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Abstract In [15] authors have studied frames of operators in Quaternionic Hilbert spaces and
silently discussed that fusion frames are particular case of frames of operators. In this paper, we
have studied and extended their properties and present some of their characterizations in quater-
nionic Hilbert spaces. Further, we have examined the existence of synthesis, analysis, and frame
operators and investigated their properties for fusion frames in Quaternionic Hilbert spaces. Fur-
thermore, we have given some perturbation results for fusion frames in Quaternionic Hilbert
spaces similar to the results in Hilbert spaces. Finally, woven fusion frames in Quaternionic
Hilbert spaces are studied.

1 Introduction

Frames [11] in Hilbert spaces were introduced in 1952 while studying the non-harmonic Fourier
series. But their potential was realized by the researchers after the work done by Daubechies,
Grossman, and Meyer [3], due to its vast applications in various fields like signal and image
processing, sigma-delta quantization, filter bank theory, and wireless communication. For more
details, one may refer to [6]. In recent years, many generalizations of frames were introduced
and studied. One of a generalization which is much appreciated by the researchers is fusion
frames in Hilbert spaces introduced by P. Casazza and G. Kutyniok [8]. Fusion frames are used
in filter bank theory, time-frequency analysis, and signal and image processing. For further
details, regarding the applications and properties of fusion frames and its extension see [8, 9, 1].
In [19] Bemrose et al. have defined and studied the properties of weaving frames in Hilbert
spaces which are used in distributed signal processing.

Hamilton discovered the field of quaternion which is a generalization of complex numbers,
it is a four-dimensional non-commutative real algebra. Quaternions are used to study rotation
in the higher dimension, theory of relativity, Newtonian and quantum mechanics, and general
relativity in which Lorentz transformation is given in terms of quaternions. For details regarding
quaternions see [13]. In [10] R. Ghiloni et al. have extended the continuous functional calculus
in the case of quaternionic Hilbert spaces.

Khokulan, Thirulogasanthar and Srisatkunarajah [4] have defined and studied frames in finite
dimensional quaternionic Hilbert spaces. In [14], Sharma and Goel have studied frames in the
separable right quaternionic Hilbert spaces. H. Ellouz [2] studiedK-frames in right quaternionic
Hilbert spaces and studied the invertibility of corresponding frames operators. Recently in [12]
Ruchi et al. has defined OPV -frames in right quaternionic Hilbert spaces and woven frames,
woven K-frames and K-fusion frames in right quaternionic Hilbert spaces were studied in [17,
5, 18].

In this paper, we have studied and extended the properties of fusion frames and present some
of their characterizations in quaternionic Hilbert spaces. Further, we have examined the existence
of synthesis, analysis, and frame operators and investigated their properties for fusion frames in
quaternionic Hilbert spaces. Furthermore, we have given some perturbation results for fusion
frames in quaternionic Hilbert spaces similar to the results in Hilbert spaces. Finally, woven
fusion frames in quaternionic Hilbert spaces are studied.
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Outline of the paper

The paper is divided into four sections. In Section 2, we have reviewed the definitions of frames
and fusion frames in the right quaternionic Hilbert spaces. Further, some know results are stated
which will be used to prove subsequent results. In Section 3, a necessary and sufficient con-
dition for a family of subspaces to be fusion frames (Bessel sequences of subspaces) in terms
of synthesis operator and the definition of dual fusion frames are given. In Section 4, we will
study the perturbation of fusion frames in the right quaternionic Hilbert spaces. In Section 5,
we have defined woven fusion frames in the right quaternionic Hilbert spaces, also given the
necessary conditions under which two families of fusion frames form woven fusion frames in
right quaternionic Hilbert spaces.

2 Preliminaries

Since quaternions are non-commutative we will consider the right quaternionic Hilbert space.
Throughout this paper, we will denote N to be the set of natural numbers and I, J be any
countable index sets and Q denotes the quaternionic field, we assume that right quaternionic
Hilbert space HR(Q) is separable. The family of right subspaces of HR(Q) is represented
by {WR

i }i∈I , {HR
i }i∈I and {wi}i∈I , {vi}i∈I denotes the family of weights, i.e wi > 0, vi >

0, ∀ i ∈ I.
Quaternions are four dimensional non commutative real algebra generated by 1, i, j, k where
i, j, k called imaginary units. As we know that quaternions are extension of complex number(C)
and operation on C are those of Q restricted over C, for operation and various properties of
quaternions see [10], for further details.

Definition 2.1. [10] A right quaternionic pre-Hilbert space or right quaternionic inner prod-
uct space VR(Q) is a right quaternionic vector space together with the binary mapping 〈.|.〉 :
VR(Q)×VR(Q)→ Q (called the Hermitian quaternionic inner product) which satisfies follow-
ing properties:

(i) 〈v1|v2〉 = 〈v2|v1〉 for all v1, v2 ∈ VR(Q).

(ii) 〈v|v〉 > 0 if v 6= 0.

(iii) 〈v|v1 + v2〉 = 〈v|v1〉+ 〈v|v2〉 for all v, v1, v2 ∈ VR(Q)

(iv) 〈v|uq〉 = 〈v|u〉q for all v, u ∈ VR(Q) and q ∈ Q.

Let us define a non negative mapping ||.|| on VR(Q), as ||u|| =
√
〈u|u〉 it is easy to prove

that ||.|| form a norm on VR(Q). Moreover if VR(Q) is complete under this norm then it is said
to be right quaternionic Hilbert space and denoted by HR(Q).

In [14], authors introduced frames in any separable right quaternionic Hilbert spaces.

Definition 2.2 ([14]). Let HR(Q) be a right quaternionic Hilbert space and {ui}i∈I be a sequence
in HR(Q). Then {ui}i∈I is said to be a frame for HR(Q), if there exist two finite real constants
with 0 < r1 ≤ r2 such that

r1‖u‖2 ≤
∑
i∈I
|〈ui|u〉|2 ≤ r2‖u‖2, for all u ∈ HR(Q).

The above inequality is called frame inequality and r1, r2 are called lower and upper frame
bounds respectively. If only upper bound condition hold then {ui}i∈I is said to form a Bessel
sequence with Bessel bound r2. For details regarding frame operators, perturbation and dual
frames see [14].

Definition 2.3. [15] Let {WR
i }i∈I be a sequence of right closed subspaces of a right separable

quaternionic Hilbert space HR(Q) and {wi}i∈I be a family of weights i.e. wi > 0, ∀ i ∈ I. Then
{(WR

i , wi)}i∈I is called a fusion frame (frame of subspaces), if there exist constants 0 < r1 ≤
r2 <∞ called fusion frame bounds such that

r1||u||2 ≤
∑
i∈I

w2
i ||πWR

i
(u)||2 ≤ r2||u||2, ∀u ∈ HR(Q).
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Example 2.4. Let HR(Q) be a right quaternionic Hilbert space and {ei}i∈N be an orthonormal
basis for HR(Q). Define WR

1 = span{e1} and WR
i = span{ei−1}, ∀i ≥ 2, and wi = 1, ∀i ∈ N.

Then {(WR
i , wi)}i∈N is a fusion frame for HR(Q) with lower and upper fusion frame bounds

r1 = 1 and r2 = 2, respectively.

