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Abstract: This article focuses on decomposing a Banach algebra X via its endomorphisms.
In particular, we show that if a Banach algebra X has an injective continuous endomorphism f
such that f([xn, ym]) is in the center of X , Z(X ), for two integers n = n(x, y),m = m(x, y)
and sufficiently many x, y, then for all x in X either x in Z(X ) or f(x) in Z(X ). To demonstrate
the importance of our theorem assumptions, we will provide several examples.

1 Introduction

Let X be a Banach algebra with center Z(X ). Recall that X is prime, if for any x, y ∈ X ,
xXy = 0 implies either x = 0 or y = 0. The Lie product and Jordan product of x, y ∈ X
are noted by [x, y] and x ◦ y respectively, where [x, y] = xy − yx and x ◦ y = xy + yx. A
derivation is an additive mapping, denoted as d, defined on the set X . It satisfies the property
d(xy) = d(x)y + xd(y) for all x, y ∈ X . If d(x) = [a, x] for all x ∈ X , then d is called
an inner derivation induced by an element a in X . For more examples, please refer to sources
such as [[3], [5]]. In the case of Banach algebras, Yood [12] proved that if a semiprime Ba-
nach algebra X having two nonvoid open subsets H1 and H2 verify for all (x, y) ∈ H1 × H2
there is (n,m) ∈ N∗ × N∗ such that [xn, ym] = 0, then X must be commutative. Inspired by
Yood’s result, Mohamed Moumen, Lahcen Taoufiq, and Lahcen Oukhtite [10] proved that if a
prime Banach algebra, denoted by X , has a continuous derivation d and satisfies the condition
d(xnym) + [xn, ym] ∈ Z(A) for integers n and m determined by x and y, and for a sufficiently
large number of x and y, then X is commutative ( see [6], [7], [8] and [9] for further information
and examples).

Motivated by these results, the purpose of this article is to establish the results with a similar
conclusion, but with other identities. For example, we have proven that a prime Banach algebra
X is equal to Z(X ) ∪ {x ∈ X | f(x) ∈ Z(X )} under certain conditions. These conditions
include the existence of two non-empty open subsets H1 and H2 and an injective continuous
endomorphism f which verifies for any pair (x, y) of H1 × H2, there exist two strictly positive
integers n and m such that f([xn, ym]) in Z(X ). In this context, other similar results have been
found.

In this article, we will utilize the following commonly-known results without specifically
mentioning them.
Remark. Let X be a prime Banach algebra.
1. If x ∈ Z(X ) and xy ∈ Z(X ), then x = 0 or y ∈ Z(X ).
2. Z(X ) does not admit any zero divisors.
3. If d is a non zero derivation of X such that [d(x), x] ∈ Z(X ) for all x ∈ X (in particular if
d(X ) ⊂ Z(X )), then X is commutative.

2 Main results

Our main results rely heavily on the lemma presented by Bonsall and Duncan in their work [2].
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Lemma 2.1. Let X be a real or complex Banach algebra and S(t) =
n∑

i=0

tisi a polynomial in the

real variable t with coefficients in X . If for an infinite set of real values of t, P (t) ∈ C, where C
is a closed linear subspace of X , then every si lies in C.

Theorem 2.2. Let f be an injective and continuous endomorphism of a prime Banach algebra
X , such that:

(∀x ∈ H1) (∀y ∈ H2) (∃n ∈ N∗) (∃m ∈ N∗) such that f([xn, ym]) ∈ Z(X )

Then, X = Z(X ) ∪ f−1(Z(X ))( where H1 and H2 are two non-void open subsets of X ).

Proof. For any pair of natural numbers (n,m), we establish the following set:

On,m = {(x, y) ∈ X 2 | f([xn, ym]) /∈ Z(X )} and Fn,m = {(x, y) ∈ X 2 | f([xn, ym]) ∈ Z(X )}.

