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Abstract In [15] authors have studied frames of operators in Quaternionic Hilbert spaces and
silently discussed that fusion frames are particular case of frames of operators. In this paper, we
have studied and extended their properties and present some of their characterizations in quater-
nionic Hilbert spaces. Further, we have examined the existence of synthesis, analysis, and frame
operators and investigated their properties for fusion frames in Quaternionic Hilbert spaces. Fur-
thermore, we have given some perturbation results for fusion frames in Quaternionic Hilbert
spaces similar to the results in Hilbert spaces. Finally, woven fusion frames in Quaternionic
Hilbert spaces are studied.

1 Introduction

Frames [11] in Hilbert spaces were introduced in 1952 while studying the non-harmonic Fourier
series. But their potential was realized by the researchers after the work done by Daubechies,
Grossman, and Meyer [3], due to its vast applications in various fields like signal and image
processing, sigma-delta quantization, filter bank theory, and wireless communication. For more
details, one may refer to [6]. In recent years, many generalizations of frames were introduced
and studied. One of a generalization which is much appreciated by the researchers is fusion
frames in Hilbert spaces introduced by P. Casazza and G. Kutyniok [8]. Fusion frames are used
in filter bank theory, time-frequency analysis, and signal and image processing. For further
details, regarding the applications and properties of fusion frames and its extension see [8, 9, 1].
In [19] Bemrose et al. have defined and studied the properties of weaving frames in Hilbert
spaces which are used in distributed signal processing.

Hamilton discovered the field of quaternion which is a generalization of complex numbers,
it is a four-dimensional non-commutative real algebra. Quaternions are used to study rotation
in the higher dimension, theory of relativity, Newtonian and quantum mechanics, and general
relativity in which Lorentz transformation is given in terms of quaternions. For details regarding
quaternions see [13]. In [10] R. Ghiloni et al. have extended the continuous functional calculus
in the case of quaternionic Hilbert spaces.

Khokulan, Thirulogasanthar and Srisatkunarajah [4] have defined and studied frames in finite
dimensional quaternionic Hilbert spaces. In [14], Sharma and Goel have studied frames in the
separable right quaternionic Hilbert spaces. H. Ellouz [2] studied K -frames in right quaternionic
Hilbert spaces and studied the invertibility of corresponding frames operators. Recently in [12]
Ruchi et al. has defined O PV -frames in right quaternionic Hilbert spaces and woven frames,
woven K -frames and K-fusion frames in right quaternionic Hilbert spaces were studied in [17,
5, 18].

In this paper, we have studied and extended the properties of fusion frames and present some
of their characterizations in quaternionic Hilbert spaces. Further, we have examined the existence
of synthesis, analysis, and frame operators and investigated their properties for fusion frames in
quaternionic Hilbert spaces. Furthermore, we have given some perturbation results for fusion
frames in quaternionic Hilbert spaces similar to the results in Hilbert spaces. Finally, woven
fusion frames in quaternionic Hilbert spaces are studied.
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QOutline of the paper

The paper is divided into four sections. In Section 2, we have reviewed the definitions of frames
and fusion frames in the right quaternionic Hilbert spaces. Further, some know results are stated
which will be used to prove subsequent results. In Section 3, a necessary and sufficient con-
dition for a family of subspaces to be fusion frames (Bessel sequences of subspaces) in terms
of synthesis operator and the definition of dual fusion frames are given. In Section 4, we will
study the perturbation of fusion frames in the right quaternionic Hilbert spaces. In Section 5,
we have defined woven fusion frames in the right quaternionic Hilbert spaces, also given the
necessary conditions under which two families of fusion frames form woven fusion frames in
right quaternionic Hilbert spaces.

2 Preliminaries

Since quaternions are non-commutative we will consider the right quaternionic Hilbert space.
Throughout this paper, we will denote N to be the set of natural numbers and Z,J be any
countable index sets and £ denotes the quaternionic field, we assume that right quaternionic
Hilbert space H?(9) is separable. The family of right subspaces of H¥(LQ) is represented
by {(Wh}iez, {HEViez and {w;}iez, {vi}icz denotes the family of weights, i.e w; > 0,v; >
0,vViel

Quaternions are four dimensional non commutative real algebra generated by 1,4, j, k& where
i, J, k called imaginary units. As we know that quaternions are extension of complex number(C)
and operation on C are those of Q restricted over C, for operation and various properties of
quaternions see [10], for further details.

Definition 2.1. [10] A right quaternionic pre-Hilbert space or right quaternionic inner prod-
uct space Vr(R) is a right quaternionic vector space together with the binary mapping (.|.) :
Vr(Q) x Vr(Q) — Q (called the Hermitian quaternionic inner product) which satisfies follow-
ing properties:

(@) (vilv2) = (v2lvr) for all vy, v; € VR(Q).

(ii) (vjv) > 0if v #O0.

(i) (v|vy + v2) = (v|v1) + (v|vy) for all v, vy, vy € VR(Q)
(iv) (vlug) = (v|u)q for all v,u € Vx(Q) and q € Q.

Let us define a non negative mapping ||.|| on Vg(Q), as ||u|| = /(ulu) it is easy to prove
that ||.|| form a norm on V(). Moreover if V(L) is complete under this norm then it is said
to be right quaternionic Hilbert space and denoted by H(Q).

In [14], authors introduced frames in any separable right quaternionic Hilbert spaces.

Definition 2.2 ([14]). Let H?(Q) be a right quaternionic Hilbert space and {u; };c7 be a sequence
in H(Q). Then {u; };c7 is said to be a frame for H? (), if there exist two finite real constants
with 0 < ry < r, such that

rillull® < ualu) P < rollul?, for all u € HF(Q).
€T

The above inequality is called frame inequality and 7,7, are called lower and upper frame
bounds respectively. If only upper bound condition hold then {u;};c7 is said to form a Bessel
sequence with Bessel bound 7. For details regarding frame operators, perturbation and dual
frames see [14].

