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Abstract Let R be a commutative super-ring with unity (1 # 0) and let J(R) be the set of
all superideals of R. Let ¢ : J(R) — J(R) U {0} be a reduction function of superideals of
R and let 6 : J(R) — J(R) be an expansion function of superideals of R. We recall that a
proper superideal I of R is called a ¢-0-primary superideal of R if whenever a,b € h(R) and
abe I —¢(I),thena € I orb € §(I). In this paper, we introduce a new class of superideals that
is a generalization to the class of ¢-J-primary superideals. Let S be a multiplicative subset of
h(R) such that 1 € S and let I be a proper superideal of R with SN I = (), then [ is called a ¢-§-
S-primary superideal of R associated to s € S if whenever a,b € h(R) and ab € I — ¢(I), then
sa € I or sb € §(I). In this paper, we have presented a range of different examples, properties,
and characterizations of this new class of superideals.

1 Introduction

A supercase on a ring is a Z,-grading on that ring. In general the grading on a ring, or a module,
usually leads computation by allowing one to focus on the homogeneous elements, which are
simpler and easier than random elements. However, to do this work you need to know that the
constructions being studied are graded. One approach to this issue is to redefine the constructions
entirely in terms of graded modules and avoid any consideration of non-graded modules or non-
homogeneous elements. Unfortunately, while such an approach helps to understand the graded
modules, it will only help to understand the original construction, where the graded version of
the concept coincides with the original one. Therefore, notably, the studying of the graded rings
(or modules) is very important.

Let R be a commutative ring with unity (1 # 0), then R is called a commutative super-ring if
R is a Z,-graded ring such that if a,b € Z; then R, R, C R,+, where the subscripts are taken
modulo 2. Let h(R) = RyUR;. Then h(R) is the set of homogeneous elements in R and 1 € R,.
Moreover, if = € R; for some i € Z,, then we say that x is of degree ¢ (|z| = ¢). An ideal [ of a
super-ring R is called a superideal if I = (INRy) B (INR,) = Ip® 1. Moreover, if z € I, where
I is a superideal in a super-ring R, then z is written uniquely in the form z = z¢ + =, where
z; € I; for i = 0,1. A super radical of a superideal I is denoted by Srad(/) and it is defined
as follows Srad(/) = {x = 29+ z; € R : thereexistng,n; € N such that z;°,z}" € I}.
Note that if I is a superideal of R, then Srad([) is a superideal. Also, a superhomomorphism is
nothing but a homomorphism of super-rings that is Z,-gradation preserving. Let R = Ry + R
be a super-ring and let I be a superideal of R. Then the quotient ring R/I is also a super-ring.
Indeed, R/I = (R/I)o + (R/I); where (R/I); = {z+1I:x € R;}, fori = 0,1. Also, if
A and B are two super-rings, then A x B is a super-ring with (4 x B)y = (Ap x By) and
(A x B); = (A} x By). Let R be a super-ring and let S be a multiplicative closed subset of
h(R). Then the ring of fractions S~! R is a super-ring which is called the super-ring of fractions.



216 Ameer Jaber and Hamed M. Obiedat

Indeed, S™'R = (S~'R), @ (S~'R), where
(S7'R), = {g :r€h(R), s€S and i =|r|+ |s|} :

Letn : R — S~'R be a superhomomorphism defined by n(r) = . Then for any superideal I of
R, the superideal of S~! R generated by n(I) is denoted by S~'I. Similar to non-graded cases
one can prove that

S_II:{AGS_IR:)\:C for r € I and sES},
s

and that S~'7 # S~'Rif and only if SN T = (. If J is a superideal in S™'R, then J
NR denotes the superideal =!( J ) of R. Moreover, one can prove that S~'I N h(R) =
{z € h(R) : xs € I for some s € S}. Throughout, R will be a commutative super-ring with unity.
Let S be a multiplicative subset of 2( R) such that 1 € S. In this paper, we call a proper superideal
Iof R, with I NS =0, a ¢-6-S-primary superideal of R associated to some s € S if whenever
a,b € h(R) such that ab € I — ¢(I), then sa € I or sb € §(I), where ¢ and § are reduction and
expansion functions of superideals of R, respectively.

