Palestine Journal of Mathematics

Vol. 12(4)(2023) , 133-142 © Palestine Polytechnic University-PPU 2023

On (n — 1,n)-p-second submodules

S. Ceken, S. Ko¢ and U. Tekir

Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 13C05; Secondary 13C13.

Keywords and phrases: (n — 1, n)-p-second submodule, (n — 1, n)-p-prime submodule, n-absorbing ideal, (n — 1, n)-m-almost second
submodule, (n — 1, n)-weak second submodule.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that improved the

quality of our paper.

Abstract Let R be a commutative ring with identity, M be an R-module, n > 2 be a positive integer
and o : S(M) — S(M) be a function where S(M) is the set of all submodules of M. In this paper we
introduce and study the concept of (n — 1,n)-p-second submodule. We call a non-zero submodule N of M as
an (n — 1,n)-p-second submodule if (ay...a,_1)N C K and (aj...an—1)p(N) € K, where ay,...,an_1 € R
and K is a submodule of M, imply either ay...an—1 € anng(N) or (ay...a;—16;41...an—1)N C K for some
i € {l,....,n— 1}. We give a number of results concerning this submodule class. We characterize modules
with the property that for some p, every non-zero submodule is (n — 1, n)-p-second. We show that under some
assumptions strongly (n — 1)-absorbing second submodules and (n — 1, n)-p-second submodules coincide.
We also focus on (2, 3)-p-second submodules and give some special results concerning them.

1 Introduction

Prime ideals play a central role in commutative ring theory and algebraic geometry. In the literature, there
are a number of generalizations of prime ideals in commutative rings (see for example [1], [2], [3], [14], [22],
[24]). One of the generalization of prime ideals is the concept of n-absorbing ideal which was introduced in
[2]. Let R be a commutative ring with identity and n be a positive integer. A proper ideal I of R is called
an n-absorbing ideal if whenever ay...an+1 € I for ay,...,any1 € R, then ay...a;_10;11...an1+1 € I for some
i € {1,...n+ 1} [2]. In [23], this concept was generalized to the concept of (n — 1,n)-¢-prime ideal as
in the following way. Let ¢ : S(R) — S(R) U {0} be a function where S(R) is the set of all ideals of R.
A proper ideal I of R is called an (n — 1,n)-¢-prime ideal if a;...a, € I\¢(I), for ay,...,a, € R, implies
ay...0;—1Git1...an, € I for some i € {1,...,n}.

Prime submodules are module theoretic versions of prime ideals. The class of prime submodules has
an important role in commutative ring theory as it gives characterizations of important ring classes such as
Dedekind domains, Priifer domains, arithmetical rings. The concept of prime submodule was first introduced
in 1965 by E. H. Feller and E. W. Swokowski [26]. Let R be a commutative ring with non-zero identity. A
proper submodule P of M is called a prime submodule if whenever rm € P, where r € R, m € M, we have
eitherr € (P :g M) orm € P. If P is a prime submodule of M, then p = (P :rp M) is a prime ideal of R
and in this case P is called a p—prime submodule [30]. If (0) is a prime submodule of M, then M is called a
prime module.

Besides prime submodules, module theoretic versions of generalizations of prime ideals have been investi-
gated since the begining of 2000s (see for example [12], [13], [21], [23], [27], [29], [31], [32], [33], [36]).
Let R be a commutative ring with non-zero identity and M be an R-module. A proper submodule N of M
is called an n-absorbing submodule if whenever a;...a,m € N for ay,...,a, € R and m € M, then either
ay...an, € (N :g M) or there exists i € {1,...,n} such that a;...a;—1a;+1...apm € N [21]. This notion was
generalized in [23] as follows. Let n > 2 be a positive integer, ¢ : S(M) — S(M) U {0} be a function
and P be a proper submodule of M. P is called an (n — 1,n)-¢-prime submodule if a;...an,_1x € P\¢(P),

foray,..,an_1 € R, m € M, implies either a;...an—1 € (P :g M) or aj...a;—1ai+1...an—12 € P for some
i €{l,...,n—1} [23]. Clearly, every (n—1)-absorbing submodule of M is (n— 1, n)-¢-prime for any function
ponS(M).

Second submodules of modules over commutative rings were introduced in [35] as the dual notion of
prime submodules. According to this definition a non-zero submodule N of an R-module M is said to be
a second submodule if for all r € R, either TN = 0 or rN = N. If N is a second submodule of M,
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then p = anng(N) is a prime ideal of R. In this case, N is called a p-second submodule of M [35]. In
recent years, second submodules have attracted attention of many researchers and it has been understood that
this submodule class has an important role in determining characterizations of modules and rings (see for
example [8], [9], [15], [16]). Along with the increased work on the second submodules, generalization of
these submodules has begun to be investigated and it has been seen that these generalized second submodules
also have interesting and important algebraic properties (see for example [6], [11], [17], [18], [19]). One of
the generalization of second submodules is the concept of strongly n-absorbing second submodule which was
introduced in [11]. Let R be a commutative ring with identity, M be an R-module and n be a positive integer.
A non-zero submodule N of M is called a strongly n-absorbing second submodule if whenever a;...a,N C K
foray,...,a, € R and a submodule K of M, then either ay...a,, € anng(N) or ay...a;—10;11...a, N C K for
some i € {1,....n} [11]. In this paper we extend this notion to (n — 1,n)-p-second submodules as follows.
Let M be an R-module, n > 2 be a positive integer and N be a non-zero submodule of M. We call N as an
(n—1,n)-p-second submodule of M if (a;...an—1)N C K and (a;...an—1)o(N) € K, where ay, ...,an—1 € R
and K is a submodule of M, imply either a;...a,—y € anng(N) or (ay...a;—10;+1...an—1)N C K for some
i €{l,...n—1} Let opr : S(M) — S(M) be the function defined by oy (L) = M for every L € S(M).
Then an (n — 1,n)-@-second submodule of M is said to be an (n — 1,n)-weak second submodule of M. Let
m > 2 be an integer and p,,, : S(M) — S(M) be the function defined by ¢,,(L) = (L :ps anng(L)™")
forevery L € S(M). Then an (n — 1,n)-op,-second submodule of M is said to be an (n — 1,n)-m-almost
second submodule of M. In particular, for m = 2, an (n — 1,n)-2-almost second submodule of M is called
an (n — 1,n)-almost second submodule of M.