Definition 2.3. [15] Let {W/},c7 be a sequence of right closed subspaces of a right separable
quaternionic Hilbert space H () and {w; };c7 be a family of weights i.e. w; > 0, Vi € Z. Then
{(WZ-R, w;) }iez 1s called a fusion frame (frame of subspaces), if there exist constants 0 < r; <
ry < oo called fusion frame bounds such that

rillul < wfllmws (@)]P < rafful?, Vo € HFY(Q).
i€l
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Example 2.4. Let H?() be a right quaternionic Hilbert space and {e; };cn be an orthonormal
basis for H?(Q). Define W? = span{e; } and W = span{e;_1}, Vi > 2,and w; = 1, Vi € N.
Then {(W,w;)}ien is a fusion frame for H¥ () with lower and upper fusion frame bounds
ry = 1 and r, = 2, respectively.

We can also say the family of subspaces {W };c7 form a fusion frame with respect to
{w;}iez for HE(Q). Moreover if 71 = r, then the family {W/},c7 is said to be tight fu-
sion frame for H*(Q) and Parseval fusion frame if rj = r, = 1. If H*(Q) = @,.; W/, then
{Wt},cz is called an orthonormal basis of subspaces and if w; = w; = w, then {Wih}ier, is
called a w-uniform fusion frame. If only upper bound condition hold then we say the family
{W},ez, is a Bessel sequence of subspaces with respect to {w; };cz with bound 7, for H(Q).

Definition 2.5. [17] Let N,, be the set of first m natural numbers, H () be a right quaternionic
Hilbert space and § = {{u;;}ien : j € N,,} be a family of frames for H?(Q). Then § is
said to be woven if there are universal positive real numbers | and r; so that for every partition
P = {oj}jen,, of N, the family §p = {ui;}ico, jen,, is a frame for H(Q) with lower and
upper frame bounds r; and r,, respectively. Each family §p is called a weaving. If every
weaving is a Bessel sequence, then F is called a woven Bessel sequence for H(Q).

Lemma 2.6. [10] If H(Q) is a right quaternionic Hilbert space and ¢ # A C HE(Q), then
HE(Q) = AL @ (A). Where A+ = {v € HE(Q) : (v|u) = 0V u € A} and (A) denotes the right
Q-linear subspace of H?(Q) consisting of all finite right Q-linear combinations of elements of
A.

Theorem 2.7. [14](The Reconstruction Formula). Let H*(Q) be a right quaternionic Hilbert
space and {u;}ic1 be a frame for HE(Q) with frame operator S. Then for every u € HT(Q)
can be expressed as u =Y S7 u;(u;lu) = S wi (ST ug|u).
i€z i€z
Theorem 2.8. [16] Let HE(Q) be a right quaternionic Hilbert space and {u;};cz be a frame
for HE(Q) with the frame operator S. Fix v € HE(Q), if u = Y u,;q; for some quaternionic
i€

sequence {q;}icr € 1*(Q). Then we have

> el = X K8 il + 32 [0S uilu) — qal.

€T i€z €T
Lemma 2.9. [10] In right quaternionic Hilbert Space HY(Q), Cauchy-Schwarz inequality hold:

[(ulv) > < (u|u)(v|v) for all u,v € HE(Q).

Lemma 2.10. /2] Let H?(Q) and HE(Q) be two right quaternionic Hilbert spaces and
T € B(HE(Q),HE(Q)) be a bounded, right linear operator with closed range then there exist
an right linear operator T € B(HE(Q), H?(Q)) such that

ITHI ™ el < (17*ull < 1] [lull,¥u € R(T).

3 Fusion frames in quaternionic Hilbert spaces

Let {W#},cz be a family of right subspaces of H?(£Q). Then the family {W/2};c7 is said to
be complete if span{W},cz = HT(LQ). We begin this section with the following equivalent
conditions for the fusion frame in a right quaternionic Hilbert spaces.

Theorem 3.1. For each i € I, let w; > 0, {u;;};cs, be a frame sequence in HE(Q) with

frame bounds ry; and ry;, WE = span;c, {u;;} and {e;;};c, be an orthonormal basis for the

subspace WE. Suppose that

O<ri|=infry ) <r|=supry | < oo
€L i€l

Then following statements are equivalent:

(i) {uijw;}iez jes, is aframe for HE(Q).
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(ii) {eijwitict jey, is aframe for HE(Q).
(iii) {(Wi®, w;)}iez is a fusion frame for HE(Q).

Proof. Since for i € Z, {u;;}je, is a frame for W} with bounds ry; and ry;, therefore we have

r Yy willmwr (@I < Y |l (u)]

i€ €T
< ZZw [(uijl Tz (u <r22w [ (u NP, e HE(Q).
€T jeJ; 1€L
Also Y Y0 [(ugjwi|mpr () = S 5 Nujjw|u)>,u € HE(Q). Thus (a) and (c) are
i€T jE€J; ‘ i€T jeJ;

equivalent. Further
wi [y ()| = wF || Y esjlenlu)l = Y Hegwilw) P, w € HH(L).
Jedi JeJs

Hence (b) and (c) are equivalent. i
Lemma 3.2. If {(W;®, w;) }icz is a fusion frame for HF(Q) then it is complete.

Proof. Let u€ HE() be such that u L span{W£};cz, so ZzwaﬂWR(u)Hz = 0 which gives

i€
u=0. O

In next result we give a necessary and sufficient condition under which a fusion frame form
a complete set.

Proposition 3.3. Let {(W; ", w;) }icz be a fusion frame for H®(Q) and {e;;} jc 5, be an orthonor-
mal basis for Wl i € T. Then {(W;,w;)}iez is complete if and only if {ei;}icz.je, is com-
plete in HE(Q).