We can also say the family of subspaces {WR
i }i∈I form a fusion frame with respect to

{wi}i∈I for HR(Q). Moreover if r1 = r2 then the family {WR
i }i∈I is said to be tight fu-

sion frame for HR(Q) and Parseval fusion frame if r1 = r2 = 1. If HR(Q) =
⊕

i∈IW
R
i , then

{WR
i }i∈I is called an orthonormal basis of subspaces and if wi = wj = w, then {WR

i }i∈I , is
called a w-uniform fusion frame. If only upper bound condition hold then we say the family
{WR

i }i∈I , is a Bessel sequence of subspaces with respect to {wi}i∈I with bound r2 for HR(Q).

Definition 2.5. [17] Let Nm be the set of first m natural numbers, HR(Q) be a right quaternionic
Hilbert space and F = {{uij}i∈N : j ∈ Nm} be a family of frames for HR(Q). Then F is
said to be woven if there are universal positive real numbers r1 and r2 so that for every partition
P = {σj}j∈Nm

of N, the family FP = {uij}i∈σj ,j∈Nm
is a frame for HR(Q) with lower and

upper frame bounds r1 and r2, respectively. Each family FP is called a weaving. If every
weaving is a Bessel sequence, then F is called a woven Bessel sequence for HR(Q).

Lemma 2.6. [10] If HR(Q) is a right quaternionic Hilbert space and φ 6= A ⊂ HR(Q), then
HR(Q) = A⊥⊕〈A〉.Where A⊥ = {v ∈ HR(Q) : 〈v|u〉 = 0 ∀ u ∈ A} and 〈A〉 denotes the right
Q-linear subspace of HR(Q) consisting of all finite right Q-linear combinations of elements of
A.

Theorem 2.7. [14](The Reconstruction Formula). Let HR(Q) be a right quaternionic Hilbert
space and {ui}i∈I be a frame for HR(Q) with frame operator S. Then for every u ∈ HR(Q)
can be expressed as u =

∑
i∈I

S−1ui〈ui|u〉 =
∑
i∈I

ui〈S−1ui|u〉.

Theorem 2.8. [16] Let HR(Q) be a right quaternionic Hilbert space and {ui}i∈I be a frame
for HR(Q) with the frame operator S. Fix u ∈ HR(Q), if u =

∑
i∈I

uiqi for some quaternionic

sequence {qi}i∈I ∈ l2(Q). Then we have∑
i∈I
|qi|2 =

∑
i∈I
|〈S−1ui|u〉|2 +

∑
i∈I
|〈S−1ui|u〉 − qi|2.

Lemma 2.9. [10] In right quaternionic Hilbert Space HR(Q), Cauchy-Schwarz inequality hold:
|〈u|v〉|2 ≤ 〈u|u〉〈v|v〉 for all u, v ∈ HR(Q).

Lemma 2.10. [2] Let HR(Q) and HR
1 (Q) be two right quaternionic Hilbert spaces and

T ∈ B(HR(Q),HR
1 (Q)) be a bounded, right linear operator with closed range then there exist

an right linear operator T † ∈ B(HR
1 (Q),HR(Q)) such that

||T †||−1||u|| ≤ ||T ∗u|| ≤ ||T || ||u|| ,∀u ∈ R(T ).

3 Fusion frames in quaternionic Hilbert spaces

Let {WR
i }i∈I be a family of right subspaces of HR(Q). Then the family {WR

i }i∈I is said to
be complete if span{WR

i }i∈I = HR(Q). We begin this section with the following equivalent
conditions for the fusion frame in a right quaternionic Hilbert spaces.

Theorem 3.1. For each i ∈ I, let wi > 0, {uij}j∈Ji be a frame sequence in HR(Q) with
frame bounds r1i and r2i, WR

i = spanj∈Ji{uij} and {eij}j∈Ji be an orthonormal basis for the
subspace WR

i . Suppose that

0 < r1

(
= inf

i∈I
r1i

)
≤ r2

(
= sup

i∈I
r2i

)
<∞.

Then following statements are equivalent:

(i) {uijwi}i∈I,j∈Ji is a frame for HR(Q).
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(ii) {eijwi}i∈I,j∈Ji is a frame for HR(Q).

(iii) {(Wi
R, wi)}i∈I is a fusion frame for HR(Q).

Proof. Since for i ∈ I, {uij}j∈Ji is a frame for WR
i with bounds r1i and r2i, therefore we have

r1

∑
i∈I

w2
i ||πWR

i
(u)||2 ≤

∑
i∈I

r1iw
2
i ||πWR

i
(u)||2

≤
∑
i∈I

∑
j∈Ji

w2
i |〈uij |πWR

i
(u)〉|2 ≤ r2

∑
i∈I

w2
i ||πWR

i
(u)||2, u ∈ HR(Q).

Also
∑
i∈I

∑
j∈Ji
|〈uijwi|πWR

i
(u)〉|2 =

∑
i∈I

∑
j∈Ji
|〈uijwi|u〉|2, u ∈ HR(Q). Thus (a) and (c) are

equivalent. Further

w2
i ||πWR

i
(u)||2 = w2

i ||
∑
j∈Ji

eij〈eij |u〉||2 =
∑
j∈Ji

|〈eijwi|u〉|2, u ∈ HR(Q).

Hence (b) and (c) are equivalent.

Lemma 3.2. If {(Wi
R, wi)}i∈I is a fusion frame for HR(Q) then it is complete.

Proof. Let u∈HR(Q) be such that u ⊥ span{WR
i }i∈I , so

∑
i∈I

w2
i ||πWR

i
(u)||2 = 0 which gives

u = 0.

In next result we give a necessary and sufficient condition under which a fusion frame form
a complete set.

Proposition 3.3. Let {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) and {eij}j∈Ji be an orthonor-

mal basis for WR
i , i ∈ I. Then {(Wi

R, wi)}i∈I is complete if and only if {eij}i∈I,j∈Ji is com-
plete in HR(Q).

Proof. Follow from Theorem 3.1 and Lemma 3.2.

If an element from a frame is removed then either we left with a frame or an incomplete set.
In next result we have extended the Theorem 5.4.7 [6] for the case of right quaternionic Hilbert
spaces, which will be used to prove subsequent results.

Lemma 3.4. Let {uk}k∈I be a frame for HR(Q). If any element say uj is removed from frame
{uk}k∈I then

(i) If 〈S−1uj |uj〉 6= 1, then {uk}k 6=j is a frame for HR(Q).

(ii) If 〈S−1uj |uj〉 = 1, then {uk}k 6=j is not complete.

Proof. As uj =
∑
i∈I

ui〈S−1ui|uj〉, denote ai = 〈S−1ui|uj〉, i ∈ I, as uj =
∑
i∈I

uiδi,j then by

Theorem 2.8, we have

1 =
∑
i∈I
|δi,j |2 =

∑
i∈I
|ai|2 +

∑
i∈I
|ai − δi,j |2 =

∑
i∈I
|ai|2 + |aj − 1|2 +

∑
i 6=j

|ai|2.