We assert that every Fn,m is a closed set in X × X . To prove this, we examine a sequence
((xk, yk))k∈N ⊂ Fn,m that converges to (x, y) ∈ X × X . Given that ((xk, yk))k∈N ⊂ Fn,m, it
follows that

f([(xk)n, (yk)m]) ∈ Z(X ) for all k ∈ N.

Since ([(xk)n, (yk)m])k∈N converges to [xn, ym] and f is continuous, we can conclude that
f([xn, ym]) ∈ Z(X ). This means that Fn,m is a closed set and On,m is open. Assuming that
On,m is dense for all (n,m), the Baire category theorem states that their intersection must also
be dense. However, this contradicts the fact that (∩On,m) ∩ (H1 ×H2) is empty. Therefore, we
can conclude that there exists p and q in N∗ such that Op,q is not a dense set. Furthermore, there
exists a non-empty open subset O × O

′
in Fp,q where f([xp, yq]) ∈ Z(X ) for all x ∈ O and

y ∈ O
′
. Now, we consider y0 ∈ O and y ∈ X we have y0 + ty ∈ O for all sufficiently small real

t ∈ R and f([xp, (y0 + ty)q]) ∈ Z(X ).
The expression (y0 + ty)q can be written as:

(y0 + ty)q = Aq,0(y0, y) + tAq−1,1(y0, y) + ...+ tqA0,q(y0, y).

While

[xp, (y0 + ty)q] = [xp, Aq,0(y0, y)] + t[xp, Aq−1,1(y0, y)] + ...+ tq[xp, A0,q(y0, y)] ∈ Z(X )

and

f([xp, (y0+ty)q]) = f([xp, Aq,0(y0, y)])+tf([xp, Aq−1,1(y0, y)])+...+tqf([xp, A0,q(y0, y)]) ∈ Z(X ).

Lemma 2.1 implies that the coefficient f([xp, yq]) of tq in this polynomial belongs to Z(X ).
Consequently, for all (x, y) ∈ O ×X

f([xp, yq]) ∈ Z(X ).

Now, fix y ∈ X , if we continue with the same method, we discover that f([xp, yq]) belongs to
Z(X ) for all values of x and y in X .
Assuming that x belongs to the set X , when we substitute z with xp, we get f([z, (y + tz)q])
belonging to Z(X ) for any y in X and any t in the real numbers. Since

P (t) = f([z, (y + tz)q]) =
q∑

k=0

tkf([z,Aq−k,k(z, y)])

where Aq−k,k(z, y) denotes the sum of all terms in which y appears exactly q − k times and
z appears exactly k times. By Lemma 2.1 we have f([z,Aq−k,k(z, y)]) ∈ Z(X ) for all 0 ≤
k ≤ q. The coefficient of t in this polynomial is f([z,Aq−1,1(z, y)]), where Aq−1,1(z, y) =
q−1∑
k=0

zq−1−kyzk, then [z,Aq−1,1(z, y)] =
q−1∑
k=0

[z, zq−1−kyzk] = [zq, y].

Therefore, for all x, y ∈ X , we have

f([xpq, y]) ∈ Z(X ).
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We have two cases:
H If xpq ∈ Z(X ) for all x ∈ X , we will show that X is commutative. For this:
Let x ∈ X and a be non-zero element of Z(X ) we have (a + tx)pq ∈ Z(X ) for all t ∈ R.