Proof. Follow from Theorem 3.1 and Lemma 3.2. O

If an element from a frame is removed then either we left with a frame or an incomplete set.
In next result we have extended the Theorem 5.4.7 [6] for the case of right quaternionic Hilbert
spaces, which will be used to prove subsequent results.

Lemma 3.4. Let {uy,}rez be a frame for HE(Q). If any element say u; is removed from frame
{ur}rez then
(i) If (S™ujlu;) # 1, then {uy }rz; is a frame for HE(Q).
(ii) If (S™'uj|u;) = 1, then {uy }r; is not complete.
PVOOf. As u; = Z ui<S_lui|uj), denote a; = (S_lui|uj), i1 €T, as u; = Z uiéi,j then by

1€L 1€
Theorem 2.8, we have

L= "100,P =D lail* + Y lai =i =D lail* +|a; = 1P+ D Jail*.

i€T i€ i€T i€z it
If a; # 1, we have u; = Z u;a;, then for any u € H?(9Q), we compute
i
2
[(uglu)]? Zaz (wilu)| <7 |zz|az| D N uilu)P = C Y il
i A i7#J 7]
where C' = ﬁ ; |a;|?. Therefore for any u € H?(Q),
]

rllul? <Y Hulw)? < (1+C) Y uslw) .

i€T i#j
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This gives

<D Nwlu)? < mofful P u € HY(Q).

(14+0) oy

If a; = 1 then we have Y |a;|* = O this implies (S~ u;lu;) = 0, i # j, since S~'u; # 0.
i#]
Therefore, we have a non-zero element S~'u; orthogonal to {u;};;. O

Next, we give the following result for fusion frames which is similar to Lemma 3.4 as in case
of frames.

Proposition 3.5. If a subspace from a family of fusion frame is removed then the remaining
subspaces either form a fusion frame or it is an incomplete family of subspaces.

Proof. Let {(W;",w;)}icz be a fusion frame for H* () and for each i € Z, let {e;;} jc, be an
orthonormal basis for Wt. Then by Theorem 3.1, {e;;w; }icz, jcs, forms a frame for H*(Q). If
{eijwitier\ip.je, is a frame therefore again by Theorem 3.1, {(W R, w;) }ie1\4, forms a fusion
frame for H?(Q). Now let {e;;w;};e1\j,jes; is nOt a frame then by Theorem 3.4, it is an
incomplete family and hence {e;; };c7\;,,je, is an incomplete family and hence by Lemma 3.3

{(Wi",w;) }iez\i, is an incomplete family of subspaces. i

In the following result, we prove that intersection of subspaces of a fusion frame with a right
subspace of a right quaternionic Hilbert space forms a fusion frame for the subspace.

Proposition 3.6. Let { (W%, w;) }icz be a fusion frame for HY (Q) and V' * be any right subspace
of HE(Q), then {WE NV}, o1 form a fusion frame for VI with respect to {w;}icz with same
fusion frame bounds as of {(W;™, w;)}icz.

Proof. As Y w?||myr(u)|]* = 3 w}|myraye(w)|?, u € VE. Therefore, result holds. O
ieZ ’ = !

Let {(W;", w;)};cr be a Bessel sequence of subspaces for H? (). Then the set
(Z@Wﬁ) = {{ui}ig tup € WY il < oo} :
1€L 12(9) i€

defines a right quaternionic Hilbert space under the inner product given by

i€ i€l

uitiezlpitier) = (uilpi), {uitiez, {pi}ier € <Z b Wf‘)
2(9Q)

Next, we give a Lemma which will be used to define subsequent definitions:

Lemma 3.7. Let {(WiR ,w;) }iex Is a Bessel sequence of subspaces then >, u;w; converges un-
i€z
conditionally for every {u;};c1 € (Z éh Wﬁ) .
€T 12(Q)

Proof. Let J C T be any finite subset of Z and « = ), w;w;, then we have
i€J

4 2
< (Zwi|7rwﬁ(u)|| IIuiII> < wifmyr (WP il < raful P [fual P

i€J icJ icJ icJ

E Uiw;

i€

we have || Y wyw;||? < r2 2 ||ugl)?, since {u;}ier is a Cauchy sequence and hence series
icJ icJ
converges unconditionally. O



148 S.K. Sharma, Nitin Sharma and Khole Timothy Poumai

Definition 3.8. Let W = {(W;" w;)}icz be a fusion frame for H?(Q). Then the synthe-
sis operator for W is a right linear operator Ty, : (Z ) WZ-R) — HE(Q) given by
2(Q)

i€T
W({ui}iel') = Z U; Wy
ieT

The adjoint operator 1Y), is called analysis operator for WV, in the next result the expression
for Ty, is given.

Proposition 3.9. Let W = {(W;", w;)}icr be a fusion frame for HE(Q). Then the analysis
operator Ty, : HE(Q) — <Z @ WZ-R) is given by Ty, (u) = {myr (u)w;}iez.

i€ 2(9)

Proof. Letu € HE(Q) and {u;}icz € (Z &) Wﬁ) , consider
€T 12(9)
(Ty(u){uitier) = (ulTw({uitier))

= Zwl 7TWR w)|ug)

€L

= > (rwr(@wilu) = {mwr(wwbiez|{w iez)- o

i€l

In next result, we give a necessary and sufficient condition under which a family of subspaces
form a Bessel sequence of subspaces.

Proposition 3.10. Let {W1}.cn be a sequence of right closed subspaces of a right separable
quaternionic Hilbert space HT(Q) and {w;}ien be a family of weights. Then
W = {(W;®,w;)}iez is a Bessel sequence of subspaces for H(Q) with a bound v, if and

only if Tw : | > P WZR) — HE(Q) is a well defined, bounded right-linear operator on
i€L 2(9)
HE(Q) with || Tyw|| < 7.