If aj 6= 1, we have uj = 1
1−aj

∑
i6=j

uiai, then for any u ∈ HR(Q), we compute

|〈uj |u〉|2 =

∣∣∣∣∣∣ 1
1− aj

∑
i6=j

ai〈ui|u〉

∣∣∣∣∣∣
2

≤ 1
|1− aj |2

∑
i 6=j

|ai|2
∑
i 6=j

|〈ui|u〉|2 = C
∑
i 6=j

|〈ui|u〉|2.

where C = 1
|1−aj |2

∑
i 6=j
|ai|2. Therefore for any u ∈ HR(Q),

r1||u||2 ≤
∑
i∈I
|〈ui|u〉|2 ≤ (1 + C)

∑
i 6=j

|〈ui|u〉|2.
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This gives

r1

(1 + C)
≤
∑
i 6=j

|〈ui|u〉|2 ≤ r2||u||2, u ∈ HR(Q).

If aj = 1 then we have
∑
i 6=j
|ai|2 = 0 this implies 〈S−1uj |ui〉 = 0, i 6= j, since S−1uj 6= 0.

Therefore, we have a non-zero element S−1uj orthogonal to {ui}i 6=j .

Next, we give the following result for fusion frames which is similar to Lemma 3.4 as in case
of frames.

Proposition 3.5. If a subspace from a family of fusion frame is removed then the remaining
subspaces either form a fusion frame or it is an incomplete family of subspaces.

Proof. Let {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) and for each i ∈ I, let {eij}j∈Ji be an

orthonormal basis for WR
i . Then by Theorem 3.1, {eijwi}i∈I,j∈Ji forms a frame for HR(Q). If

{eijwi}i∈I\i0,j∈Ji is a frame therefore again by Theorem 3.1, {(Wi
R, wi)}i∈I\i0 forms a fusion

frame for HR(Q). Now let {eijwi}i∈I\i0,j∈Ji is not a frame then by Theorem 3.4, it is an
incomplete family and hence {eij}i∈I\i0,j∈Ji is an incomplete family and hence by Lemma 3.3
{(Wi

R, wi)}i∈I\i0 is an incomplete family of subspaces.

In the following result, we prove that intersection of subspaces of a fusion frame with a right
subspace of a right quaternionic Hilbert space forms a fusion frame for the subspace.

Proposition 3.6. Let {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) and V R be any right subspace

of HR(Q), then {WR
i ∩ V R}i∈I form a fusion frame for V R with respect to {wi}i∈I with same

fusion frame bounds as of {(Wi
R, wi)}i∈I .

Proof. As
∑
i∈I

w2
i ||πWR

i
(u)||2 =

∑
i∈I

w2
i ||πWR

i ∩V R(u)||2, u ∈ V R. Therefore, result holds.

Let {(Wi
R, wi)}i∈I be a Bessel sequence of subspaces for HR(Q). Then the set(∑

i∈I

⊕
WR
i

)
l2(Q)

=

{
{ui}i∈I : ui ∈WR

i ,
∑
i∈I
||ui||2 <∞

}
,

defines a right quaternionic Hilbert space under the inner product given by

〈{ui}i∈I |{pi}i∈I〉 =
∑
i∈I
〈ui|pi〉, {ui}i∈I , {pi}i∈I ∈

(∑
i∈I

⊕
WR
i

)
l2(Q)

Next, we give a Lemma which will be used to define subsequent definitions:

Lemma 3.7. Let {(Wi
R, wi)}i∈I is a Bessel sequence of subspaces then

∑
i∈I

uiwi converges un-

conditionally for every {ui}i∈I ∈
(∑
i∈I

⊕
WR
i

)
l2(Q)

.

Proof. Let J ⊂ I be any finite subset of I and u =
∑
i∈J

uiwi, then we have

∥∥∥∥∥∑
i∈J

uiwi

∥∥∥∥∥
4

≤

(∑
i∈J

wi||πWR
i
(u)|| ||ui||

)2

≤
∑
i∈J

w2
i ||πWR

i
(u)||2

∑
i∈J
||ui||2 ≤ r2||u||2

∑
i∈J
||ui||2

we have ||
∑
i∈J

uiwi||2 ≤ r2
∑
i∈J
||ui||2, since {ui}i∈I is a Cauchy sequence and hence series

converges unconditionally.
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Definition 3.8. Let W = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q). Then the synthe-

sis operator for W is a right linear operator TW :
(∑
i∈I

⊕
WR
i

)
l2(Q)

→ HR(Q) given by

TW({ui}i∈I) =
∑
i∈I

uiwi.

The adjoint operator T ∗W is called analysis operator for W , in the next result the expression
for T ∗W is given.

Proposition 3.9. Let W = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q). Then the analysis

operator T ∗W : HR(Q) −→
(∑
i∈I

⊕
WR
i

)
l2(Q)

is given by T ∗W(u) = {πWR
i
(u)wi}i∈I .

Proof. Let u ∈ HR(Q) and {ui}i∈I ∈
(∑
i∈I

⊕
WR
i

)
l2(Q)

, consider

〈T ∗W(u)|{ui}i∈I〉 = 〈u|TW({ui}i∈I)〉

=
∑
i∈I

wi〈πWR
i
(u)|ui〉

=
∑
i∈I
〈πWR

i
(u)wi|ui〉 = 〈{πWR

i
(u)wi}i∈I |{ui}i∈I〉.

In next result, we give a necessary and sufficient condition under which a family of subspaces
form a Bessel sequence of subspaces.

Proposition 3.10. Let {WR
i }i∈N be a sequence of right closed subspaces of a right separable

quaternionic Hilbert space HR(Q) and {wi}i∈N be a family of weights. Then
W = {(Wi

R, wi)}i∈I is a Bessel sequence of subspaces for HR(Q) with a bound r2 if and

only if TW :
(∑
i∈I

⊕
WR
i

)
l2(Q)

→ HR(Q) is a well defined, bounded right-linear operator on

HR(Q) with ||TW || ≤ r2.

Proof. Forward part holds in view of Lemma 3.7. Conversely, as ||T ∗W || = ||TW || ≤
√
r2,

therefore for any u ∈ HR(Q) we have

r2||u||2 ≥ ||T ∗W(u)||2

= 〈{πWR
i
(u)wi}i∈I |{πWR

i
(u)wi}i∈I〉

=
∑
i∈I
〈πWR

i
(u)wi|πWR

i
(u)wi〉 =

∑
i∈I

w2
i ||πWR

i
(u)||2.

If W = {(Wi
R, wi)}i∈I is a fusion frame for HR(Q). Then the right linear operator SW :

HR(Q)→ HR(Q) defined by

SW(u) = TWT
∗
W(u) =

∑
i∈I

πWR
i
(u)w2

i , u ∈ HR(Q)

is called the frame operator corresponding to fusion frameW .

In the next result we give some properties of frame operator corresponding to a fusion frame.

Theorem 3.11. LetW = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) with lower and upper fu-

sion bounds r1 and r2 respectively. Then the frame operator SW is a positive, bounded, invertible
and self adjoint right linear operator on HR(Q).

Proof. For any u ∈ HR(Q), we have

〈SW(u)|u〉 =

〈∑
i∈I

πWR
i
(u)w2

i |u

〉
=
∑
i∈I

w2
i

〈
πWR

i
(u)|πWR

i
(u)
〉
=
∑
i∈I

w2
i ||πWR

i
(u)||2.