Throughout this paper all rings will be commutative with non-zero identity and all modules will be unital
left modules. Unless otherwise stated R will denote a ring. In the rest of the paper S(M) will denote the set
of all submodules of an R-module M and ¢ : S(M) — S(M) will be a function.

In Section 2, we give some characterizations of (n — 1,n)-p-second submodules and investigate their
relationships with strongly (n — 1)-absorbing second submodules. In Theorem 2.3, we give some equivalent
conditions for a non-zero submodule Q of an R-module M to be (n — 1,n)-p-second. For an element a € R
with (0) # (0 :a; a) = aM, we prove that (0 :p; a) is an (n — 1,n)-almost second submodule of M if and
only if it is a strongly (n — 1)-absorbing second submodule of M (see Theorem 2.4). Let R = Ry X ... X Ry,
M = M x ... x M,, where R; is a ring, M; is an R;-module fori = 1,...,n and let ¢ : S(M) — S(M) be
a function. We investigate the structure of (n — 1,n)-p-second submodules of M (see Theorems 2.6, 2.9). We
characterize R-modules M for which every non-zero submodule is (n — 1,n)-weak second and (n — 1,n)-n-
almost second (see Theorems 2.10, 2.13). Let m,n be positive integers with3 < m <n, R= R; X ... X R,
and M = M, x ... X M,,, where R; is a ring and M, is a non-zero Artinian R;-module for eachi € {1,...,m}.
We investigate the structure of R-modules M in which every non-zero submodule is (n — 1,n)-weak second
(see Theorem 2.14). Let m > 1 and n > 2 be positive integers, R = Ry X ... X Ry, and M = M| X ... x M,
where (R;, Q;) is a local ring, M; is an R;-module. In Theorem 2.15, we give a condition for M to have the
property that every non-zero submodule is (n — 1,n)-weak second.

In Section 3 we give our attention on (2,3)-p-second submodules. We present their various character-
izations and investigate relationships with other concepts. In Theorem 3.2, we give some equivalent con-
ditions for a non-zero submodule N of a module M over a um-ring to be (2,3)-p-second submodule. In
Theorem 3.5, we prove that if N is a (2,3)-p-second submodule of M which is not strongly 2-absorbing
second, then annp(N)*p(N) C N. This theorem has many consequences. In particular, by using this the-
orem, we show that if N is a (2,3)-¢-second submodule of M that is not strongly 2-absorbing second, then
Vanng(N) = /anng(p(N)). Additionally, if M is a finitely generated comultiplication R-module, then we
show that sec(N) = sec(p(N)) for such a submodule N where sec(N) is the sum of all second submodules of
N (see Corollary 3.8). Let N be a (2, 3)-p-second submodule of M and suppose that IJN C K, IJo(N) € K
for some ideals I,J of R and a submodule K of M. Under a condition, we prove that IJ C annr(N) or
IN C KorJN C K (see Theorem 3.10). Let R = F| x Fy x F3 and M = M| x M, x M3 where F; is a field
and M; is a non-zero F;-vector space for eachi € {1,2,3}.

2 (n-1,n)-p-Second Submodules

Definition 2.1. Let M be an R-module, n > 2 be a positive integer and N be a non-zero submodule of M. We
call N as an (n — 1,n)-p-second submodule of M if (ay...a,—1)N C K and (ay...an—1)p(N) € K, where
a,...,an—1 € Rand K is a submodule of M, imply either ay...a,—1 € anng(N)or (ay...a;—10;41...an—1)N C
K forsomei € {1,...,n —1}.

Let @ @ S(M) — S(M) be the function defined by ¢y (L) = M for every L € S(M). Then an
(n — 1,n)-ppr-second submodule of M is said to be an (n — 1,7n)-weak second submodule of M.

Let m > 2 be an integer and o, : S(M) — S(M) be the function defined by ¢,,(L) = (L :u
anng(L)™~") forevery L € S(M). Then an (n—1,n)-p,,-second submodule of M is said to be an (n—1,7n)-
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m-almost second submodule of M. In particular, for m = 2, an (n — 1,n)-2-almost second submodule of M
is called an (n — 1, n)-almost second submodule of M.

Throughout this paper we will assume that N C ¢(N) for every submodule N of an R-module M.

Example 2.2. (i) Let M be an R-module and ¢ : S(M) — S(M) be any function. Then M is trivially an
(n — 1,n)-p-second submodule.

(i) Let R=Z and M = Zp,p,..p,_,, Where p1,pa, ..., p,_ are distinct prime numbers. Suppose that ¢ :
S(M) — S(M) be any function. Now, we will show that every nonzero submodule N of M is an (n —1,n)-
p-second submodule. Let N be a nonzero submodule of M/ and K a submodule of M. Now, we may assume
that V is proper Then there exists 1 < d < m = = P1p2- - Pt such that d|m and N = dM. This implies that
d=Dpi...DiDiy---Dip ---Pn—1, Where pi ... p; pi, . .. Di, - . . Pn—1 denotes the product of all integers of the set
{pl,p27...,pn,1} {pzl,pn,...,plk}andl <k<n-=2. Letal,a27.. ,an—1 € Rsuchthatajay...a,— 1N C
K butajaz...a,—1p(N) ¢ K. Now, we may assume that K is a nonzero proper submodule of M such that
N SZ K. Then 51m11ar1y, we have | <t < msuchthatt = pi...p;pj,...Dj, ...Pn—1 and K = tM, where
1 <r < n—2.Now, itis clear that (K : N) is an (n — 2)- absorblng 1dea1 of R. Since a1az ... a1 N C K,
we get ajaz .. .an—1 € (K : N)and so there exists ¢ € {1,2,...,n— 1} suchthatajay ...a;—1Gi11...an—1 €
(K : N). Thus we conclude that aja; . ..a;_1ai11 ...a,_1 N C K. Therefore, N is an (n — 1,n)-p-second
submodule.

Theorem 2.3. Let QQ be a non-zero submodule of an R-module M. Then the following are equivalent.

(1) Q is an (n — 1,n)-p-second submodule of M.

(2) If ay...an—1 & anngr(Q) for a1, ...,an—1 € R, then ay...an,_1Q = aj...an_1p(Q) or aj...an_1Q =
ay...0;_1it1...an—1Q for some i € {1,...,n — 1}.