Proof. Forward part holds in view of Lemma 3.7. Conversely, as ||T),|| = [|Tw]|| < Vs,
therefore for any u € H?(Q) we have

rllul> > |1 Ty(w)]?
= <{7TwiR(U)wz‘}ieﬂ{ﬂwﬂ(u)wi}iez)

= Y (mwr@wilmy s (ww) = w?{|myr (u)]| . o

i€T i€T
If W = {(W;®,w;)}iez is a fusion frame for H®(Q). Then the right linear operator Syy :
HA(Q) — HE(Q) defined by
Sw(u) = TwTy(u Zﬂ'wn (w)w?, ue HY(Q)
i€l

is called the frame operator corresponding to fusion frame W.

In the next result we give some properties of frame operator corresponding to a fusion frame.

Theorem 3.11. Let W = { (W, ", w;) i1 be a fusion frame for H (Q) with lower and upper fu-
sion bounds | and r; respectively. Then the frame operator Syy is a positive, bounded, invertible
and self adjoint right linear operator on HE(Q).

Proof. For any u € H?(R), we have

<sw<u>|u>=<Z7rwiﬂ<u>w%u>=zw%<7rw;< () = 3 w?limys(u)

i€l i€l i€l
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This gives I < Syy < rI and hence Syy is a positive and bounded right linear operator on
HE(Q). Also0 < T —7; 'Sy < 2211 and consequently

. - T2 Tl
1 =3 Syl = HSllllpl (T =75 Sw) (u)|u)] < me 1

Hence S)y is an invertible operator, further for any u;, u, € H?(Q) consider

(Sw(ur)|ua) = <Z7TW1_R(U])U)%U2> Zw <7TW}? Uy |uz> Zw <U1|7TwR uz)>

€T €T €T
= <U1| ZWWiR(u2)w7,2> = (w1 Sw(u2)) .
i€T
This implies S5, = Syy. =

Corollary 3.12. ( The Reconstruction Formula) Let H?(Q) be a right quaternionic Hilbert space
and W = {(W; , w;)Yicz be a fusion frame for HE(9Q), corresponding frame operator is Syy.

Then for any u € H(Q), we have u = Y Sy myr (u)w}.
i€l

Proof. As Sy is invertible, so for any u € H?(), we have

u =S Sw(u) =D Splmys(u

€L

In next result, we give a necessary and sufficient condition for a family of subspaces to be a
fusion frame in terms of their synthesis operator.

Proposition 3.13. Let {WX},c1 be a family of right subspaces of H*(Q). Then

= {(W;®,wy) }iez is a fusion frame if and only if Tyy (Z PwWE — HE(Q) isa
i€l 12(9)
well defined, bounded right linear operator from (Z ) WLR) onto HE(R).
€T ()

Proof. As frame operator Syy = Ty}, is an invertible right linear operator implies Tyy is a onto
operator. Conversely, by Proposition 3.10 W is a Bessel sequence of subspaces. Also, in view

of Lemma 2.10, there exist a bounded right linear operator T;ﬁv s HE(Q) — (Z é WiR>
i€l 2(9)
such that

ITH 2l < (|70l =)~ willmws ()], v e HY(SQ). o
i€l

In the next result, we construct a fusion frame with the help of a frame.

Proposition 3.14. Let § = {u; };c1 be a frame for HE(Q) with lower and upper frame bounds r
and 1 respectively, and frame operator is Sz. Then W = {(span{u;}, ||ui||) }iez form a fusion
frame for HE(Q) with bounds ry and r with frame operator Syy = S3.

Proof. For any u € H(Q),

u; w;
= St = 3 ol ”<” |> Sl Pranguy () = Swl(w). O

i€l €T

In the following result, projection operator of a right subspace is given in term of its frame
operator corresponding to fusion frame.
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Proposition 3.15. Let W = {(W;®,w;)}icz be a fusion frame for a right subspace V® of
HZ(Q). Then the map 7y r : HE(Q) — VE given by

7TVR ZS ﬂ'WR 7, UEHR<Q)

1€L

is an orthogonal projection of V'~.

Proof. Since SW : VE - VE implies myr(u) = 0, Yu € (VE)" and by Corollary 3.12, we
have u = ) S}, 7TWR( Jw?, Vu € VE. This implies 73, = 7y &. ]
i€l

Definition 3.16. If W = {(W,", w;)}icz be a fusion frame of H () with frame operator Syy.
Then {S;, lWz ,w; ez 18 called the dual fusion frame corresponding to fusion frame W =

{W:F w) Vier.

One can easily observe that the dual fusion frame is also a fusion frame for H(Q).
Next, a relationship between frame operator of a fusion frame and frame operator of a frame
generated by an orthonormal bases for the corresponding right subspaces of H(Q) is given.

Proposition 3.17. Let W = {(W;®,w;) }icz be a fusion frame for HR(Q) and {u;;}jcs, be a
Parseval frame for W, i € . Then the frame operator Syy of {(Wi®,w;)Yser is equal to frame
operator S of the frame § = {u;jw; }iez jes,. Further,

ZS Tk (u)w; —ZZS (wijw;) (ugjwi|u), v € HE(Q).

i€T €T jeJ;

Proof. Since {u;;} e, is a Parseval frame for W/, so we have

Ty (u Z wij{uij|mw e (u Z i (wij|u), u € HH(Q).
Jjedi Jj€Ji
This gives
Swlu) = Y myr(ww
i€
= D> g wilu)w
€T jEJ;
= Z Z wijw; (uijwi|u) = Sz(u), u € H(Q).
€T jEJ;
Therefore
Y Smwr(ww; = Y ST wiuglu))w
i€ i€ jETi
= Z Z Sy Mwgjwi) (uijwg|uy, uw € HE(Q). O
€L jEJ;

Proposition 3.18. Ler W = {(W;%, w;)}icz be a fusion frame for HR( ) and §; = {uij}je,
be a frame for W, i € T with canonical dual frame &= {t;; = SC? Uijtie g,- Then Sy =

3
> T, Tgiw% =3 T5,T%. w?, where Ty, T3 and Ts Tz are synthesis and analysis operators
i€T i€T ‘ ' o
for the frames {u;;};cs, and {Sgluij }ie, respectively.