Among many results in this paper, it is shown in Proposition 2.18 that if I is an a-¢-6-S-primary
superideal of R associated to some s € S which is not a-0-S-primary where a € Z,, then I C
¢(I). Theorem 2.19 proves that a proper superideal I of R is an a-¢-0-S-primary superideal of
R associated to some s € S if and only if for each homogenous element a € R, — (6(I) : s)
we have either (I :g, a) C (I :g, s)or ( :g, a) = (¢(I) :r, a), where « € Z,. Similarly, in
Theorem 2.20, we prove that a proper superideal I of R is an a-¢-0-S-primary superideal of R
associated to some s € S if and only if for each homogenous element a € R, — (I : s) we have
either (I :g_, a) C (6(1) :g, s)or (I :g, a) = (¢(I) :g, a), where o € Z,. In Theorem 2.29,
we show that if S satisfies the condition ¢(I) = (¢(I) : t) Vt € S, then I is a ¢-6-S-primary
superideal of R associated to some s € S if and only if (I : s) is a ¢-§-primary superideal of R
if and only if S~!7 is a ¢s-65-primary superideal of S~'R and S~'I N h(R) = h((I : s)).

In the next section, let f : X — Y be a nonzero surjective (3, $) — (7, 1)-superhomomorphism.
In Theorem 3.3, we prove that f induces one-to-one correspondence between ¢-J-S-primary su-
perideals of X associated to some s € S consisting ker(f) and 1--f(.5)-primary superideal of
Y associated to f(s) € f(5). Also, in Theorem 3.6, we prove that if a,b € h(X), then (a,b) is
a ¢-0-S-twin zero of I, where [ is a ¢-0-S-primary superideal of X associated to some s € S
consisting ker(f), if and only if (f(a), f(b)) is a ¢-y-f(S)-twin zero of f(I).

In the last section, we determine all ¢-6-S-primary superideals in direct product of super-rings
and we prove some results concerning ¢-J-S-primary superideals in direct product of super-
rings. (See Theorems 4.1- 4.4).

2 Properties of ¢-0-S-Primary superideals

Definition 2.1. Let R be a commutative super-ring with unity (1 # 0), and let J(R) be the set of
all superideals of R.

(1) Generalization of [10], a function § : J(R) — J(R) is called an expansion function of su-
perideals of R if whenever I, J, K are superideals of R with J C I, then 6(J) C () and
K C §(K).

(2) Generalization of [6], a function ¢ : J(R) — J(R) is called a reduction function of superide-
als of R if ¢(I) C I for all superideals I of R and if whenever P C @, where P and @ are
superideals of R, then ¢(P) C ¢(Q).

Definition 2.2. Let R be a commutative super-ring with unity (1 # 0), and S a multiplicative
subset of h(R). Suppose 4, ¢ are expansion and reduction functions of superideals of R, respec-
tively.

(1) A proper superideal I of R satisfying I N.S = 0 is said to be a §-S-primary superideal of R
associated to s € .S, if whenever ab € I, then sa € I or sb € §(I) for all a,b € h(R).

(2) A proper superideal I of R satisfying I NS = (} is said to be a ¢-0-S-primary superideal of
R associated to s € S, if whenever ab € T — ¢(I), then sa € I or sb € §(I) for all a,b € h(R).
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Throughout this section, R denotes a commutative super-ring with unity (1 # 0), S denotes
a multiplicative subset of A(R) such that 1 € S, §,v : J(R) — J(R) denote expansion functions,
and ¢, v : J(R) — J(R) denote reduction functions.

In the following example, we recall from [3] some examples of expansion functions and gen-
eralize them to the supercase of a given super-ring R.

Example 2.3.

(1) The identity function &y, where o(I) = I for any I € J(R).

(2) For each superideal I of R define 6 (1) by §;(I) = Srad(I) for every superideal I in J(R).
(3) Let J be a given proper superideal of R, define §(I) by 6(I) = I + J for every superideal I
in J(R).

(4) Let J be a given proper superideal of R, define §(I) by §(1) = (I : J) for every superideal I
in J(R).

(5) Assume that §;, &, are expansion functions of superideals of R. Define §(I) by 6(I) =
81(I) + 62(I) for every superideal I in J(R).

(6) Assume that d;, 6, are expansion functions of superideals of R. Define §(I) by 6(I) =
01 (I) N é2(I) for every superideal I in J(R).

(7) Assume that 4y,...,0,, are expansion functions of superideals of R. Define 6(I) by 6() =
N?_,0;(I) for every superideal I in J(R).

(8) Assume that d;, &, are expansion functions of superideals of R. Define 6(I) by §(I) =
81(02(I)) for every superideal I in J(R).

Recall that if 41,1, : J(R) — J(R) U {0} are expansion (reduction) functions of superideals
of R, we define ¢; < 1), if 1 (I) C (1) for each I € J(R).