FUSION FRAMES IN QHS 149

This gives r1I ≤ SW ≤ r2I and hence SW is a positive and bounded right linear operator on
HR(Q). Also 0 ≤ I − r−1

2 SW ≤ r2−r1
r2

I and consequently

||I − r−1
2 SW || = sup

||u||=1
|〈(I − r−1

2 SW)(u)|u〉| ≤ r2 − r1

r2
< 1.

Hence SW is an invertible operator, further for any u1, u2 ∈ HR(Q) consider

〈SW(u1)|u2〉 =

〈∑
i∈I

πWR
i
(u1)w

2
i |u2

〉
=
∑
i∈I

w2
i

〈
πWR

i
(u1)|u2

〉
=
∑
i∈I

w2
i

〈
u1|πWR

i
(u2)

〉

=

〈
u1|
∑
i∈I

πWR
i
(u2)w

2
i

〉
= 〈u1|SW(u2)〉 .

This implies S∗W = SW .

Corollary 3.12. (The Reconstruction Formula) Let HR(Q) be a right quaternionic Hilbert space
andW = {(Wi

R, wi)}i∈I be a fusion frame for HR(Q), corresponding frame operator is SW .
Then for any u ∈ HR(Q), we have u =

∑
i∈I

S−1
W πWR

i
(u)w2

i .

Proof. As SW is invertible, so for any u ∈ HR(Q), we have

u = S−1
W SW(u) =

∑
i∈I

S−1
W πWR

i
(u)w2

i .

In next result, we give a necessary and sufficient condition for a family of subspaces to be a
fusion frame in terms of their synthesis operator.

Proposition 3.13. Let {WR
i }i∈I be a family of right subspaces of HR(Q). Then

W = {(Wi
R, wi)}i∈I is a fusion frame if and only if TW :

(∑
i∈I

⊕
WR
i

)
l2(Q)

→ HR(Q) is a

well defined, bounded right linear operator from
(∑
i∈I

⊕
WR
i

)
l2(Q)

onto HR(Q).

Proof. As frame operator SW = TWT
∗
W is an invertible right linear operator implies TW is a onto

operator. Conversely, by Proposition 3.10 W is a Bessel sequence of subspaces. Also, in view

of Lemma 2.10, there exist a bounded right linear operator T †W : HR(Q) →
(∑
i∈I

⊕
WR
i

)
l2(Q)

such that

||T †||−2||u||2 ≤ ||T ∗u||2 =
∑
i∈I

w2
i ||πWR

i
(u)||2, u ∈ HR(Q).

In the next result, we construct a fusion frame with the help of a frame.

Proposition 3.14. Let F = {ui}i∈I be a frame for HR(Q) with lower and upper frame bounds r1
and r2 respectively, and frame operator is SF. ThenW = {(span{ui}, ||ui||)}i∈I form a fusion
frame for HR(Q) with bounds r1 and r2 with frame operator SW = SF.

Proof. For any u ∈ HR(Q),

SF(u) =
∑
i∈I

ui〈ui|u〉 =
∑
i∈I
||ui||2

ui
||ui||

〈
ui
||ui||

|u
〉
=
∑
i∈I
||ui||2πspan{ui}(u) = SW(u).

In the following result, projection operator of a right subspace is given in term of its frame
operator corresponding to fusion frame.
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Proposition 3.15. Let W = {(Wi
R, wi)}i∈I be a fusion frame for a right subspace V R of

HR(Q). Then the map πV R : HR(Q)→ V R given by

πV R(u) =
∑
i∈I

S−1
W πWR

i
(u)w2

i , u ∈ HR(Q)

is an orthogonal projection of V R.

Proof. Since SW : V R → V R implies πV R(u) = 0, ∀u ∈ (V R)
⊥ and by Corollary 3.12, we

have u =
∑
i∈I

S−1
W πWR

i
(u)w2

i , ∀u ∈ V R. This implies π2
V R = πV R .

Definition 3.16. IfW = {(Wi
R, wi)}i∈I be a fusion frame of HR(Q) with frame operator SW .

Then {S−1
W WR

i , wi}i∈I is called the dual fusion frame corresponding to fusion frame W =

{(Wi
R, wi)}i∈I .

One can easily observe that the dual fusion frame is also a fusion frame for HR(Q).
Next, a relationship between frame operator of a fusion frame and frame operator of a frame

generated by an orthonormal bases for the corresponding right subspaces of HR(Q) is given.

Proposition 3.17. Let W = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) and {uij}j∈Ji be a

Parseval frame for WR
i , i ∈ I. Then the frame operator SW of {(Wi

R, wi)}i∈I is equal to frame
operator SF of the frame F = {uijwi}i∈I,j∈Ji . Further,∑

i∈I
S−1
W πWR

i
(u)w2

i =
∑
i∈I

∑
j∈Ji

S−1
F (uijwi)〈uijwi|u〉, u ∈ HR(Q).

Proof. Since {uij}j∈Ji is a Parseval frame for WR
i , so we have

πWR
i
(u) =

∑
j∈Ji

uij〈uij |πWR
i
(u)〉 =

∑
j∈Ji

uij〈uij |u〉, u ∈ HR(Q).

This gives

SW(u) =
∑
i∈I

πWR
i
(u)w2

i

=
∑
i∈I

∑
j∈Ji

uij〈uij |u〉w2
i

=
∑
i∈I

∑
j∈Ji

uijwi〈uijwi|u〉 = SF(u), u ∈ HR(Q).

Therefore∑
i∈I

S−1
W πWR

i
(u)w2

i =
∑
i∈I

S−1
F (

∑
j∈Ji

uij〈uij |u〉)w2
i

=
∑
i∈I

∑
j∈Ji

S−1
F (uijwi)〈uijwi|u〉, u ∈ HR(Q).

Proposition 3.18. Let W = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) and Fi = {uij}j∈Ji

be a frame for WR
i , i ∈ I with canonical dual frame F̃i = {ũij = S−1

F uij}j∈ Ji . Then SW =∑
i∈I

TF̃i
T ∗Fi

w2
i =

∑
i∈I

TFi
T ∗
F̃i
w2
i , where TFi

, T ∗Fi
and TF̃i

, T ∗
F̃i

are synthesis and analysis operators

for the frames {uij}j∈Ji and {S−1
F uij}j∈Ji respectively.

Proof. As for each u ∈ HR(Q), SW(u) =
∑
i∈I

∑
j∈Ji

ũij〈uij |u〉w2
i =

∑
i∈I

∑
j∈Ji

uij〈ũij |u〉w2
i , there-

fore the result follows.

Lemma 3.19. Let F = {ui}i∈I be a frame for HR(Q) with frame operator SF and if T be a self
adjoint, invertible, right linear operator on HR(Q). Then {Tui}i∈I be a frame for HR(Q) with
frame operator TSFT and its canonical dual frame is {T−1S−1

F ui}i∈I .
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Proof. Straight forward

Proposition 3.20. LetW = {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) with frame operator

SW and let T be a self adjoint, invertible, right linear operator on HR(Q) such that TT ∗(WR
i ) ⊂

WR
i for all i ∈ I. Then {(TWR

i , wi)}i∈I is a fusion frame for HR(Q) with frame operator
TSWT

−1.