Proof. As for each u € HF(Q), Syy(u) = > > @y (uijluyw? = 3 37wy i |u)w?, there-
i€ jET; i€T jEJ;
fore the result follows. m|

Lemma 3.19. Let § = {u; };c1 be a frame for HE(Q) with frame operator Sz and if T be a self
adjoint, invertible, right linear operator on HE(Q). Then {Tu;}icz be a frame for HE(Q) with
frame operator T'SgT and its canonical dual frame is {T‘ng1 U; pieT
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Proof. Straight forward O

Proposition 3.20. Ler W = {(W; " w;)}ic1 be a fusion frame for HE(Q) with frame operator
Sy and let T be a self adjoint, invertible, right linear operator on HE(Q) such that TT*(W}E) C
WE for all i € T. Then {(TWE w;)}ier is a fusion frame for HE(Q) with frame operator
TSWT .

Proof. Let §; = {ui;}je, is a frame for WE, i € T. As T*T(W}E) ¢ W and by Lemma 3.19,
{T;;} e, be aframe for W2 with frame operator TSz T. The canonical dual frame of {Tu;; } e,
is {T*IS&IUZ—J— }je., so by the Proposition 3.18, we obtain

Z’]TWiR (u)w? = Z Z Tuij<T_lS§iluij|u> w? = TSWT 'u, u € HE(Q). o

ieT i€ \jeJ;

Next, we give an equivalent condition for a fusion frame to be Parseval fusion frame in term
of Parseval frame of a right quaternionic Hilbert space.

Proposition 3.21. For each i € T, let w; > 0 and {u;;};c, be a Parseval frame sequence for
HA(Q). Define W} = span;c ; {ui;}, i € T and let {ei;}jc,, is an orthonormal basis for
WHE i € I. Then the following are equivalent.

(i) {uijw;}iez jes, is a Parseval frame for HE(RQ).
(ii) {eijwitiet je; is a Parseval frame for HE(Q).
(iii) {(W;®,w;)}iez is a Parseval fusion frame for HF(Q).
Proof. Straight forward O

Proposition 3.22. W = {(W;®, w;) }iez is a Parseval fusion frame for HE(Q) if and only if the
frame operator Syy = I on HE(Q).

Proof. For each i € Z, let {e;;}je, be an orthonormal basis for W2, Let {(WiR, w;) biex 18
a Parseval fusion frame for H?(Q) then by Theorem 3.11 we have Sy, = I. Conversely, let
Sy = I implies

u= Syw(u Z’]TWR u)w; _226” (eijluyw?, u € HE(Q).

€T €L jeJ;
Consider
2 2
[ul| = (ulu) = <Zzeij<eiju>wi|u>
i€T jEJ;
NI
= > wiuley)(eijlu)
ieT jes;
2 2
= >0 wil{eijlu)l
i€T jed;
= Zw Z| eijlu)|? Zw2||7rWR )2 u e HE(Q). ]
i€l jed; i€l

Proposition 3.23. Ler {W[},c1 be a family of right subspaces in H?(Q). Then {W2}icz is
an orthonormal basis of subspaces of HE(Q) if and only if {W},cz is a 1-uniform Parseval

fusion frame of HE(Q).

Proof. Foreachi € Z, {e;;}jc s, be an orthonormal basis for W}t. Let H*(Q) = €., W/ this
gives {e;; }iez.jes, is an orthonormal basis for H () and hence
lull> =" el = llmws ()|, v e HYQ).
€T jeJ; i€l
Conversely, as [[ul* = X [l (w)|F = 5 3 I{esslu) P, u € (). Hence {es;}ier.jes, is
i€z i€z el

an orthonormal basis for H? () which implies H?(Q) = @ WZ. O
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4 Perturbation of fusion frames in quaternionic Hilbert spaces

In this section, we will study different types of perturbation of fusion frames in quaternionic
Hilbert spaces. Casazza and Kutynoik [9], studied a perturbation in context of Hilbert spaces
same can discussed in the context of quaternionic Hilbert spaces.

Definition 4.1. Let {W/},c7 and {W£},c7 be family of closed subspaces in HE(Q), {w;}iez
be a family of positive real number. Let there exists 0 < Aj, A, < 1 and € > 0 such that

(e — mpe)ull < Millmrull + Mol gl + el ull, Vu € H¥(Q), Vi e T.

then we say {(WZ,w;)}iez is a (A1, Ay, €)- perturbation of {(W; %, w;)}sez

Proposition 4.2. Let {(W; ", w;) }ic1 be a fusion frame for W (Q) with fusion frame bounds T
and 1, suppose 0 < \; < 1 and € >0 0 be such that

(1= —e( 3 w?)? > 0. Let {(WE, w;)}iez be a (A1, A, €)—perturbation of { (Wi, w;) }ier

i€
for some 0 < \y < 1. Then {( B w)Yiez form a fusion frame for HE(Q) with fusion frame
2
(I-2A)VF —e( 5 wd)? Vi (A +e( T wd)?
bounds H)\;g and I_Az"ez
Proof. Similar to proof of Theorem 5.2 in [9]. O

Example 4.3. Let us consider the Example 2.4, and VNViR = span{e;}, Vi € N. Then for any
e > 0 such that e < (1 — A1) and Ay = 1 — Ay. The family {(WE w;) Yier is a (A1, A2, €)-
perturbation of { (", wl)}zez Hence by Theorem 4, {(W ,w;) }iez forms a fusion frame for

HE(Q).