In the following example, we recall from [2] some examples of reduction functions and gen-
eralize them to the supercase of a given super-ring R.

Example 2.4.

(1) The function ¢y, where ¢g(I) = @ for any I € J(R).
(2) The function ¢y, where ¢o(I) = {0} for any I € J(R).

(3) The function ¢, where ¢, (1) = I? for any I € J(R).

(4) The function ¢,,, where ¢,,(I) = I" for any I € J(R).

(5) The function ¢,,, where ¢, (1) = N>, I" for any I € J(R).
(6) The function ¢;, where ¢; (I) =1 for any [ € J(R)

Observe that ¢® < ¢O < ¢w >~ - < ¢n+1 < d)n >~ - < ¢2 < (bl-

Remark 2.5.

(1) If § < ~. Then every ¢-6-S-primary superideal of R is a ¢-y-S-primary superideal. In par-
ticular, every ¢-S-prime superideal of R is a ¢-J-S-primary superideal. However, the converse
is not true in general.

(2) If ¢ < 9. Then every ¢-5-S-primary superideal of R is a ¢-)-S-primary superideal. In par-
ticular, every §-S-primary superideal of R is a ¢-6-S-primary superideal. However, the converse
is not true in general.

Example 2.6.

(1) Set R = Zy5 + uZ13, where u?> = 1. Then R is a super-ring with Ry = Z15, Ry = uZi,. Let
I = 47y, + udZy. Then I is a superideal of R and 6,(I) = Srad(I) = 271> + u27Zy,. Take
S = {1}, » = ¢p. Then it is easy to check that I is a d;-S-primary superideal of R. Moreover, [
is not an S-prime superideal, since (2)(2) =4 € I but2 ¢ I.

(2) Let R = Zi» + uZis, where u> = 1. Then R is a super-ring with Ry = Z5, R| = uZj,. Let
S = {1,5}. Then S is a multiplicative subset of h(R). Let I = {0}. Then §;(I) = Srad(I) =
6Z13 + u6Z1a, (1) = I? = (0). So, I is an almost-§;-S-primary superideal of R associated to
s = 5. Moreover, (3)(4) = 0 € I but neither (3)(5) =4 € §;(I) nor (4)(5) = 8 € 6,(I). Thus,
I is not a 0;-S-primary superideal of R associated to s = 5.

Proposition 2.7. Let {J; : i €A} be adirected set of ¢-J-S-primary superideals of R associated
to s € S. Then the superideal J = U;eaJ; is a ¢-0-S-primary superideal of R associated to
seS.
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Proof. Letab € J—¢(J), where a,b € h(R). Suppose sa ¢ J. We want to show that sb € §(.J).
Since ab & ¢(J), we have ab & ¢(J;) for all i €A. Let t €A such that ab € J, — ¢(J;), then
sa € Jy or sb € 6(Jy), since J; is a ¢-6-S-primary superideal of R associated to s € S. Since
sa & J, we have sa ¢ J; which implies that sb € §(J;) C &(J). Hence J is a ¢-§-S-primary
superideal of R associated to s € S. O

Proposition 2.8. Let {Q; : i €A} be a directed set of ¢-§-S-primary superideals of R asso-
ciated to s € S. Suppose ¢(Q;) = ¢#(Q;) and 6(Q;) = §(Q;) for every i,j €A. If ¢, § have
the intersection property, then the superideal J = N;cx@Q; is a ¢-J-S-primary superideal of R
associated to s € S.

Proof. Let ¢t €A, since ¢(Q;) = ¢(Q:) and §(Q;) = §(Q:) for every i €A, and since ¢, §
have the intersection property, then ¢(J) = ¢(Q:) and 6(J) = 6(Q:). Let ab € J — ¢(J),
where a,b € h(R) such that sb & §(J). Then ab € Q: — ¢(Q:). Since Q; is a ¢-§-S-primary
superideal of R associated to s € S, we conclude that sa € Q; or sb € 6(Q;). Since sb & 6(J),
sb & 6(Qt) = §(J). Hence we conclude that sa € Q; for each ¢ €A which implies that sa € J.
Thus, J is a ¢-9-S-primary superideal of R associated to s € S. O

Obviously, every ¢-d-primary superideal of R is a ¢-6-S-primary superideal. In particular,
every weakly-J-primary (§-primary) superideal of R is a weakly-0-S-primary (4-S-primary).
However, the next two examples show that the converse is not true in general.