Proof. Let Fi = {uij}j∈Ji is a frame for WR
i , i ∈ I. As T ∗T (WR

i ) ⊂WR
i and by Lemma 3.19,

{Tuij}j∈Ji be a frame forWR
i with frame operator TSFT . The canonical dual frame of {Tuij}j∈Ji

is {T−1S−1
Fi
uij}j∈Ji , so by the Proposition 3.18, we obtain

∑
i∈I

πWR
i
(u)w2

i =
∑
i∈I

∑
j∈Ji

Tuij〈T−1S−1
Fi
uij |u〉

w2
i = TSWT

−1u, u ∈ HR(Q).

Next, we give an equivalent condition for a fusion frame to be Parseval fusion frame in term
of Parseval frame of a right quaternionic Hilbert space.

Proposition 3.21. For each i ∈ I, let wi > 0 and {uij}j∈Ji be a Parseval frame sequence for
HR(Q). Define WR

i = spanj∈Ji{uij}, i ∈ I and let {eij}j∈Ji is an orthonormal basis for
WR
i , i ∈ I. Then the following are equivalent.

(i) {uijwi}i∈I,j∈Ji is a Parseval frame for HR(Q).

(ii) {eijwi}i∈I,j∈Ji is a Parseval frame for HR(Q).

(iii) {(Wi
R, wi)}i∈I is a Parseval fusion frame for HR(Q).

Proof. Straight forward

Proposition 3.22.W = {(Wi
R, wi)}i∈I is a Parseval fusion frame for HR(Q) if and only if the

frame operator SW = I on HR(Q).

Proof. For each i ∈ I, let {eij}j∈Ji be an orthonormal basis for WR
i . Let {(Wi

R, wi)}i∈I is
a Parseval fusion frame for HR(Q) then by Theorem 3.11 we have SW = I . Conversely, let
SW = I implies

u = SW(u) =
∑
i∈I

πWR
i
(u)w2

i =
∑
i∈I

∑
j∈Ji

eij〈eij |u〉w2
i , u ∈ HR(Q).

Consider

||u||2 = 〈u|u〉 =

〈∑
i∈I

∑
j∈Ji

eij〈eij |u〉w2
i |u

〉

=
∑
i∈I

∑
j∈Ji

w2
i 〈u|eij〉〈eij |u〉

=
∑
i∈I

∑
j∈Ji

w2
i |〈eij |u〉|2

=
∑
i∈I

w2
i

∑
j∈Ji

|〈eij |u〉|2 =
∑
i∈I

w2
i ||πWR

i
(u)||2, u ∈ HR(Q).

Proposition 3.23. Let {WR
i }i∈I be a family of right subspaces in HR(Q). Then {WR

i }i∈I is
an orthonormal basis of subspaces of HR(Q) if and only if {WR

i }i∈I is a 1-uniform Parseval
fusion frame of HR(Q).

Proof. For each i ∈ I, {eij}j∈Ji be an orthonormal basis for WR
i . Let HR(Q) =

⊕
i∈IW

R
i this

gives {eij}i∈I,j∈Ji is an orthonormal basis for HR(Q) and hence

||u||2 =
∑
i∈I

∑
j∈Ji

|〈eij |u〉|2 =
∑
i∈I
||πWR

i
(u)||2, u ∈ HR(Q).

Conversely, as ||u||2 =
∑
i∈I
||πWR

i
(u)||2 =

∑
i∈I

∑
j∈Ji
|〈eij |u〉|2, u ∈ HR(Q). Hence {eij}i∈I,j∈Ji is

an orthonormal basis for HR(Q) which implies HR(Q) =
⊕
WR
i .
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4 Perturbation of fusion frames in quaternionic Hilbert spaces

In this section, we will study different types of perturbation of fusion frames in quaternionic
Hilbert spaces. Casazza and Kutynoik [9], studied a perturbation in context of Hilbert spaces
same can discussed in the context of quaternionic Hilbert spaces.

Definition 4.1. Let {WR
i }i∈I and {W̃R

i }i∈I be family of closed subspaces in HR(Q), {wi}i∈I
be a family of positive real number. Let there exists 0 ≤ λ1, λ2 < 1 and ε > 0 such that

||(πWR
i
− π

W̃R
i
)u|| ≤ λ1||πWR

i
u||+ λ2||πW̃R

i
u||+ ε||u||, ∀u ∈ HR(Q), ∀ i ∈ I.

then we say {(W̃R
i , wi)}i∈I is a (λ1, λ2, ε)- perturbation of {(Wi

R, wi)}i∈I

Proposition 4.2. Let {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) with fusion frame bounds r1

and r2, suppose 0 ≤ λ1 < 1 and ε > 0 be such that
(1−λ1)

√
r1−ε(

∑
i∈I

w2
i )

1
2 > 0. Let {(W̃R

i , wi)}i∈I be a (λ1, λ2, ε)−perturbation of {(Wi
R, wi)}i∈I

for some 0 ≤ λ2 < 1. Then {(W̃R
i , wi)}i∈I form a fusion frame for HR(Q) with fusion frame

bounds

 (1−λ1)
√
r1−ε(

∑
i∈I

w2
i)

1
2

1+λ2

2

and

√r2(1+λ1)+ε(
∑
i∈I

w2
i)

1
2

1−λ2

2

.

Proof. Similar to proof of Theorem 5.2 in [9].

Example 4.3. Let us consider the Example 2.4, and W̃R
i = span{ei}, ∀ i ∈ N. Then for any

ε > 0 such that ε < (1 − λ1) and λ2 = 1 − λ1. The family {(W̃R
i , wi)}i∈I is a (λ1, λ2, ε)-

perturbation of {(Wi
R, wi)}i∈I . Hence by Theorem 4, {(W̃R

i , wi)}i∈I forms a fusion frame for
HR(Q).

Chirstensen [7] proved the Paley-Wiener Theorem for frames in Hilbert spaces. In Theorem
4.1 [15], authors discussed for frames in right quaternionic Hilbert spaces.

Definition 4.4. Let {ui}i∈I and {ũi}i∈I be two sequences in a right quaternionic Hilbert space
HR(Q), we say {ũi}i∈I is a (λ1, λ2)-perturbation of {ui}i∈I for some 0 ≤ λ1, λ2 < 1 if

||
∑
i∈I

(ui − ũi)qi|| ≤ λ1||
∑
i∈I

uiqi||+ λ2||
∑
i∈I

ũiqi||, {qi}i∈I ∈ l2(Q).

If {ui}i∈I is a frame for HR(Q) and {ũi}i∈I is a (λ1, λ2)-perturbation of {ui}i∈I for some
0 ≤ λ1, λ2 < 1, then by Theorem 4.1 [15], {ũi}i∈I is a frame for HR(Q). Using this we can
extended Proposition 5.4 [9], in case of right quaternionic Hilbert space.