Chirstensen [7] proved the Paley-Wiener Theorem for frames in Hilbert spaces. In Theorem
4.1 [15], authors discussed for frames in right quaternionic Hilbert spaces.

Definition 4.4. Let {u; };c7 and {4;};cz be two sequences in a right quaternionic Hilbert space
HE(9Q), we say {4; }iez is a (A1, \2)-perturbation of {u; };c7 for some 0 < \j, Ay < 1if

1> (ui = @)l < MDD wigll + Xl @igill, {aitier € P(Q).

1€L i€T i€l

If {u;}iez is a frame for H?(Q) and {4, }iez is a (A1, \2)-perturbation of {u; };c7 for some
0 < A, A2 < 1, then by Theorem 4.1 [15], {1i; }ie7 is a frame for H(LQ). Using this we can
extended Proposition 5.4 [9], in case of right quaternionic Hilbert space.

Proposition 4.5. Let {u; };c1 be a frame sequence in HE(Q) and let {1;};c1 is a
(A1, A\2)-perturbation of {u;}icz for some 0 < A\, Ay < 1. Then the following hold:

(i) forall {g;}icr € 1*(Q) we have

1+ X
]+AH§:%%H<H§:M%H_1 2| Y il

1€L €T

(ii) Ifwe let W = span,.7{u;} and WE = span;_,{i;}, then

A 14+ A
(s () 2 (155 = M2 =2 ) i ()l w € B9

Moreover, Ty r is a right isomorphism on range of my,r provided \i, Ay < é
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Proof. (i) First part follows from Theorem 4.1 [15]. ~
(ii) Let S is the frame operator corresponding to frame § = {; }icz, then for any u € HE(Q)

1) (wi = @)(S wlw)l| < Ml Y widSg @alu) || + Aol Y @il Sy i)
i€l i€l i€l

1+ X\
< MyT ||Z (Sz ailu)l| + ol Y @Sy )|

i€l €T

1+ A
= (W) el

Therefore we have

lmw s (mgn(@)l| = |lmws (Y @S @ilu))|]
i€l
> (1> mwn (w) (S5 Glu)|| = 11D mwn (us — @) (S5 )|
€L €T
1-—X\ I+ X
= (1 Ty /\]1 Y /\2) H?TWR(U)H, U EHR(Q). O

Remark 4.6. In part (i¢) of Proposition 4.5, we can change 7y = and 75, = without affecting the
bounds.

Proposition 4.7. Let {(W; %, w;) }iez be a fusion frame for HE(Q) with fusion frame bounds r
and 1y respectively. Further let {u;;};cs, is a frame for WR, ) E T and {i;} e, be a (M, \2)-

perturbation of {u;;};cy, for some 0 < Aj, X\ < 1. Let 1 — § = (% — A1 H)‘Z — )\2) and

VT — (X w?)z > 0. Then {(WE, w;)}iez is a fusion frame for HE(Q) with fusion frame
i€T

2 2
bounds |\/r; —e( w%)é] and {\/172 +e(> wf);} , where WE = span{ii;;}jes,,i € T.
i€T i€T

Proof. For any u € H() and fixed i € Z by Proposition 4.5 we have

|‘7TWiR(U)||2 2 ||7TWiR7TWiR(U)||2 + (I - WWiR)WWiR(U)Hz
2
€
> (1= Dlimwe I + 17 = w0

Hence by Remark 4.6 we have

»_ € 2 »_ € 2 R
U =7 r)mwe (@7 < Fllmwe @51 = mws)mge @17 < S llmpe @)l o € HY(Q).
Now this result follow by Proposition 4.2 and fact that
|(mwr = mwr) WIP = (e — mr) (u)|u)

= ((mwr — Twrmwr + Tyr — Ty rmg ) (w)lu)

< = ) s (0) + (7 = 7)o )
< %waﬂ Mkl + 5 g (o
< €l u e HE(Q). ]

5 Woven fusion frames in quaternionic Hilbert spaces

Definition 5.1. Let H = {(H;", v;)}icz and W = {(W; ", w;)}scz be two fusion frames for
H7(Q). Then H and W are said to be woven fusion frame for HR(Q) if there ex1st constants
0 < 71 < 7, < oo such that for any subset o of Z, the family {(H; ,vz)}le(r u{(W; ,wz)}iegc
is a fusion frame for H () with lower and upper fusion frame bounds 7 and 7.
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If only upper bound condition is hold then H and W are said to form a woven Bessel sequence
of subspaces for H(£Q) with bound r,. The constants r; and 7, are called the universal woven
fusion frame bounds.

In order to show the existence of woven fusion frames we have have the following examples:

Example 5.2. Let H*(Q) be a right quaternionic Hilbert space with the orthonormal basis
{eitier, vi = land w; = 2, i € . Let W/ = H = span{e;} then {(H;",v;)}icr and
{(W;,w;)}iez are fusion frames for H (). Therefore, for any u € H () and for any subset
o C I, we have

llul > < D Kealw) P+ D 4leslu) = llull> +3 D (eilw)* < 4]ul]

i€o i€oc i€o”
Thus {(H;", v;)}Yier and {(W;®, w;)}icz form a woven fusion frame for H(£).