Then (a + tx)pq =
pq∑
k=0

(
pq

k

)
tkapq−kxk ∈ Z(X ) (because a ∈ Z(X )). By using Lemma 2.1,

we conclude that apq−kxk ∈ Z(X ) for all 0 ≤ k ≤ pq. In particular, for k = pq − 1 we have
xapq−1 ∈ Z(X ), by Remark 1, we have x ∈ Z(X ) because apq−1 ∈ Z(X ) \ {0}. Then X is
commutative.
H If there is x ∈ X such that xpq /∈ Z(X ), we shall prove that f(x) ∈ Z(X ). We have
f([xpq, y]) ∈ Z(X ) for all y ∈ X , we replace y by xy and we obtain f(x)f([xpq, y]) ∈ Z(X ).
By Remark 1, f([xpq, y]) = 0 ∀y ∈ X or f(x) ∈ Z(X ). Suppose that f(x) /∈ Z(R), then
f([xpq, y]) = 0 for all y ∈ X . Since f is injective, then [xpq, y] = 0 for all y ∈ X that is
d(X ) ∈ Z(X ) where d is the inner derivation associated by xpq. According to Remark 3 we
conclude that X must be commutative, contradiction. Hence f(x) ∈ Z(R) .

Theorem 2.3. Consider a prime Banach algebra X that can be either real or complex. Let f
denote an injective continuous endomorphism. Suppose that

(∀(x, y) ∈ H1 ×H2) (∃(n,m) ∈ N∗ ×N∗) such that f(xnym) ∈ Z(X ),

where H1 and H2 are two non void open subsets of X . Then X = Z(X ) ∪ f−1(Z(X )).

Proof. We define the following sets for all n,m ∈ N∗

On,m = {(x, y) ∈ X 2 | f(xnym) /∈ Z(X )} and Fn,m = {(x, y) ∈ X 2 | f(xnym) ∈ Z(X )}.

Using the Baire category theorem on the sets On,m, we can conclude, as we did before, that there
exist two integers p and q (excluding zero) such that:

f(xpyq) ∈ Z(X ) for all (x, y) ∈ X 2.

By substituting x with xq and y with yp in the final expressions, we can derive:

f(xpqypq) ∈ Z(X ) for all (x, y) ∈ X 2.

We also have

f(ypqxpq) ∈ Z(X ) for all (x, y) ∈ X 2.

As a result

f([xpq, ypq]) ∈ Z(X ) for all (x, y) ∈ X 2.

Therefore, according to Theorem 2.2, we reach the desired conclusion.

Theorem 2.4. Let X be a real or complex prime Banach algebra and H1 and H2 two non-void
open subsets. If an injective and continuous endomorphism f satisfies: (∀x ∈ H1) (∀y ∈ H2)
(∃n ∈ N∗) (∃m ∈ N∗) such that f(xn ◦ ym) ∈ Z(X )

then, X = Z(X ) ∪ f−1(Z(X )).

Proof. The proof for this outcome follows a similar approach to Theorem 2.2.

Corollary 2.5. Let X be a real or complex prime Banach algebra and H1 and H2 two non-void
open subsets of it. If one of the following conditions is true:
1. (∀(x, y) ∈ H1 ×H2) (∃(n,m) ∈ N∗ ×N∗) such that xnym ∈ Z(X )
2. (∀(x, y) ∈ H1 ×H2) (∃(n,m) ∈ N∗ ×N∗) such that [xn, ym] ∈ Z(X )
3. (∀(x, y) ∈ H1 ×H2) (∃(n,m) ∈ N∗ ×N∗) such that xn ◦ ym ∈ Z(X )
then X must be commutative.

Proof. We can take f = I where I is the identical application of X .

The next example proves that X must be prime in the assumption of Theorem 2.2.
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Example 2.6. Let X =

{(
0 a

0 0

)
| a ∈ R

}
. It is noteworthy that X is a Banach algebra when

its norm is defined as ‖M‖= |a|, where M =

(
0 a

0 0

)
. However, it is not a prime algebra, as

shown by the equation:(
0 2
0 0

)(
0 a

0 0

)(
0 1
0 0

)
=

(
0 0
0 0

)
for all a ∈ R.

If n and m are both greater than 1, then it is found that the commutator of xn and ym is equal
to 0 for any values of x and y in X . It is important to note that although this is true, X is not a
commutative set.

It is not redundant to demonstrate that both hypotheses, H1 and H2, are open, as shown in
the following example.