Proposition 4.5. Let {ui}i∈I be a frame sequence in HR(Q) and let {ũi}i∈I is a
(λ1, λ2)-perturbation of {ui}i∈I for some 0 ≤ λ1, λ2 < 1. Then the following hold:

(i) for all {qi}i∈I ∈ l2(Q) we have

1− λ1

1 + λ2
||
∑
i∈I

ũiqi|| ≤ ||
∑
i∈I

uiqi|| ≤
1 + λ2

1− λ1
||
∑
i∈I

ũiqi||

(ii) If we let WR = spani∈I{ui} and W̃R = spani∈I{ũi}, then

||πWR(πW̃R(u))|| ≥
(

1− λ1

1 + λ2
− λ1

1 + λ2

1− λ1
− λ2

)
||πW̃R(u)||, u ∈ HR(Q).

Moreover, πWR is a right isomorphism on range of πW̃R provided λ1, λ2 ≤ 1
5 .



FUSION FRAMES IN QHS 153

Proof. (i) First part follows from Theorem 4.1 [15].
(ii) Let SF̃ is the frame operator corresponding to frame F̃ = {ũi}i∈I , then for any u ∈ HR(Q)

||
∑
i∈I

(ui − ũi)〈S−1
F̃
ũi|u〉|| ≤ λ1||

∑
i∈I

ui〈S−1
F̃
ũi|u〉||+ λ2||

∑
i∈I

ũi〈S−1
F̃
ũi|u〉||

≤ λ1
1 + λ2

1− λ1
||
∑
i∈I

ũi〈S−1
F̃
ũi|u〉||+ λ2||

∑
i∈I

ũi〈S−1
F̃
ũi|u〉||

=

(
λ1

1 + λ2

1− λ1
+ λ2

)
||πW̃R(u)||.

Therefore we have

||πWR(πW̃R(u))|| = ||πWR(
∑
i∈I

ũi〈S−1
F̃
ũi|u〉)||

≥ ||
∑
i∈I

πWR(ui)〈S−1
F̃
ũi|u〉|| − ||

∑
i∈I

πWR(ui − ũi)〈S−1
F̃
ũi|u〉||

≥
(

1− λ1

1 + λ2
− λ1

1 + λ2

1− λ1
− λ2

)
||πW̃R(u)||, u ∈ HR(Q).

Remark 4.6. In part (ii) of Proposition 4.5, we can change πWR and πW̃R without affecting the
bounds.

Proposition 4.7. Let {(Wi
R, wi)}i∈I be a fusion frame for HR(Q) with fusion frame bounds r1

and r2 respectively. Further let {uij}j∈Ji is a frame for WR
i , i ∈ I and {ũij}j∈Ji be a (λ1, λ2)-

perturbation of {uij}j∈Ji for some 0 ≤ λ1, λ2 < 1. Let 1 − ε2

2 =
(

1−λ1
1+λ2

− λ1
1+λ2
1−λ1

− λ2

)
and

√
r1 − ε(

∑
i∈I

w2
i )

1
2 > 0. Then {(W̃R

i , wi)}i∈I is a fusion frame for HR(Q) with fusion frame

bounds
[
√
r1 − ε(

∑
i∈I

w2
i )

1
2

]2

and
[
√
r2 + ε(

∑
i∈I

w2
i )

1
2

]2

, where W̃R
i = span{ũij}j∈Ji , i ∈ I.

Proof. For any u ∈ HR(Q) and fixed i ∈ I by Proposition 4.5 we have

||πWR
i
(u)||2 ≥ ||πW̃R

i
πWR

i
(u)||2 + ||(I − πW̃R

i
)πWR

i
(u)||2

≥ (1− ε2

2
)||πWR

i
(u)||2 + ||(I − πW̃R

i
)πWR

i
(u)||2.

Hence by Remark 4.6 we have

||(I − πW̃R
i
)πWR

i
(u)||2 ≤ ε2

2
||πWR

i
(u)||2, ||(I − πWR

i
)πW̃R

i
(u)||2 ≤ ε2

2
||πW̃R

i
(u)||2, u ∈ HR(Q).

Now this result follow by Proposition 4.2 and fact that

||(πWR
i
− πW̃R

i
)(u)||2 = 〈(πWR

i
− πW̃R

i
)2(u)|u〉

= 〈(πWR
i
− πW̃R

i
πWR

i
+ πW̃R

i
− πWR

i
πW̃R

i
)(u)|u〉

≤ ||(I − πW̃R
i
)(πWR

i
(u)) + (I − πWR

i
)(πW̃R

i
(u))||||u||

≤ ε2

2
||πWR

i
(u)||||u||+ ε2

2
||πW̃R

i
(u)||||u||

≤ ε2||u||2, u ∈ HR(Q).

5 Woven fusion frames in quaternionic Hilbert spaces

Definition 5.1. Let H = {(Hi
R, vi)}i∈I and W = {(Wi

R, wi)}i∈I be two fusion frames for
HR(Q). Then H and W are said to be woven fusion frame for HR(Q) if there exist constants
0 < r1 ≤ r2 < ∞ such that for any subset σ of I, the family {(Hi

R, vi)}i∈σ ∪ {(Wi
R, wi)}i∈σc

is a fusion frame for HR(Q) with lower and upper fusion frame bounds r1 and r2.
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If only upper bound condition is hold thenH andW are said to form a woven Bessel sequence
of subspaces for HR(Q) with bound r2. The constants r1 and r2 are called the universal woven
fusion frame bounds.

In order to show the existence of woven fusion frames we have have the following examples:

Example 5.2. Let HR(Q) be a right quaternionic Hilbert space with the orthonormal basis
{ei}i∈I , vi = 1 and wi = 2, i ∈ I. Let WR

i = HR
i = span{ei} then {(Hi

R, vi)}i∈I and
{(Wi

R, wi)}i∈I are fusion frames for HR(Q). Therefore, for any u ∈ HR(Q) and for any subset
σ ⊂ I, we have

||u||2 ≤
∑
i∈σ
|〈ei|u〉|2 +

∑
i∈σc

4|〈ei|u〉|2 = ||u||2 + 3
∑
i∈σc

〈ei|u〉|2 ≤ 4||u||2.

Thus {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I form a woven fusion frame for HR(Q).

Example 5.3. Let HR(Q) be a right quaternionic Hilbert space with the orthonormal basis
{ei}i∈N, vi = 1 and wi = 2, i ∈ I. Let WR

1 = span{e2}, and WR
2 = span{e1},

WR
i = span{ei}, i ≥ 3 and HR

i = span{ei}, i ∈ N. Clearly {(Wi
R, wi)}i∈I and {(Hi

R, vi)}i∈I
are fusion frames for HR(Q), but they do not form a woven fusion frame for HR(Q). Consider
σ = {2} ⊂ N, then∑

j∈σc

v2
j ||πHR

i
(e2)||2 +

∑
j∈σ

w2
j ||πWR

i
(e2)||2 =

∑
j∈I/{2}

|〈ei|e2〉|2 + 4|〈e1|e2〉|2 = 0.

Next, we give a necessary condition for the existence of woven fusion frame.