Example 5.3. Let H?(£Q) be a right quaternionic Hilbert space with the orthonormal basis
{ei}ien, vi = land w; =2, i € Z. Let W? = span{e, }, and W, = span{e; },

WE = span{e;}, i >3 and HF = span{e;},i € N. Clearly {(W;®, w;) }iez and {(H; ", v;) }ier
are fusion frames for H*(Q), but they do not form a woven fusion frame for H(£Q). Consider
o= {2} C N, then

> illmgr(e)|? + Y willmwr(e)lP = > eilea)? +4l{eilea)]* = 0.

jEo© jEo JET/{2}
Next, we give a necessary condition for the existence of woven fusion frame.

Proposition 5.4. Let HZ(Q) be a rlght quaternionic Hilbert space with an orthonormal basis
{eiYier. Let {(H;® v;) Yier and { (W%, w;) }iez are two fusion frames for HE(Q) such that for
each j € I, {myr(ex)}rer and {my r(er)}rer are orthogonal sets. Suppose for each k € I,
there exists a constant M > 0 and a sequence of purely real quatemions {sz}l jEI such that

inf{|[3,’§j\2 :j€I}>M >0and ﬂW]R(ek) Z 7THR(€7) ”, Vj € T. Then {(H;",v;) }ier

and {(W;®,w;) }iez form a wovenfusionframefar HE(Q).
Proof. Let 111,712 and 171,17, be the lower and upper fusion frame bounds for fusion frames

{(H;", v;)Yier and {(W;®, w;)}icr respectively. Let o C Z be any subset and for any u =
3 eryr € HE(Q), then

keL
(rz+r)llul? > > vlllrga@)?+ > willwys(u)|]?
JjEOT jEOT”
= > llmgr @)+ D willmwr (O erye)ll*

JjEo jeEOTE kel

Since
2
. (Zem) = <7rw,ﬁ (Zem) T (Zv)> =" Flllmwn(en)l?
kel kel kel kel

and

[l (er)ll® = (mwn(ex)lmwn(ex)) —Z \5 PPllmpn (el

zEI

Therefore, for u € HZ(Q)

rovmin{ 1, M[[u|* <o |lmgs )P+ > willmys W) < (ria + ro)|[ul*. o

j€o jeoe
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In the next example, we construct woven fusion frame using Proposition 5.4.

Example 5.5. Let H? () be a right quaternionic Hilbert space with an orthonormal ba51s {ei}ien-
Let H? = W/ = span{e;} and v; = w; = 1, Vi € N. Then {(H; ", v;) }sen and {(W; T, w;) Fien
are fus1on frames with fusion frame bounds r1; = r;p = 1 and ro; = ro0 = 1. As {myr(ex) bren

and {my, r (ex) }ren are orthogonal sets and we define {3} }; jen as 85 = 1ifi = kand 8f; =0
otherwise. Then inf{|ﬁ’,§j|2 :jeN}=1>0.

v
ZWHR ei)—- U = WHf(ek)%ij = 7THJR(ek) = WWJR(ek)-
ieN Wi

Therefore, by Proposition 5.4, {(HZR, v;) Yiez and {(W;®, w;)}sez form a woven fusion frame.

In the following result, we show that family of two Bessel sequence of subspaces are always
woven.

Proposition 5.6. Let {(H;",v;)}ier and {(W;",w;)}icr be two Bessel Sequences of subspaces
for HE(Q) with Bessel bounds r1, and ry respectively. Then the family {(H; 7Uz)}iez and
{(WiR, w;) bieT IS a woven Bessel sequence of subspaces with Bessel bound 11, + 1.

Proof. For any subset o of Z, any u € H?(Q),

> villmgn ()P + Y willmwr @) < D e llmgn ()P + ) willmy e (u)]

i€ i€oc i€l i€l

IN

(ri2 + ra2)|[ul|*. u|

Theorem 5.7. Suppose {(H; 7U1)}1€I and {(W; ,wl)}zez are two fusion frames for HE(Q)
with lower and upper fusion frame bounds r\1, 1, and ry1, ry; respectively. Let there exist M > 0
such that for any subset J C I,

> lmar(w)v; = mys (u)w|* < M min {Z 1 (w)osl 2, |7TwiR(U)wz‘||2} ,u € HH(Q).
= ied =
Then {(H;®,v;)Yiez and { (W, w;) Yse1 form a woven fusion frame with universal woven fusion

frame bounds (Tz‘]‘\;f;; and (r12 + 722).

Proof. For any subset o of Z, consider

(ri+ra)llull < Y ollmgr(@IP + Y willmw s (u)]|

i€l €L

< Sl ol + 203l (u)o; — s (@) P

€0 1€0C
+ Z HWWR(U)WHZ) + 2(2 HWWiR(U)wz‘ - WH?(U)’UiHZ
i€0C i€0
+ > g ()il ) D s (w)wil
€0 i€oc
< @M 43X Il il + Y limgn(wwil?),u € HYQ).
€0 i€o°
and the upper bound condition follow by Proposition 5.6. O

In the next result, we give a necessary condition for fusion frames to be woven in terms of
existence of a positive right linear operator.

Theorem 5.8. Let {(Hl-R, v;) Yiez and {(WiR, w;) }iez be two fusion frames for H(Q). For any
subset J C I, suppose that the operator U; : HF(Q) — HE(Q) given by
Us(u) =Y lmwr(u)w] — mgr(u)o]], v e HY(Q)
ieJ

is a positive right linear operator on (). Then {(H;,v;)}iex and {(W;, w;)}iez form a
woven fusion frames for HE(Q).
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Proof. Let r1,r12 and 721,22 be lower and upper fusion frame bounds for {(H; 701)}261 and
{(W,w;)}ier respectively. Then for any subset o C Z and any u € H?(Q), we have

2 2 2 2
rullul? < Y- G llmgn (@)|P =Y o lmgn ()| + () wps(w)oflu)

€T i€o €0’
= llrpr (@) + (O mwr(w)wilu) — Use(u)lu)
€0 i€oc
<Y villmgr@)IP + D willmwsW)|* < (ra+ra)l[ul. D
1€0 1€0¢

In the next example, we construct woven fusion frame using Theorem 5.8.