(3) For ay, ..,an_2 € R and a submodule K of M with a;...a, 2Q € K;

(K :paj...an—2Q) = U?:_lz(K R Q1 1Qig1-0p—2Q) Uanng(ay...an_2Q) U (K g a...an—20(Q)).

Proof. (1) = (2) This implication follows by using the inclusion a;...a,—1Q C aj...a,_1Q foray,...,a,_;1 €
R.

(2) = (1) Straightforward.

(1) = (3) Let ay,...an—2 € R and K be a submodule of M with ay...a,—2Q € K. Letb € (K g
ajy...an_2Q). Then bay...a, 2Q C K. If bay...an_29(Q) € K, then (1) implies that ba;...a,_» € anng(Q)
or baj...a;_1ai11-.an_2Q C K for some i € {1,....n —2}. If baj...an_2p(Q) C K, then b € (K :p
al...an_zga(Q)). Thus (K ‘R al...an_zQ) - Un 2(K ‘rag.. aq;_laH]...an_zQ) UannR(al...an_zQ) @] (K R
aj...an_20(Q)). The other inclusion always holds since we assume Q C p(Q).

(3) = (1) Let ay...a,—1Q C K and ay...an,—19(Q) € K for ay,...,a,—1 € R and a submodule K of M.
If ay...a,_»Q C K, then we are done. Let a;...a, 2Q € K. Since a,,_; € (K :g ay...an_2Q), (3) implies
that
ay...a;—1Gi+1...an—1Q C K forsome i € {1,..,n — 1} or ay...an—2a,—1 € anng(Q). Thus Q is an (n — 1, n)-
p-second submodule of M. O

Theorem 2.4. Let M be an R-module, a € R, (0 :ps a) # (0) and (0 :ps a) = aM. Then (0 :pr a) is an
(n — 1,n)-almost second submodule of M if and only if it is a strongly (n — 1)-absorbing second submodule
of M.

Proof. If (0 :p a) is strongly (n — 1)-absorbing second submodule, then clearly it is (n — 1, 7)-almost second
submodule. Suppose that (0 :5s a) is an (n— 1, n)-almost second submodule of M. Let by...b,_1(0:pr a) C K
for by, ...,b,—1 € R and a submodule K of M. If b1...b,—1((0 :ps @) :as anng(0 iy a)) = b1...bp1 M € K,
then we are done. So we may assume that by...b, 1M C K. Now, (by + a)by...bp,_1(0 :py a) C K. If
(01 + a)by..bp 1M € K, then (by + a)...b;—1bi41..-b,—1(0 :ps a) € K for some i € {1,...,n — 1} or
(b1 + a)by...bp—1 € annpg(0 :pr a). Tt follows that by...b;—1b;41...b,—1(0 :ps a) C K for some i € {1,...,n —
1} or biby...b,_1 € anng(0 :pr a) as desired. So we may assume that (by + a)b...b, 1M C K. Then
by...bp—1aM C K as by...b,—1M C K. Since (0 :p; a) = aM, we have b...b,—1(0 :py a) € K. Thus (0 :p7 a)
is an (n — 1)-absorbing second submodule of M. O

Proposition 2.5. Let R = Ry X Ry, M = My x M, where R; is a ring, M; is an R;-module for i = 1,2 and
let o : S(M) — S(M) be a function. Suppose that Qy is an (n — 1, n)-weak-second submodule of My such
that p(Qy x {0}) C My x {0}. Then Q x {0} is an (n — 1,n)-p-second submodule of M.

Proof. Let (al,b]) (an 1, )(Q] X {0}) - N] X Nz and (a],bl) (an_], n— ]) (Q] X {0}) g N1 X N2
where (al,bl), ceey (anfl,bnfl) S R N1 < Ml, N2 < Mz Then (al,bl) ..(anfl,bnfl)(Ml X {0}) g N] X Nz
by hypothesis. So (aj...an,—1)Q1 C N; and (ay...an—1)M; € Ni. Since Q; is (n — 1,n)-weak second, we
have a;...a,—1 € anng, (Q1) or (ay...a;—1a;41...an—1)@Q1 C Nj for some i € {1,...,n — 1}. These imply that

~—
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(al,bl)...(an,l,bn,l) c anan(Ql) X R2 = annR(Q1 X {0}) or
(a1,b1)...(@i—1,bi—1)(@it+1, bit1)---(@n—1,bn-1)(Q1 x{0}) C Ny x Np. Thus Q; x {0} is an (n— 1, n)-p-second
submodule of M. ]

Theorem 2.6. Let R = Ry X ... X R,, M = My x ... x M,, where R; is a ring, M; is an R;-module for
i =1,...,nandlet ¢ : S(M) — S(M) be a function. Suppose that Q@ = Q| X ... X Qy is an (n — 1,n)-
p-second submodule of M where Q; is a submodule of M; fori = 1,...,n. Let ¢; : S(M;) — S(M;) be a
function and p(Q) = 1(Q1) X ... X Y (Qn). Then Q; is an (n — 1,n)-1p;-second submodule of M; for each
J with Q; # (0).

Proof. Let Q; # (0), aj...a,—1Q; C K and a;...a,—1%;(Q;) € K. Then

(L. a1, )(L o a1, D) (L o Lap—1, 1o, D@1 XX QXX @Qy) © My X X K XX M,

and

(1, a1, D)L Lan, 1oy 1)(1 oy L an—g, Lo D(01(Q1) X oo X 905(Q5) X ove X 15 (Qn))
=(1,..,La,1,..,1)1,.,La, 1, ..., 1)..(1, ., Lan—1,1,... 1)p(Q1 X ... X Qj X ... X Qp) € M X ... X

K x .. x M, where ay,...,a,_1 are in the j th components. Since @ is (n — 1,n)-p-second, we have

(1,..,a1.0n_1,.., 1) € anng(Q) or (1,...1,ay...a;_1ai11...apn, 1, ..., Q1 X...xQ,, € My X...x K x...M, for

some i € {1,...,n — 1}. Thus we get that a;...a,_| € anng,(Q;) Or a1...a;_16;41...0,Q; C K as needed. O

Corollary 2.7.Let R = Ry X ... X R,, M = M x ... x M,, where R; is a ring, M; is an R;-module for
t=1,...,nandlet Q@ = Q) X ... X Q,, where Q; is a submodule of M; fori =1, ...,n. If Q isan (n — 1,n)-m-
almost second submodule of M, then Q; is an (n — 1,n)-m-almost second submodule of M; for each j with

Q; # (0).