Example 2.9. Let R = Zgy + uZgy, where u> = 1. Then R is a super-ring with Ry = Zg,
Ry = uZgy, then I = 20Zgy + u20Zs is a superideal of R. Let S = {1,5,25,45,65}. Then S
is a multiplicative subset of h(R) such that 7 NS = (. Let § = &, and ¢ = ¢y, then 6;([) =
Srad(I) = 10Zgy + u10Zgy and ¢o(I) = (0). Let a,b € h(R) such that O # ab € I, then 2/ab
which implies that 2/a or 2/b. Thus, 5a € §;(I) or 5b € §;(I). Hence we conclude that I is a
weakly-d1-S-primary superideal of R associated to s = 5. Moreover, 0 # (4)(5) = 20 € I but
neither 4 € §;(I) nor 5 € §;(I). Thus, [ is not a weakly-d;-primary superideal.

Example 2.10. Let R = Z|[x] + uZ|x], where u> = 1. Then R is a super-ring with Ry = Z|x],
R, = uZ[z]. Let I = 4aZ[z] + udaZ|z]. Let ¢o(I) = I* = 162*Z[z] + ul6z*Z[x] and §;(I) =
Srad(I) = 2zZ[x] + u2xZ]x]. Let S = {2F : k > 0}. Then S is a multiplicative subset of
h(R) such that I N S = (. Moreover, [ is an almost-d;-S-primary superideal of R associated to
s =2 ¢ 9, sinceif f(x),g(x) € h(R) with f(2)g(z) € I — I?, then x/f(z) or x/g(x) which
implies that 2f(x) € &;(I) or 2g(z) € 0;(I). Since 4z € I — I and neither 4 € 6;(I) nor
x € §;(I), then we get that I is not an almost-0;-primary superideal of R.

Proposition 2.11. Let I be a proper superideal of R such that [ is a ¢-S-primary superideal of
R associated to s € S such that Srad(6(I)) € 6(Srad(I)) and Srad(¢(I)) C ¢(Srad(I)), then
Srad(I) is a ¢-6-S-primary superideal of R associated to s.

Proof. Leta,b € h(R) suchthat ab € Srad(I)—¢(Srad(I)). Then ab € Srad(I) which implies
that (ab)" = a"b" € I for some n > 1. If a™b" € ¢(I), then ab € Srad(¢(I)) C ¢(Srad([)),
a contradiction. Thus, a"b" € I — ¢(I) which implies that sa™ € I or sb™ € 6(I). Thus,
sa € Srad(I) or sb € Srad(6(I)) C §(Srad(I)). Hence, Srad(I) is a ¢-6-S-primary superideal
of R associated to s. ]

Corollary 2.12. Let I be a proper ¢-S-primary superideal of R associated to s € S. Suppose
that Srad(¢(I)) C ¢(Srad(I)). Then Srad(I) is a ¢-S-prime superideal of R associated to s.

Proof. Let §(J) = Srad(J) for every superideal .J of R. Then, by the above proposition, if I
is a ¢-S-primary superideal of R associated to s then Srad([I) is a ¢-S-prime superideal of R
associated to s. O

Proposition 2.13. Let I be a proper ¢-S-primary superideal of R associated to s € S. Suppose
that Srad(¢(I)) C ¢(Srad(I)) and (¢(Srad(I)) : ) C (¢p(Srad(I)) : s) for each z € S. If
a € h(R) — (Srad(I) : s), then SN (Srad(I) : a) = 0.
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Proof. Tt is easy to see that Srad(I) NS = @, since I NS = (). Also, by the above corollary,
Srad(I) is a ¢-S-prime superideal of R associated to s. We show that S N (Srad(I) : a) =
(). Let ¢ € S such that ta € Srad(I). If ta € ¢(Srad(I)), then a € (Pp(Srad(l)) : t) C
(¢(Srad(I)) : s) which implies that sa € ¢(Srad(I)) C Srad(I), a contradiction. Thus,
ta € Srad(I)— ¢(Srad(I)) implies that sa € Srad(I) or st € Srad(I), which is a contradiction
again, since a ¢ (Srad(I) : s) and S N Srad(l) = 0. Thus, SN (Srad(I) : a) = 0. i

Corollary 2.14. Let I be a proper ¢-9-S-primary superideal of R associated to s € S with
8(I) € Srad(I). Suppose (¢p(Srad(I)) : z) C (¢(Srad(l)) : s) for each x € S and (6(1) :
s) = (Srad(I) : s). Then (6(I) : s) = (6(I) : s*) and if whenever a € h(R) — (6(I) : s), then
SN@(I):a)=0

Proof. Since I is a ¢-0-S-primary superideal of R associated to s and §(I) C Srad(I), it is easy
to see that  is a ¢-S-primary superideal of R associated to s and (Srad(I) : s) = (Srad(I) : s?).
Since 6(I) C Srad(I) and (5(I) : s) = (Srad(I) : s), we have (6(1) : s) = (5(I) : s%).
Moreover, if a € h(R) — (6(I) : s), then sa &€ Srad(I). Thus, by the above proposition,
SN(Srad(I) :a) =0.Hence SN(6(I) : a) € SN(Srad(I) : a) = 0, since §(I) C Srad(I). O

Recall that if 1, J, K are ideals of Rsuchthat K = TU J,then K =T or K = J.