Example 2.7. Consider the field of real numbers R and let X beM2(R) equipped with regular
matrix addition and multiplication. Also, consider the norm defined by ‖A‖1 = max

1≤j≤2

∑
1≤i≤2

|ai,j |

for all A = (ai,j)16i,j62 ∈ X . This makes X a prime unital Banach algebra.

Let F1 =

{(
t 0
0 t

)
| t ∈ R

}
and F2 =

{(
t2 0
0 t2

)
| t ∈ R

}
. It is worth noting that F1 is

not open in X . To prove this, we need to show that the complement of Fc
1 is not closed. For

this, consider the sequence


1 +

1
n

−1
n

1
n

1 +
1
n




n∈N∗

, which belongs to Fc
1 and converges to

(
1 0
0 1

)
/∈ Fc

1 . Therefore, Fc
1 is not closed, implying that F1 is not open in X .

Furthermore, we have

An ◦Bm =

(
2anb2m 0

0 2anb2m

)
∈ Z(X )

for all A =

(
a 0
0 a

)
∈ F1, B =

(
b2 0
0 b2

)
∈ F2 and for all (m,n) ∈ N2. However, it should be

noted that X is not commutative.

This example demonstrates that Z/3Z cannot be used in place of K = R or C.

Example 2.8. Consider the Banach algebra (M2(Z/3Z),+,×, .) consisting of 2 × 2 matrices
with coefficients in Z/3Z and usual matrix addition and multiplication. The norm is defined by
‖A‖1 =

∑
1≤i,j≤2

|ai,j | for any A = (ai,j)16i,j62 ∈ M2(Z/3Z), where |.| is the norm defined on

Z/3Z by |0| = 0, |1| = 1, and |2| = 2.

Note that the subset H =

{(
a 0
0 a

)
| a ∈ Z/3Z

}
is open in M2(Z/3Z). In fact, for any

A ∈ H, the open ball B(A, 1) = {X ∈ M2(Z/3Z) such that ‖A−X‖1 < 1} is contained in H,
showing that H is a non-empty open subset ofM2(Z/3Z,+,×, .).

For positive integers m and n, we have the following properties:
1. AnBm ∈ Z(X ) for all A,B ∈ H
2. An ◦Bm ∈ Z(X ) for all A,B ∈ H
3. [An, Bm] ∈ Z(X ) for all A,B ∈ H
4. An ∈ Z(X ) for all A ∈ H

However, note that whileM2(Z/3Z) is not commutative.
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3 Applications

In this section, we will discuss some applications of Theorem 2.2.

Application 1

Consider the set X , which is comprised of all n×n strictly upper triangular matrices with either
real or complex values, where n is greater than or equal to 2. The norm ‖.‖1 of X is defined as
the sum of the absolute values of all elements in the matrix. Using the usual matrix operations
and this norm, it can be easily verified that X is a non-commutative real Banach Algebra.

It should be noted that for any (x, y) ∈ X 2, [xn, yn] is a member of the center of X . This
implies, according to Theorem 2.2, that X is not prime.

Application 2

Let’s consider the field of complex numbers, denoted by C. We have a set of 2× 2 matrices

with matrix addition and multiplication, denoted by X =M2(C). For any A =

(
a b

c d

)
∈ X ,

we define ‖A‖2 = (|a|2 + |b|2 + |c|2 + |d|2) 1
2 . This makes (X , ‖.‖2) a normed linear space.

We can observe that H =

{(
eit 0
0 e−it

)
| t ∈ R

}
is an open subset of B (refer to Applica-

tion 3.1 in [11]). It’s worth noting that [An, Bm] = 0 for all A,B ∈ H and for all n,m ∈ N∗.
From Theorem 2.2, we can conclude that X is not a Banach algebra under the defined norm.

4 Conclusion

In this article, we studied the effects of topology and endomorphism on the Banach algebra.
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