PVOOf. We have <)O"L(Q) = (Q M annR(Q)m_l) = (le-“xQn ‘M annR](Ql)m_lx"'xanan (Qn)m_l) =
(Q1 :ar, anng, (Q1)™ ') X ... x (Qn a1, anng, (Qn)™ ). So the result follows from Theorem 2.6. O

It is well know that annihilator anng(N) of a second submodule N of an R-module M is a prime ideal.
Now we present a new method for constructing (n — 1,n)-1-prime ideal of a ring R, where ¢ : S(R) —
S(R) U {0} is a function.

Proposition 2.8. (i) Let M be an R-module ¢ : S(M) — S(M) be a function. Suppose that N is an
(n — 1,n)-p-second submodule and ¢* : S(R) — S(R) U {0} is a function such that ¢*(ann(N)) =
ann(p(N)). Then ann(N) is an (n — 1,n)-p*-prime ideal of R.

(ii) Suppose that M is a faithful R-module and N is an (n — 1,n)-weak second submodule of M. Then
ann(N) is an (n — 1,n)-weakly prime ideal of R.

Proof. (i)Letay,ay,...,a, € Rsuchthatajay...a, € ann(N)—¢*(ann(N)). Then we have ajay . .. a, N =
0 and aja; ...a,p(N) # 0 since p*(ann(N)) = ann(p(N)). This implies that aja;...a, 1N C (0 :p/
an) and ajay ... an,—19(N) € (0 :ps ay). Since N is an (n — 1,n)-p-second submodule, we have either
ajay ...an_1 € anng(N) or there exists s € {1,2,...,n — 1} such that ajay ... a;_ja;11...an_ 1N C (05
a, ). Thus we conclude that aja; . ..a,_1 € anng(N) or
a1az . ..a;—14i41 - . . Ap—10y € anng(N). Hence, ann(N) is an (n — 1,n)-p*-prime ideal of R.

(#7) Suppose that M is a faithful R-module and N is an (n — 1,n)-weak second submodule of M. Thus
N is an (n — 1,n)-ppr-second submodule of M. Now, consider the function ¢* : S(R) — S(R) defined by
©(I) = 0 for each I € S(R). Note that p*(ann(N)) = 0 = ann(pp(N)) = ann(M) since M is a faithful
module. The rest follows from (7). m)

Theorem 2.9. Let R = R; X ... X R, and M = M, x ... Xx M,, be a faithful R-module where R; is a ring and
M, is a non-zero R;-module for all i = 1, ...,n. If Q is a proper (n — 1, n)-weak second submodule of M such

that anng(Q) # (0), then Q = Q1 X ... X Qi—1 X (0) X Q11 X ... X Qy, for some i € {1,...,n} and if Q; # (0)
for j # i, then Q; is a strongly (n — 1)-absorbing second submodule of M.

Proof. Let Q = Q; X ... x Q,, where Q; is a submodule of M; for i € {1,...,n}. Then (0) # anng(Q) =
anng, (Q1) X ... X anng, (Qy) is a non-zero proper ideal of R. By Proposition 2.8-(ii), anng(Q) is an
(n — 1,n)-weakly prime ideal of R. By [23, Lemma 3.6], anng, (Q;) = R; for some i € {1,...,n} and so
Qi =(0). Thus @ = Q1 X ... x Q;—1 x (0) X Q41 X ... X Qn. Let Q; # (0) for j # i. We claim that Q; is
a strongly (n — 1)-absorbing second submodule of M/;. Assume that i < j. Letay,...,a,—1 € Rand X be a
submodule of M, such that (a;...a,,—1)Q; € X. Then we have

0,...,1,...0,a1...a4,—1,0, ..., 0)(Q1 X ... X Qi—1 X (0) X Qi1 X ... X Qp) T (0) X ... X (0) X ... x X x ... x (0)
and

,...,1,...0,a,0,...,0)...(0, ..., 1, ...0, ap—1,0,...,0) (M} x ... x M; X ... x M x ...x M,) Z (0) x ... x
(0) X ... x X x ...(0) as M; # (0). Since Q is an (n — 1,n)-weak second submodule of M, we have
ay...an—1 € anng,(Q;) or (aj...ax_1ax1...0,-1)Q; C X for some k € {1,...,n — 1}. Thus Q; is a strongly
(n — 1)-absorbing second submodule of M. The proof for j < ¢ can be seen as a similar way. O
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Note that the previous theorem is still valid under the condition that "every proper ideal of R is (n — 1,n)-
weakly prime of R".

In the following theorem, we give a characterization of simple modules in terms of (n — 1,n)-weak second
submodules.

Theorem 2.10. Letn > 2, R= R; X ... X R, and M = M X ... x M, where R; is a ring and M; is a non-zero
R;-module for all i = 1, ...,n. The following statements are equivalent:

(i) Every non-zero submodule of M is (n — 1,n)-weak second submodule.

(ii) M; is a simple R;-module for eachi € {1,...,n}.

Proof. (1) = (it) : Assume that M; is not a simple R;-module. So there exists a non-zero proper submodule
@ of M;. By hypothesis, the submodule @ = Q x M X ... X M, is an (n — 1,n)-weak second submodule
of M. We have

(1,0,...,0)(Q1 x My X ... x M,,) = (1,0,1,...,1)(1,1,0,1,...,1)...(1,1,....,0)(Q1 x My X ... x My,) C
Q1 x (0) x ... x (0) and (1,0, ...,0)(M; x My x ... x M) = (1,0,1,...,1)(1,1,0,1,...; 1)...(1, 1, ..., 0) (M x
My x ... x M,) Z Q1 x (0) x ... x (0). Since Q is (n — 1, n)-weak second, we have two cases:

Case 1: (1,0,...,0) € anng(Q) which gives the contradiction that Q; = (0)

Case 2: M; = (0) for some j € {2, ...,n} which is again a contradiction.

Thus M; is a simple R;-module. By a similar argument, we can prove that M; is a simple 2;-module for
allj € {2,...,n}.