Proposition 5.4. Let HR(Q) be a right quaternionic Hilbert space with an orthonormal basis
{ei}i∈I . Let {(Hi

R, vi)}i∈I and {(Wi
R, wi)}i∈I are two fusion frames for HR(Q) such that for

each j ∈ I, {πHR
j
(ek)}k∈I and {πWR

j
(ek)}k∈I are orthogonal sets. Suppose for each k ∈ I,

there exists a constant M > 0 and a sequence of purely real quaternions {βkij}i,j∈I such that
inf{|βkkj |2 : j ∈ I} ≥ M > 0 and πWR

j
(ek) =

∑
i∈I

πHR
j
(ei)

vj
wj
βkij , ∀j ∈ I. Then {(Hi

R, vi)}i∈I

and {(Wi
R, wi)}i∈I form a woven fusion frame for HR(Q).

Proof. Let r11, r12 and r21, r22 be the lower and upper fusion frame bounds for fusion frames
{(Hi

R, vi)}i∈I and {(Wi
R, wi)}i∈I respectively. Let σ ⊂ I be any subset and for any u =∑

k∈I
ekγk ∈ HR(Q), then

(r12 + r22)||u||2 ≥
∑
j∈σ

v2
j ||πHR

i
(u)||2 +

∑
j∈σc

w2
j ||πWR

i
(u)||2

=
∑
j∈σ

v2
j ||πHR

i
(u)||2 +

∑
j∈σc

w2
j ||πWR

i
(
∑
k∈I

ekγk)||2.

Since∥∥∥∥∥πWR
i

(∑
k∈I

ekγk

)∥∥∥∥∥
2

=

〈
πWR

i

(∑
k∈I

ekγk

)∣∣∣∣πWR
i

(∑
k∈I

ekγk

)〉
=
∑
k∈I

|γ̄k|2||πWR
i
(ek)||2

and

||πWR
i
(ek)||2 = 〈πWR

i
(ek)|πWR

i
(ek)〉 =

∑
i∈I

v2
j

w2
j

|β̄kij |2||πHR
i
(ei)||2.

Therefore, for u ∈ HR(Q)

r11 min{1,M}||u||2 ≤
∑
j∈σ

v2
j ||πHR

i
(u)||2 +

∑
j∈σc

w2
j ||πWR

i
(u)||2 ≤ (r12 + r22)||u||2.
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In the next example, we construct woven fusion frame using Proposition 5.4.

Example 5.5. Let HR(Q) be a right quaternionic Hilbert space with an orthonormal basis {ei}i∈N.
LetHR

i =WR
i = span{ei} and vi = wi = 1, ∀ i ∈ N. Then {(Hi

R, vi)}i∈N and {(Wi
R, wi)}i∈N

are fusion frames with fusion frame bounds r11 = r12 = 1 and r21 = r22 = 1. As {πHR
i
(ek)}k∈N

and {πWR
i
(ek)}k∈N are orthogonal sets and we define {βkij}i,j∈N as βkij = 1 if i = k and βkij = 0

otherwise. Then inf{|βkkj |2 : j ∈ N} = 1 > 0.∑
i∈N

πHR
j
(ei)

vj
wj
βkij = πHR

j
(ek)

vj
wj
βkkj = πHR

j
(ek) = πWR

j
(ek).

Therefore, by Proposition 5.4, {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I form a woven fusion frame.

In the following result, we show that family of two Bessel sequence of subspaces are always
woven.

Proposition 5.6. Let {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I be two Bessel sequences of subspaces
for HR(Q) with Bessel bounds r12 and r22 respectively. Then the family {(Hi

R, vi)}i∈I and
{(Wi

R, wi)}i∈I is a woven Bessel sequence of subspaces with Bessel bound r12 + r22.

Proof. For any subset σ of I, any u ∈ HR(Q),∑
i∈σ

v2
i ||πHR

i
(u)||2 +

∑
i∈σc

w2
i ||πWR

i
(u)||2 ≤

∑
i∈I

v2
i ||πHR

i
(u)||2 +

∑
i∈I

w2
i ||πWR

i
(u)||2

≤ (r12 + r22)||u||2.

Theorem 5.7. Suppose {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I are two fusion frames for HR(Q)
with lower and upper fusion frame bounds r11, r12 and r21, r22 respectively. Let there existM > 0
such that for any subset J ⊂ I,∑
i∈J
||πHR

i
(u)vi − πWR

i
(u)wi||2 ≤M min

{∑
i∈J
||πHR

i
(u)vi||2,

∑
i∈J
||πWR

i
(u)wi||2

}
, u ∈ HR(Q).

Then {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I form a woven fusion frame with universal woven fusion
frame bounds (r11+r21)

(2M+3) and (r12 + r22).

Proof. For any subset σ of I, consider

(r11 + r21)||u||2 ≤
∑
i∈I

v2
i ||πHR

i
(u)||2 +

∑
i∈I

w2
i ||πWR

i
(u)||2

≤
∑
i∈σ
||πHR

i
(u)vi||2 + 2(

∑
i∈σc

||πHR
i
(u)vi − πWR

i
(x)wi||2

+
∑
i∈σc

||πWR
i
(u)wi||2) + 2(

∑
i∈σ
||πWR

i
(u)wi − πHR

i
(u)vi||2

+
∑
i∈σ
||πHR

i
(u)vi||2)

∑
i∈σc

||πWR
i
(u)wi||2

≤ (2M + 3)(
∑
i∈σ
||πHR

i
(u)vi||2 +

∑
i∈σc

||πWR
i
(u)wi||2), u ∈ HR(Q).

and the upper bound condition follow by Proposition 5.6.

In the next result, we give a necessary condition for fusion frames to be woven in terms of
existence of a positive right linear operator.

Theorem 5.8. Let {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I be two fusion frames for HR(Q). For any
subset J ⊆ I, suppose that the operator UJ : HR(Q)→ HR(Q) given by

UJ(u) =
∑
i∈J

[πWR
i
(u)w2

i − πHR
i
(u)v2

i ], u ∈ HR(Q)

is a positive right linear operator on HR(Q). Then {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I form a
woven fusion frames for HR(Q).
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Proof. Let r11, r12 and r21, r22 be lower and upper fusion frame bounds for {(Hi
R, vi)}i∈I and

{(Wi
R, wi)}i∈I respectively. Then for any subset σ ⊂ I and any u ∈ HR(Q), we have

r11||u||2 ≤
∑
i∈I

v2
i ||πHR

i
(u)||2 =

∑
i∈σ

v2
i ||πHR

i
(u)||2 + 〈

∑
i∈σc

πHR
i
(u)v2

i |u〉

=
∑
i∈σ

v2
i ||πHR

i
(u)||2 + 〈

∑
i∈σc

πWR
i
(u)w2

i |u〉 − 〈Uσc(u)|u〉

≤
∑
i∈σ

v2
i ||πHR

i
(u)||2 +

∑
i∈σc

w2
i ||πWR

i
(u)||2 ≤ (r12 + r22)||u||2.

In the next example, we construct woven fusion frame using Theorem 5.8.