Example 5.9. Let H?(Q) has an orthonormal basis {e; };cn, then for any u € H?(QQ) we have

u =Y e;e;u). Let H* = span{e;,e;11} and W' = span{e;,e;11,€i42} and v; = w; =
ieN

1,Vi € N. Then {(H;® v;)}Yien and {(W;®,w;)}ien are fusion frames with fusion frame

bounds 1,2 and 1, 3 respectively and for any subset J C N and u € HF(Q),

k=i+2 i+1
Us(u) = Y [mwrw; —mgr(@ol] =Y | Y elelu) = eileslu)
i€J i€J k=1 k=i

Z ei+2{€italu).

icJ

This implies (U;(u)lu) > 0, u € H?(Q). Therefore, by Theorem 5.8, {(H;™, v;)}ien and
{(W:,w;)}ien form a woven fusion frame for H?(£).

For the completion we give two result which can be proved on the similar lines as in the case
of complex Hilbert space.

Theorem 5.10. Let {u;}icn and {p;}icn are frames for HE(Q). Assume that for every two
disjoint, finite sets G,J C N and every € > 0, there exists subsets 0,6 C N\ (G U J) with
d = N\ (GUJUo) so that the lower frame bounds of {u; }iccuo U{pi }icsus is less than e. Then
there exist a subset M C N so that {f;}icar U {gi Yicase is not a frame for HZ(Q) and hence
{u;}ien and {p;}ien are not a woven frames for HE(Q).

Proof. Similar to the prove of Lemma 4.3 [19]. O

Theorem 5.11. Let {(H;",v;)}ien and {(Wi, w;)Yien are fusion frames for HE(Q). As-
sume that for every two disjoint, finite sets G,J C N and every ¢ > 0, there exists subsets
0,6 C N\ (GUJ)withd = N\ (GUJ U o) so that the lower fusion frame bounds of
{(H,»R7 v;) bieguo U {(WiR, w;) }iegus IS less than e. Then there exist a subset M C N so that
{(HiR7 v;) Yiem U {(WiR, w;) Yienre is not a fusion frames for H(Q) and hence {(H; ™, vz)}zeN
and {(W;®,w;) }ien are not a woven fusion frame for H®(Q).

Proof. Similar to the prove of Lemma 4.3 [19]. O
Next we give perturbation theorems for woven fusion frame in quaternionic Hilbert spaces.
Theorem 5.12. Let {(H; %, v;)Yicz and {(W;,w;)Yicz be fusion frames for HE(Q) with lower

and upper fusion bounds ry1, 12 and 171, 123 respectively. Assume that there exist scalars y >
0,0< )\ < %, X > 0, such that 7‘11(% — A1) — Xor — p > 0and

D v — mrw) (WP <MY ollrgr (W) + X Y willmwr ()P + pllul, v € HY(Q).
i€l i€ i€l

Then {(H;",v;) Yier and {(W; %, w;) }Yiez form a woven fusion frames for HE(Q).
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Proof. Let o C I be any subset. Consider

(rz+ro)llull> > D Fllrgr @I + D w]llmys (u)]>
€0 i€0°
1

2 ZU§|\WHﬁ(U)||2 T3 Z U1'2||7TH,;'°(U)

i€0 1€0°
S e ()en — (e

1€0°¢

1

> ((2 — )\1)7“11 — AT — M) ||u||2, u € HR(Q) a

Next example will demonstrate the Theorem 5.12.

Example 5.13. Let {e; };cn be an orthonormal basis for HR(D) Let H* = WE = span{e;},
and v; = 2,w; = 1, Vi € N. Then {(H;",v;)}sen and {(W; " 711/1)}151\1 are fusion frames for
H#(Q) with fusion frame bounds 7 = 715 = 4 and 751 = ry» = 1 respectively. Then for
Al = %,)\2 = % and,u: % wehaver“(l —)\|) — Ao — > 0,

Y Mg = myrw) (WP =Y eduw)* < MY ofllmg s (u)]?

ieN ieN ieN
+ %) willmy s (w)|? + pllul P, v € HY(DQ).
ieN
Therefore, by Theorem 5.12, {(H; ™, v;) }sen and {(W; T, w;) }sen form a woven fusion frame for
HE(Q).

Theorem 5.14. Let {(H;", v;)}icr and {(W}, v;)}icr are fusion frames for HE(Q) with fusion
frame bounds ry1, r12 and 11, T respectively. Let {u;;};c s, and {p;;};cs, are frames for HE
and W} for each i € I. Suppose {pi;}jcs is a (\1, \2)-perturbation of {ui;};c;, for some
0 < A, M < 1andlet e > 0, such that

A 14\ ? :
1= = (T A - ) e (Zﬁ) > (12 722) + 260471y + Vi) (Zv%)

i€l i€l

Then {(H;",v;) }iez and { (W}, v;) }ic form a woven fusion frame.

Proof. For all u € HE(Q) and i € Z, by Proposition 4.7 we have ||(myr — myr)(u)|| < €lu]].
Let o C Z be any subset then, for u € H(Q)

S llran @I + 3 a2 307 (llmwa ] - llmwn () - wa)l)

i€o 1€0° €0

+ 3002 (I @)l [ (w) — s (])’

i€o°
> —ro|ful® = rioful* + E|[ul (Y of)
€T
l 1 1 1
2l | (T DA ) )+ (5 Y )
1€0 1€0 1€0¢ 1€o¢

[ Zv (ri2 +722) = 2e(v/r12 + Vry)( ZU ]|“|2

i€T i€l
By Proposition 5.6 we get the upper bound condition. O
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