(i9) = (i) : Suppose that M; is a simple R;-module foreachi € {1,...,n}.Let N = Ny x N, x...x N, be
anonzero submodule of M and K = K| x K x...x K, be a submodule of M. Take z; = (ai1,a:2,...,ain) €
R fori = 1,2,...,n — 1 such that z;z,... 2, 1N C K and x1z... 2,1 M Q K. We may assume that
N ¢ K. Since M, is a simple R;-module for eachi € {1,...,n} and N € K, we get N; = M, and K, = 0 for
some ¢t € {1,...,n — 1}. Thus we have (K : N) = (K : N1) x (K2 : N) x ... x anng,(M;) x ... x (K, :
N,,). Since M; is simple, it is clear that anng, (M;) is a prime ideal of R;. Also, note that (K; : N;) is either
R; or anng, (M;). If (K; : N;) = R; forall i # ¢, then (K : N) = R; X Ry X ... X anng,(M;) X ... %
R, is a prime ideal so is (n — 2)-absorbing. This implies that there exists ¢ € {1,2,...,n — 1} such that
X122 .. . Li—1Tj41---Tp—1 € (K . N), namely T1T2 oo e Ty 1 Tjgq - - .z 1N C K. If (Kl . Nl) 75 R; for all
i # t,then N; € K; foralli (1 <4 < n}. Since M; is a simple R;-module, K; = (0) forall ¢ (1 < i < n).
Thus K = (0) and 0 z1...x,,—1 € anng(N). If atleast two of (K; : N;)’s equal R;, the (K :g N)isan (n—2)-
absorbing ideal of R by [2, Corollary 4.8 and Theorem 2.1]. Since z12;...x,-1 € (K : N), there exists
i€{1,2,...,n—1}suchthat z1zy ... 2; 12441 ... 0y € (K : N), namely 125 ... 2;_1%jr1 ... Tn_ 1N C
K. Suppose only one of (K; : N;) equals R;. Then, by using the simplicity of each M;, one can show
that K = 0 x ..K; x0Ox ..x0and N = M; x ... x N; x ... x M,,. Since z1z>...2,—1N C K and
T3y M ¢ K, we can see that K; # M;. Thus K; = (0) and so K = (0). This shows that
T1...Tp—1 € anng(N). Hence, N is an (n — 1, n)-weak second submodule of M. m)

Theorem 2.11. Let R = F| X ... Xx Fy, and M = M x ... x M,, where n > 2, F; is a field and M; is a non-zero
F;-vector space for each i € {1,...,n}. Every non-zero submodule of M is (2,3)-weak second if and only if
dim(M;) = 1 foralli € {1,2,3}.

Proof. Note that a vector space M; over a field F; is a simple module if and only if dim(M;) = 1. The rest
follows from Theorem 2.10. O

Let M be an R-module and N, K be submodules of M. The coproduct of N and K is defined by (0 :p;
anng(N)anng(K)) and it is denoted by C(NK) [5].

Recall from [7] that an R-module M is said to be fully coidempotent if N = C(N?) for every submodule
N of M.

Lemma 2.12. An R-module M is fully coidempotent if and only if N = (N :p; anng(N)™) for every sub-
module N of M and positive integer m.

Proof. Suppose that M is a fully coidempotent R-module. Let N be a submodule of M and m be a positive
integer. It is sufficient to show that N = (N :j; anng(N)). We have N = C(N?) = (0 :pr anngr(N)?).
Also, N C (0 :p; anng(N)) implies that (N :p; anng(N)) C ((0 :pr anng(N)) :p anng(N)) = (0 :pr
anng(N)?) = N and so (N :ps anng(N)) C N. Since the other inclusion always holds we have (N :
anng(N)) = N and hence N = (N :p; anng(N)™) forall m > 1.

Conversely, suppose that N = (N :p; anng(N)™) for every submodule N of M and positive integer m.
Then N = (N :3; anng(N)). We have

C(N?) = (0 :pr anng(N)?) C (N :a anng(N)?) = (N :p anng(N)) :a anng(N)) = (N
anng(N)) = N. Thus we get that C(N?) C N and so N = C(N?). O
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Theorem 2.13. Let R = R; X ... X R, and M = M, x ... X M,, where R; is a ring, 0 #= M; is an R;-module
foralli € {1,...,n} and n > 2. Then every non-zero submodule of M is (n — 1,n)-n-almost second if and
only if M is a fully coidempotent R-module.

Proof. (<=) Clear.

(=) Suppose that every non-zero submodule of M is (n — 1, n)-n-almost second. It is sufficient to show
that M; is a fully coidempotent R;-module for each i € {1, ...,n}. Suppose on the contrary that M is not fully
coidempotent. So there exists a submodule Ny of M such that (Ny :57, anng, (N1)"~!) € Ny. By hypothesis,
N :=N; x My X ... x M, is (n — 1,n)-n-almost second submodule of M. We have

(1,0,..,0)N = (1,0, 1,...,1)(1,1,0,1,...,1)...(1,1,..., 1,0)N C N} x (0) x ... x (0)

and (1,0,1,...,1)(1,1,0,1,...;1)...(1,1,...; ,0)(N :ps anng(N)""') € Ny x (0) x ... x (0). Since N is
(n — 1,n)-n-almost second, we have 1 € anng, (Ny) or M; = (0) for some i € {2,...,n} which are both
contradictions. Similarly, M; is a fully coidempotent R;-module for each i € {2, ...,n}. This implies that M
is a fully coidempotent R-module. O

Theorem 2.14. Let m,n be positive integers with3 < m <n, R= Ry X ... X Ry, and M = M) X ... x M,
where R; is a ring and M; is a non-zero Artinian R;-module for each i € {1,...,m}. Let J; denote the
Jacobson radical of R; for eachi € {1, ...,m}. If every non-zero submodule of M is (n — 1,n)-weak second,
then J'~™M,; = (0) for eachi € {1, ...,m}.

Proof. Assume that J'""M; # (0). Then there exist ay, ..., ap—m, € Ji such that ay...a,—, M; # (0). By
hypothesis, @ = (0 :ps, a1...0n—mR1) X My X ... X My, is an (n — 1,n)-weak second submodule of M. We
have
(al...an_m,O, ...,O, I)Q = (all, ...,alm)...(a(nfl)l, ...a(n,l)m)(O ‘M, al...an_mR) X M2 X ..o X Mm - (O) X
(0) X ... x My, and (ayy, ..., @1m) .- (@(n—1)1, ---a(n_1)m)M1 X oo X My, € (0) x (0) X ... x My, where a1 = ag
for 1 <k <n—m,a@m_mie)s1) = 0for 1 <t <m —2,in other places a;; = 1. Since Q is (n —1,n)-weak
second, we get the following three cases:

Case 1: (aj...an—m,0,...,0,1) € annr(Q) which gives the contradiction that M,, = (0).