Example 5.9. Let HR(Q) has an orthonormal basis {ei}i∈N, then for any u ∈ HR(Q) we have
u =

∑
i∈N

ei〈ei|u〉. Let HR
i = span{ei, ei+1} and WR

i = span{ei, ei+1, ei+2} and vi = wi =

1, ∀ i ∈ N. Then {(Hi
R, vi)}i∈N and {(Wi

R, wi)}i∈N are fusion frames with fusion frame
bounds 1, 2 and 1, 3 respectively and for any subset J ⊂ N and u ∈ HR(Q),

UJ(u) =
∑
i∈J

[πWR
i
(u)w2

i − πHR
i
(u)v2

i ] =
∑
i∈J

[
k=i+2∑
k=i

ei〈ei|u〉 −
i+1∑
k=i

ei〈ei|u〉

]

=
∑
i∈J

ei+2〈ei+2|u〉.

This implies 〈UJ(u)|u〉 ≥ 0, u ∈ HR(Q). Therefore, by Theorem 5.8, {(Hi
R, vi)}i∈N and

{(Wi
R, wi)}i∈N form a woven fusion frame for HR(Q).

For the completion we give two result which can be proved on the similar lines as in the case
of complex Hilbert space.

Theorem 5.10. Let {ui}i∈N and {pi}i∈N are frames for HR(Q). Assume that for every two
disjoint, finite sets G, J ⊂ N and every ε > 0, there exists subsets σ, δ ⊂ N \ (G ∪ J) with
δ = N\(G∪J ∪σ) so that the lower frame bounds of {ui}i∈G∪σ∪{pi}i∈J∪δ is less than ε. Then
there exist a subset M ⊂ N so that {fi}i∈M ∪ {gi}i∈Mc is not a frame for HR(Q) and hence
{ui}i∈N and {pi}i∈N are not a woven frames for HR(Q).

Proof. Similar to the prove of Lemma 4.3 [19].

Theorem 5.11. Let {(Hi
R, vi)}i∈N and {(Wi

R, wi)}i∈N are fusion frames for HR(Q). As-
sume that for every two disjoint, finite sets G, J ⊂ N and every ε > 0, there exists subsets
σ, δ ⊂ N \ (G ∪ J) with δ = N \ (G ∪ J ∪ σ) so that the lower fusion frame bounds of
{(Hi

R, vi)}i∈G∪σ ∪ {(Wi
R, wi)}i∈J∪δ is less than ε. Then there exist a subset M ⊂ N so that

{(Hi
R, vi)}i∈M ∪{(Wi

R, wi)}i∈Mc is not a fusion frames for HR(Q) and hence {(Hi
R, vi)}i∈N

and {(Wi
R, wi)}i∈N are not a woven fusion frame for HR(Q).

Proof. Similar to the prove of Lemma 4.3 [19].

Next we give perturbation theorems for woven fusion frame in quaternionic Hilbert spaces.

Theorem 5.12. Let {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I be fusion frames for HR(Q) with lower
and upper fusion bounds r11, r12 and r21, r22 respectively. Assume that there exist scalars µ ≥
0, 0 ≤ λ1 <

1
2 , λ2 ≥ 0, such that r11(

1
2 − λ1)− λ2r22 − µ > 0 and∑

i∈I
||(πHR

i
vi − πWR

i
wi)(u)||2 ≤ λ1

∑
i∈I

v2
i ||πHR

i
(u)||2 + λ2

∑
i∈I

w2
i ||πWR

i
(u)||2 + µ||u||2, u ∈ HR(Q).

Then {(Hi
R, vi)}i∈I and {(Wi

R, wi)}i∈I form a woven fusion frames for HR(Q).
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Proof. Let σ ⊆ I be any subset. Consider

(r12 + r22)||u||2 ≥
∑
i∈σ

v2
i ||πHR

i
(u)||2 +

∑
i∈σc

w2
i ||πWR

i
(u)||2

≥
∑
i∈σ

v2
i ||πHR

i
(u)||2 + 1

2

∑
i∈σc

v2
i ||πHR

i
(u)||2

−
∑
i∈σc

||πHR
i
(u)vi − πWR

i
(u)wi||2

≥
(
(

1
2
− λ1)r11 − λ2r22 − µ

)
||u||2, u ∈ HR(Q).

Next example will demonstrate the Theorem 5.12.

Example 5.13. Let {ei}i∈N be an orthonormal basis for HR(Q). Let HR
i = WR

i = span{ei},
and vi = 2, wi = 1, ∀ i ∈ N. Then {(Hi

R, vi)}i∈N and {(Wi
R, wi)}i∈N are fusion frames for

HR(Q) with fusion frame bounds r11 = r12 = 4 and r21 = r22 = 1 respectively. Then for
λ1 =

1
4 , λ2 =

1
8 and µ = 3

4 we have r11(
1
2 − λ1)− λ2r22 − µ > 0,∑

i∈N
||(πHR

i
vi − πWR

i
wi)(u)||2 =

∑
i∈N
|〈ei|u〉|2 ≤ λ1

∑
i∈N

v2
i ||πHR

i
(u)||2

+ λ2

∑
i∈N

w2
i ||πWR

i
(u)||2 + µ||u||2, u ∈ HR(Q).

Therefore, by Theorem 5.12, {(Hi
R, vi)}i∈N and {(Wi

R, wi)}i∈N form a woven fusion frame for
HR(Q).

Theorem 5.14. Let {(Hi
R, vi)}i∈I and {(WR

i , vi)}i∈I are fusion frames for HR(Q) with fusion
frame bounds r11, r12 and r21, r22 respectively. Let {uij}j∈Ji and {pij}j∈Ji are frames for HR

i

and WR
i for each i ∈ I. Suppose {pij}j∈Ji is a (λ1, λ2)-perturbation of {uij}j∈Ji for some

0 ≤ λ1, λ2 < 1 and let ε > 0, such that

1− ε2 =

(
1− λ1

1 + λ2
− λ1

1 + λ2

1− λ1
− λ2

)2

, ε2

(∑
i∈I

v2
i

)
> (r12 + r22) + 2ε(

√
r12 +

√
r22)

(∑
i∈I

v2
i

) 1
2

.

Then {(Hi
R, vi)}i∈I and {(WR

i , vi)}i∈I form a woven fusion frame.

Proof. For all u ∈ HR(Q) and i ∈ I, by Proposition 4.7 we have ||(πHR
i
− πWR

i
)(u)|| ≤ ε||u||.

Let σ ⊂ I be any subset then, for u ∈ HR(Q)∑
i∈σ

v2
i ||πHR

i
(u)||2 +

∑
i∈σc

v2
i ||πWR

i
(u)||2 ≥

∑
i∈σ

v2
i

(
||πWR

i
(u)|| − ||πWR

i
(u)− πHR

i
(u)||

)2

+
∑
i∈σc

v2
i

(
||πHR

i
(u)|| − ||πHR

i
(u)− πWR

i
(u)||

)2

≥ −r22||u||2 − r12||u||2 + ε2||u||2(
∑
i∈I

v2
i )

− 2ε||u||

[
(
∑
i∈σ

v2
i )

1
2 (
∑
i∈σ

v2
i ||πWR

i
(u)||2) 1

2 + (
∑
i∈σc

v2
i )

1
2 (
∑
i∈σc

v2
i ||πHR

i
(u)||2) 1

2

]

≥

[
ε2(
∑
i∈I

v2
i )− (r12 + r22)− 2ε(

√
r12 +

√
r22)(

∑
i∈I

v2
i )

1
2

]
||u||2.

By Proposition 5.6 we get the upper bound condition.
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