1. Gauss-Radau weigthed quadrature formula for the Lebesgue measure. There
exists a unique set of N + 1 nodes r,,n = O0,N in A, and N + 1 positive real numbers
wn,n = 0, N such that the following exactness property holds :

1 N
Vo € IPan_1 (A) ,/ o(r)rdr = Zw (rn) Wn,
0 n=0
where r,,n = 0, N are the roots of polynomial Ay (r) and the weights are given by:

Tn

(n+ 1?08 (ra)"

Wy = ,n=0N

see(5]
Proposition 2.2. The polynomial ¢y —1 with degree (2N — 1) has the form
Gan-1(r) = Ax_1 (r) + a(N)On -1 (r) An (1),

where a(N) = —7(1\’;(12)](\%]:61).
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Lemma 2.3. The polynomial An_1(r) € IPn(A) verify the double inequality,
AN 1 ()70 < (An1(r), Ax—i () < 2 An (7)) (2.13)

using (2.9) and (2.11) we find

1
N
I] = /(; A%Vfl(r)rdr = m, (214)
! N
L, = _1(r)A = 2.1
2 /0 On_1(r)An(r)rdr aNioT) (2.15)
using the exact quadrature formula we can write:
1 N
/ @N_1(r)rdr = ZQZN—I (rn)wn,
0 n=0
= I+ Oz(N)Iz
N
= ZA%V—I (rn)wn
n=0
= (An_i(r), An_1(r)) N,
a(N)I, = % < Iy that’s give the result (2.13).
Proposition 2.4. By using (2.10) we can write the solution in the following form
N—1
Un(r,t) = Zan(t)An(T)a
n=0
and by using (2.11) we find
|UN(r,8)[F20) < C (IN(AN? = 1)) , (2.16)

see(2].

2.7 Existence and uniqueness of solution

Proposition 2.5. The bilinear form a;y (-, -) satisfies the following properties of continuity:
Yoy € Py (A) ,VUN € Py (A) s |a1N (UN,’UN)‘ < ‘UN|H1‘(A) . |UN‘H1'(A) s 2.17)

and ellipticity
Vuy € Py (A), Jaiy (un,on)] > [unli - (2.18)

Proof. a1y (un,vn) = (Orun,0rvn), the degree of polynomials 0,uy, vy is less than or

equal to 2N —2 then (O,un, OpvN) 5y = . fol Orundr-vnrdr , by the Schwartz inequality we obtain
the desired results. O

2.8 Stability estimation

Proposition 2.6. The solution uy in the I Py (A) satisfies the inequality of stability

(nuw)y < Cr (AN = 1) [fv ] gz - (2.19)

Proof. Using(2.6), (2.13),(2.16) and (2.14), yields the desired results. O
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3 Numerical experiment

The variables r and ¢ play different role, to separate these variables we consider the solution
u(r,t) and f(r,t) as functions of the variable ¢, its values are in the function space defined in A,
we consider u defined by

u 1 [0,00) = H? (A)

t = u)

then we can not u(r,t) = u(t)(r), the variational formulation can be written as

find uy in IPx(A), such that
(3.1)

Yoy € IPN(A), <Ci'l—;uN(t),vN) + (l]N(uN(t),UN) = (fN,UN)N
the formulation (3.1) is true for all vy € IPn(A), then it is true for v, (r) = I (r), m =
0, N where (I;m(r))y<,,<n form a basis to the polynomial space IPy(A), the degree of the

polynomial uy (t)vy is 2N and the degree of the polynomial d,uy (t)0,vy is 2N — 2,with
respect the variable r, then we can write (3.1) as:

find uy € IPy(A), such that

Vi € IPN(A), f} ( .- a;;((t)ln(rk)lm(rk)wk) + sz: (%an(t)l;l(rk)l;l(rk)wk>
k=0 \n=0 k=0 \n=0

= Ig:ofN(t’Tk)lm(Tk))wk, m=0,N

(3.2)
(3.2) is equivalent to,

N+1 N
i (Dm + 3 (zzm)z;(rk)wk) an(t) = Fx(ram my m = TN in ANY .y, < IR
n=1 \k=0

t) =
uy (1) =uno(r) oy g
ug(r,t) = uni(r)
(3.3)
We obtain a linear system, then we can write this system in a matricial form:

I'D%a+ Aa = F, 3.4)

Where A is a symmetric positive defined matrix with order N + 1, its elements have the form:

N

Qupp = Zl;(rk)l;n(rk)wk, n=0,N },m — 0N
k=0

I" is a diagonal invertible matrix, its elements are define as:

Wy, M=
= ,mn=0N
’Ymn { O’ n#m )

F' 1s a known vector where:

F o= (90),91(t),02(t), s gn1(t), gn (1))
b)) = f(rm,t)wm, m =0, N

and the vector a is an unknown vector where

a=(ao(t),a1(t),az(t), ...,an—_1(t),an(t))"
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where the operator,
dZ
= ﬁ’
multiplying (3.4) by the invertible matrix I'~! of I", then we obtain
Da*> +T'Aa=T"'F, 3.5)

the matrix [ ~! A has positive eigenvalues and there exists an orthogonal invertible matrix P such
that,
P i(r'apr=c,

where C' is a diagonal matrix, the elements of the diagonal are the eigenvalues «,,,, m = 0, N of
the matrix I'"' A4, if we consider the vector v such that

a = Puv,
then the system (3.5) becomes
PD*y + (T 'A)Pv =T"'F, (3.6)
multiplying (3.6) by the matrix P~! we obtain,
D*v+Cv =P 'T'F, (3.7)

The matricial form (3.7) has N + 1 linear equations defined as

"

U () + o (t) = hm(t), am >0, (3.8)

where  h,,(t) = Zp (m,j) T~ (m, ) g;(t), 0 <m <N,

p! (m, 7) are the elements of the inverse matrix P~!. To solve the equations (3.8), we may write
the solution in the closed form :

t
v (1) = / sin(, (t — 8))hum (s)ds + sin(a,t + Ym), 0 <m < N, 3.9
0

or sin(amt + Ym) = m €08(mt) + dpy, sin(au,t), where ¢, = sin(v,,) and d,,, = cos(v,,) are
constants to be determined, using the initial conditions then (3.9) may be written in the following
form:

V() = foy Sin(um (t — 8))hm(5)ds + sin(amt +vm),

sin(ym) = (gjopl (m7j)u0(rj)> , cos(m) = (é)pl (m,j)ul(rj)> ’ (3.10)

Finally we obtain the functions,

mej (/ sin(, (t — 8)) hun (s)ds + sin(a,t + vm)> , 0<m<N,
where p,,; ,0 <n,j <N are the elements of the matrix P and the approximation solution is

N

Z mej (/ sin(y, (t — 8)) (s )ds—l—sin(amt—i-vm)) I (1),

=0

see[l, 7].
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3.1 Error estimation

Definition 3.1. The polynomial space Py () dense in the space of continuous functions on Q
hence in L? (Q) then any function u € L} (Q) admits the expansion

u(r,t) = ian(t)An(r) ) (3.11)
n=0

Where Q = A x TR*T.

Proposition 3.2. The following estimate holds between the exact solution u in H| (A) and the
approximation solution uy € Py (A) verify,

1
— <
e = unllzzo) < (2(2N+ NN +3)-C

> If— fN”L%(QZ) (3.12)

Proposition 3.3. Suppose that the functions al! (t),1=0,1,2andn € IN are bounded on IR,

that is there exists a real positive number M such that ’agf)(t)‘ < M, fort € IR", then there

exists a real positive number C such that:
luee — unee)ll 20y < Cllu = unllpyq) (3.13)
where Q = A x IR™.

Proof. Using the ellipticity condition (2.1) and (2.2)we can write

(ugt — ugen,u —un) +a1(u—un,u —uy) = (f — fn,u —un),

[ o= rr = [ (G =) (o =)+ [ (7 = f) (w = un )y, 314
using Schwartz inequality in the right hand side of (3.14) then we find,
lote = wene 3, 0y < (Cere = o) + 1F = )z ) e = vl 1,y (3.15)
using (2.11), (2.12) and (3.13) then we obtain,

2(2N 4+ 1)(2N +3) [Ju — un |72

IN

(Cllu=unllig + CIIf = fvllizg ) e = unlle)

lu—unllpg < ! I = £l
YTINIL@ = 20N+ 12N +3)-C NlLi@

3.2 Figures illustrations

The figures 1 and 2 present the true and the approximate solution v and uy respectively,
and figures 3 and 4 present the true and the approximate function b, = u(r,t),r = r(k),
k=0,N and a .,k = 0, N respectively, these plots occur when N = 5 and the test function is
u(r,t) = —cos (7r)) sin(mt).

These plots are occurred when N =5 and (r,¢) € [0, 1] x [0, 3].
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Figure1:The true solution u(r,t) Figure2:The approximate solution un(r,t)

Figure3: The fuctions b(n,t), n=1,N Figured: The fuctions a(n,t), n=1,N

0,8 0,8
0,64 0,6
0,44 0,4'-
0,24 0,2
0 0 -

-0,2- ! fo,z- !
-0,4- - 0,4:
-0,6 -0,6
0.8 - o,x:
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