Case 2: M; = (0) for some 2 < j < m — 1 which is a contradiction.

Case3: aj...a;—1aj41...an—m(0 a1, @1...0n—p,) = (0) which implies that (0 :pz, aj...aj_1Gj41...0n—mR1) =
(0 “M, a1...aj,lajajﬂ...an,le) = ((O M, al...aj,lajﬂ...an,m) ‘M, a]‘R). Since M1 is an Artinian
R;-module and a;R C Jj, [28, Proposition 3.5] implies that M; = (0 :p, ay...a;—10j41...an—mRy), i€,
a1...aj_1aj11...0n—mM; = (0), a contradiction. Thus JITMy = (0). By a similar argument, we can prove
that J'~™ M, = (0) for each i € {2,...,m}. m)

Let (R, Q) be a local ring and M be an R-module. If t is the smallest positive integer such that Q* M = (0),
then t is called the associated degree of M. If Q'M # (0), for all t > 1, then the associated degree of M is
defined as oo [25].

Theorem 2.15. Let m > 1 be a positive integer, R = Ry X ... X Ry, and M = My X ..M, where (R;,Q;) is a
local ring, M; is an R;-module and the associated degree of M; is t; foralli € {1,...,m}. IfZ:il ti<n-—1,
then every non-zero submodule of M is (n — 1,n)-weak second where n > 2.

Proof. Let N = N; x ... x N,,, be a non-zero submodule of M where NV; is a submodule of M; for 1 <i < m.
Let (CL]], ...,alm)...(a(n,_l)l, ...,CL(”_l)m)N g K1 X ..o X Km and (a”, ceny alm)...(a(”_l)l, ...,a(n_l)m)M Z
K x ... x K, where a;; € Rj, K; < Mj;for1 <i<n-—1and1 < j <m. Then there exists j € {1,...,m}
such that ([T} ax;)M; € K;. Since Q;j M; = (0), there exist at most ¢; — 1 elements of {ai;, .., a(n-1);}
that are nonunits in R;. So we need at most ¢; — 1 parentheses such that the product of their j th components
with N is in K;. Let4 # j. We have Q% M; = (0). If there exist ¢; elements of {ay;, cey U(p—1);; that are
nonunits in R;, then the product of these elements is zero and we need ¢, parentheses such that the product of
their ¢ th components with V; is in K;. If there exist less than ¢; elements that are nonunits in R;, then we need
less than ¢; parentheses such that the product of their ¢ th components with N; is in K;. Thus we need at most
(tj — 1)+ >0 im1ti = >y ti — 1 parentheses such that their product with N is in K X ... x K,. Since
>t < n— 1, we conclude that N is (n — 1, n)-weak second. m)

Corollary 2.16. Let m < n be two positive integers, R = Fy x...x F,,, and M = M x...M,,, where F; is a field
and M; is an F;-vector space for all i € {1,...,m}. Then every non-zero submodule of M is (n — 1,n)-weak
second where n > 2.

Proof. The associated degree of M, is ¢; := 1 foralli € {1,...,m}. Thus >_\", ¢, = m < n — 1. By Theorem

2.15, every non-zero submodule of M is (n — 1,n)-weak second. D
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3 (2,3)-¢-second Submodules

In this section we focus on (2,3)-p-second submodules and investigate their various properties and relaton-
ships with other concepts.

Recall from [34] that R is called a u-ring provided R has the property that an ideal contained in a finite
union of ideals must be contained in one of those ideals. A um-ring is a ring R with the property that an
R-module which is equal to a finite union of submodules must be equal to one of them.

Lemma 3.1. /33, Lemma 2.40]A ring R is a um-ring if and only if M C U | M; where M;’s are some
R-modules, implies that M C M; for some 1 < i < n.

Theorem 3.2. Let R be a um-ring, M be an R-module and N be a non-zero submodule of M. Then the
following are equivalent.

(1) N is a (2, 3)-p-second submodule of M.

(2) If ab & anng(N) for a,b € R, then abN = aN or abN = bN or abN = abp(N).

(3) If aN ¢ K for a € R and a submodule K of M, then (K :r aN) = (K :g N)or (K :g aN) =
anng(aN) or (K :g aN) = (K :g ap(N)).

(4) IfaIN C K and alp(N) € K for a € R, any ideal I of R and any submodule K of M, then aN C K
or IN C K oral C anng(N).

(5) If IN € K for any ideal I of R and any submodule K of M, then (K :p IN) = (K :g N) or
(K:rIN)=anngr(IN)or (K :g IN) = (K :g Ip(N)).

(6) IfIJN C K and IJo(N) € K for any ideals I, J of R and any submodule K of M, then IN C K or
JN C K orIJ C anng(N).

Proof. (1) <= (2) By Theorem 2.3.

(1) = (3) Let aN ¢ K for a € R and any submodule K of M. Letb € (K :g aN). Then abN C K.
If abp(N) C K, thenb € (K :g ap(N)). If abp(N) € K, then bN C K or ab € anng(N). It follows that
be (K :g N)orbe anng(aN). Thus (K :g aN) = (K :g ap(N)) U (K :g N)Uanng(aN). Since R is a
um-ring, we have (K :g aN) = (K :g N)or (K :g aN) = anng(aN) or (K :g aN) = (K :g ap(N)).

(3) = (4) LetaIN C K and alp(N) € K for a € R, any ideal I of R and any submodule K of M. If
aN C K, then we are done. Let aN € K. By (3), (K :g aN) = (K :g N) or (K :g aN) = anng(aN) or
(K :g aN) = (K :g ap(N)). In the first case, we have IN C K. In the second case, Ia C anngp(N). The
third case cannot hold since alp(N) € K.

(4) = (5) Let IN € K where I is an ideal of R and K is a submodule of M. Leta € (K :g IN). Then
aIN C K. If alp(N) C K, thena € (K :g Ip(N)). If alp(N) € K, then aN C K or al C anng(N).
In the first case a € (K :g N). In the second case a € anng(IN). Thus (K :g IN) = (K :g N)U
anng(IN)U (K :g Io(N)). Since R is aum-ring, (K :g IN) = (K :g N)or (K :g IN) = anng(IN) or
(K :g IN) = (K :g Io(N)).

(5) = (6) Let IJN C K and IJp(N) € K where I, J are ideals of R and K is a submodule of M.
If IN C K, then we are done. Let IN ¢ K. Then, by (5), (K :g IN) = (K :g N)or (K :g IN) =
anng(IN)or (K :g IN) = (K :g Ip(N)). In the first case, we have JN C K. In the second case we have
IJ C anng(N).

(6) = (1) Clear. o

Definition 3.3. Let M be an R-module, N be a (2, 3)-p-second submodule of M, K be a submodule of M
and a,b € R. If abp(N) C K, ab & anng(N),aN € K and bN ¢ K, then (a, b, K) is called a p-triple of N.

Theorem 3.4. Let N be a (2,3)-p-second submodule of an R-module M and (a,b, K) be a p-triple of N for
some a,b € R and a submodule K of M. Then

(1) abp(N) C N.

(2) a(anng(N))p(N) C K.
(3) b(anng(N))p(N) C K.
(4) (annr(N))*¢(N) € K.
(5) a(annr(N))e(N) € N.
(6) b(annp(N))p(N) € N.

Proof. (1) Suppose that abp(N) € N. Then abp(N) € NN K and abN C N N K. Since N is (2,3)-p-
second submodule, we have ab € anng(N)oraN C NN K C K or bN C NN K C K which contradicts
the assumption that (a, b, K) is a -triple of N.

(2) Suppose that a(anng(N))p(N) € K. Then axp(N) ¢ K for some z € anng(N). Then a(b +
z)p(N) € K because abp(N) C K. Also, a(b+ x)N = abN C K. Since N is (2, 3)-p-second submodule,
we have a(b+ z) € anng(N) oraN C K or (b+ )N = bN C K. The first case implies that ab € anng(N)
which is a contradiction. Clearly, the other two cases contradict with the hypothesis.
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(3) The proof is similar to part (2).

(4) Suppose that z1z,0(N) € K for some xy, 22 € anng(N). Then parts (2) and (3) imply that (a +
21)(b+ 22)(N) € K. Clearly, (a + 21)(b+ 22) N = abN C K. Since N is (2,3)-p-second submodule, we
have (a+x1)(b+x3) € anng(N)or (a+x1)N = aN C K or (b+x,)N = bN C K which are contradictions.

(5) Suppose that a(anng(N))e(N) € N. Then there exists z € anng(N) such that azp(N) € N.
By part (1), a(b+ 2)p(N) € NN K and a(b+ )N C NN K. Since N is (2,3)-p-second submodule,
we have a(b + z) € anng(N) or aN C K or (b + )N = bN C K which are contradictions. Thus
a(anng(N))e(N) C N.

(6) The proof is similar to part (5). m)

Theorem 3.5. Let M be an R-module and N be a (2,3)-p-second submodule of M which is not strongly
2-absorbing second submodule. Then anng(N)*@(N) C N.

Proof. Let N be a (2,3)-¢-second submodule of M which is not strongly 2-absorbing second submodule.
Then there exists a o-triple (a,b, K) of N for some a, b € R and a submodule K of M. Suppose that
(annr(N))?@(N) € N. Hence there exist z1, 7, € anng(N) such that z120¢0(N) € N. Then (a + x1)(b +
x2)p(N) € K N N by Theorem 3.4. Also, clearly, (a + 21)(b+ 22)N = abN C K N N. Since N is (2,3)-
p-second submodule of M, we have (a + x)(b+ z2) € anng(N) or (a+ ;)N =aN C KNN C K or
(b+ x2)N =bN C KN N C K which are contradictions. O

Let M be an R-module. We define the function ¢, : S(M) — S(M) as ¢,(L) = > ez (L n
anng(L)?) for every L € S(M).

Corollary 3.6. Let M be an R-module and N be a (2,3)-p-second submodule of M such that (N :p
anngr(N)*) C @(N). Then N is (2,3)-¢,,-second submodule of M.

Proof. If N is a strongly 2-absorbing second submodule of M, then the result is clear. So we may assume
that IV is not a strongly 2-absorbing second submodule of M. Therefore, by Theorem 3.5, we have (N :j;
annp(N)?) C o(N) C (N :a anng(N)?) C (N 1 anng(N)3?), that is, o(N) = (N 3 anng(N)?) =
(N :ar anng(N)?). It follows that p(N) = (N :ps anng(N)?) for all § > 2 and the result follows. m)

Recall from [4] that an R-module M is said to be a comultiplication module if for every submodule N of
M there exists an ideal I of R such that N = (0 :p; I). It also follows that M is a comultiplication module if
and only if N = (0 :p; anng(N)) for every submodule N of M [4].

Corollary 3.7. Let M be a comultiplication R-module and N be a submodule of M. Then the following hold.
(1) If N is a (2,3)-p-second submodule of M that is not strongly 2-absorbing second, then p(N) C C(N?).
(2) If n > 3 is an integer and N is a (2,3)-n-almost second submodule of M that is not strongly 2-
absorbing second, then C(N3) = C(N™).

Proof. (1) Since M is comultiplication, N = (0 :p; anng(N)). By Theorem 3.5, o(N) C (N :pr anng(N)?) =
((0:pr anng(N)) :ar annr(N)?) = (0 :pr anng(N)3) = C(N?) and hence ¢(N) C C(N?).

(2) Notice that ¢, (N) = (N :pr anng(N)"') = (0 :py anng(N)") = C(N™). By part (1), C(N") C
C(N?). Since the reverse inclusion always holds we have C(N3) = C(N"). m)

Let M be an R-module and N be a submodule of M. The sum of all second submodules of N is called the
second radical of N and denoted by sec(N ). If there is no second submodule of N, then we define sec(N) = 0
[16].

Corollary 3.8. Let M be an R-module and N be a (2,3)-p-second submodule of M that is not strongly 2-
absorbing second. Then the following hold.

(1) Vanng(N) = /anng(p(N)).
(2) If M is a finitely generated R-module, then sec(N) = sec(p(N)).

Proof. (1) By Theorem 3.5, anng(N)?¢(N) € N. Then anng(N)? C anng(¢(N)) and so y/anng(N) C
Vanng(p(N)). Since the reverse inclusion always holds we have the equality.

(2) By [10, Theorem 2.12], sec(N) = (0 :ps v/anng(N)) and by part (1), sec(N) = (0 :ps \/anng(p(N))) =
sec(p(NV)). o

Definition 3.9. Let N be a (2, 3)-¢-second submodule of an R-module M and suppose that IJN C K for
some ideals 7, J of R and a submodule K of M. We call N as a free o-triple with respect to 7, J, K if (a, b, K)
is not a p-triple of NV foreacha € I,b € J.
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Theorem 3.10. Let N be a (2,3)-p-second submodule of M and suppose that IIN C K, IJo(N) € K for
some ideals I,J of R and a submodule K of M such that N is a free p-triple with respect to I, J, K. Then
IJ Canng(N)orIN C KorJN CK.

Proof. Suppose that I.J ¢ anng(N). We show that IN C K or JN C K. Assume on the contrary that
IN ¢ K and JN ¢ K. Then there exist a; € I and b; € J such that qyN € K and 5N ¢ K. If
aibip(N) € K, then a;b; € anng(N) as N is (2,3)-p-second submodule. If a1bp(N) C K, then again
arby € anng(N) as (a1, b1, K) is not a p-triple of N. Since IJ € anng(N), there are a € I and b € J such
that ab & anng(N). Since (a,b, K) is not a p-triple of N and N is a (2, 3)-p-second submodule, we have
alN C K or bN C K. There are three cases.

Case 1: Suppose that aN C K but bN € K. We have a;bN C K. Since (a,b, K) is not a p-triple of
N and N is a (2, 3)-¢-second submodule, we have a1b € anng(N). Also, we have (a + a;)bN C K. Since
(a + a1,b, K) is not a p-triple of N and N is a (2, 3)-p-second submodule, we have (a + a1)b € anng(N)
which gives the contradiction that ab € anng(N) or (a + a;)N C K which gives the contradiction that
aN CK.

Case 2: Suppose that bN C K but aN € K. We have abj N C K. Since (a, b, K) is not a p-triple of
N and N is a (2,3)-p-second submodule, we have ab; € anng(N). Also, we have a(b + b;)N C K. Since
(a,b+ b1, K) is not a p-triple of N and N is a (2, 3)-p-second submodule, a(b+ b;) € anng(IN) which gives
the contradiction that ab € anng(N) or (b+ b)N C K which gives the contradiction that b N C K.

Case 3: Suppose thataN C K and bN C K. Then (b+b)N € K asb)N € K. We have a;(b+b;)N C K.
Since (a1,b + b1, K) is not a -triple of N and N is a (2, 3)-p-second submodule, we have a1 (b + b1) €
anng(N). Since a1b; € anng(N), we have a1b € anng(N). Also, (a + a;)N € K since ;N € K. We
have (a + a1)b1N C K. Since (a + ay, b1, K) is not a o-triple of NV and N is a (2, 3)-¢-second submodule,
(a + a1)by € anng(N) and so ab; € anng(N). On the other hand, we have (a + a1)(b + b;)N C K. Since
(a+ay,b+ by, K) is not a p-triple of N and N is a (2, 3)-p-second submodule, (a + a1)(b+b;) € anng(N)
which gives the contradiction that ab € anng (V). o

Proposition 3.11. Let R = Ry x Ry and M = M, x M, where R; is a ring, M; is an R;-module fori = 1,2.
Let v; : S(M;) — S(M;) be a function for each i = 1,2 and p = 11 X 1. Suppose that N = Ny x (0)
where N is a non-zero submodule of M.

(1) If 2((0)) = (0), then N is a (2,3)-p-second submodule of M if and only if Ny is a (2,3)-1-second
submodule of M.

(2) If ¥2((0)) # (0), then N is a (2,3)-p-second submodule of M if and only if Ny is a strongly 2-
absorbing second submodule of M.

Proof. (1) Suppose that N is a (2, 3)-¢-second submodule of M. Let a;by Ny C K and a1b1¢1(Ny) € K,
for al,bl S Rl and Kl < Ml. Then (al,l)(bl,l)(Nl X (O)) - Kl X (0) and (ahl)(bl,l)ap(]\/'l X (0)) g
Ky x (0). Since N is a (2,3)-p-second submodule of M, we get that (a;,1)(N; x (0)) € K; x (0) or
(b], 1)(N1 X (0)) - K] X (0) or (al, 1)(61, 1) S annR(N1 X (O)) = anan(Nl) X RZ. Thus alNl - K1 or
b1 N1 C K or ajb; € anng, (N7) and so N is a (2, 3)-1;-second submodule of M;.

Conversely, suppose that Ny is a (2,3)-¢-second submodule of M;. Let a = (a1,az2), b = (b1,b2) €
R X Ry and K = K x K, be a submodule of M; x M, where K; is a submodule of M; for each i = 1, 2.
Suppose that abN C K and abp(N) € K. Since ¢,((0)) = (0), we have a1b; Ny C K and a1b1¢; (Ny) € K.
Since N is a (2, 3)-¢-second submodule of M;, we have a1b; € anng,(Ny) or ayN; C K; or bj Ny C K.
Then we get that ab = (a1b1,a2b2) € anng,(N1) x Ry = anng(N) or aN = (a1, a2)(IN7 x (0)) € K; X K>
or bN = (b1, b2)(N; x (0)) € Ky x K. Thus N is a (2, 3)-¢-second submodule of M.

(2) Suppose that N is a (2, 3)-p-second submodule of M. Let a;by Ny C K foray,b; € Ry and Ky < M.
Then (a1, 1)(b1,1)(N; x (0)) € K; x (0) and (a1, 1)(by, 1)(¢1 (V1) X ¥2((0))) = (a1, 1)(b1, 1)(N) £
K, x (0). Since N is a (2,3)-p-second submodule of M, we get that (a1, 1)(N; x (0)) € K; x (0) or
(b], 1)(N1 X (0)) - K] X (0) or (al, 1)(b1, 1) S annR(Nl X (O)) = anng, (Nl) X Rz. Thus a1N1 - K1 or
b N1 C K or ajb; € anng, (N7) and so N, is a strongly 2-absorbing second submodule of M.

Conversely, assume that IV is a strongly 2-absorbing second submodule of M. Then N x (0) is a strongly
2-absorbing second submodule of M. Hence N is a (2, 3)-p-second submodule of M. O
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