Theorem 2.15. Let [ be a proper ¢-J-S-primary superideal of R associated to s € S. If a €
h(R) — (6(I) : s*),then (I : sa) = (I : s) or (I : sa) = (¢(I) : sa).

Proof. Tt is enough to show that (I : sa) = (I : s) U (¢(I) : sa). It is easy to see that (I : s)
and (¢(I) : sa) are subsets of (I : ) Let r € h((I : sa)), then rsa € I. If rsa € ¢(I) then
r € (¢(I) : sa). So we may assume that rsa & ¢(I). Thus rsa € I — ¢(I) implies that sr € I
since s%a ¢ 5( ). So,r € (I:s). Thus, (I:sa)=(I:s)U(¢p(I): sa). Hence (I:sa)=(I:s)
or (I:sa)=(p(I): sa). i

Corollary 2.16. Let I be a proper ¢-S-primary superideal of R associated to s € S. If a €
h(R) — (Srad(I) : s), then (I : sa) = (I : s) or (I : sa) = (¢(I) : sa).

Proof. Tt is easy to see that (Srad(I) : s) = (Srad(I) : s*). So, if a € h(R) — (Srad(I) : s),
then a € h(R) — (Srad(I) : s*). Hence, by Theorem 2.15, (I : sa) = (I : s) or (I : sa) =
(¢(I) : sa). i

Definition 2.17. Let I be a superideal of R such that I, # R, for some o € Z;. Then I is called
an a-¢-9-S-primary ideal of R associate to s € S, if whenever a, b € R,, such thatab € T —¢(I),
then sa € I or sb € §(I).

Proposition 2.18. Let I be a superideal of R such that I, # R, for some o € Z,, and I an
a-¢-6-S-primary ideal of R associate to s € S. If I is not an a-6-S-primary, then I2 C ¢(I).

Proof. Suppose that I2 ¢ ¢(I). We claim that [ is an a-§-S-primary ideal of R associated to
s. Let a,b € R, such that ab € I. If ab € T — ¢(I), then sa € I or sb € 6(I). So, we may
assume that ab € ¢(I). Suppose that al, € ¢(I), then there exists p € I, such that ap & ¢(I).
So, a(p+b) € I — ¢(I) implies that sa € I or s(p +b) € 6(I), and since sp € I C 6(I), we
have sb € 6(I). Similarly, if b1, Z ¢(I), we obtain that sa € I. Thus we may assume that
al, C ¢(I) and bl,, C &(I). Since I2 Z ¢(I), there exist p,q € I, such that pg € ¢(I). Thus,
(a+p)(b+q) € I —¢(I), since ab+ ag+ pb € ¢(I). Hence s(a + p) € T or s(b+q) € 6(I).
Consequently, we conclude that [ is an a-6-S-primary ideal of R associated to s. O

Theorem 2.19. Let I be a proper superideal of R. Suppose I, # R, for some o € Z,. Then
the following statements are equivalent.

(1) I is an a-¢-0-S-primary ideal of R associated to s € S.

(2) For each a € R, such that a ¢ (6(I) : s) we have either (I :g, a) C (I :g, s) or
(I:gr, a)=(¢(I) g, a).

(3) For all A and B superideals of R such that A, # Ry, By # Ra, AaBa C I but A,B, €
¢(I), either sA, C I or sB, C §(I).
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Proof. (1 — 2): Leta € R, such thata ¢ (§(1) : s), then sa & 6(I). Suppose that (I :p, a) #
(¢(I) :gr, a). We show that (I :g, a) C (I :g, s).Letr € (I :g, a). Ifr & (6(I) :g, a),
then ra € I — ¢(I) implies that sr € I, since sa ¢ 6(I). Suppose r € (¢(I) :g, a). Since
(I :g, a) # (¢(I) :gr, a),letr’ € (I :g, a) such that ' & (¢(I) :gr, a). So, ar’ € I — ¢(I)
implies that sr’ € I, since sa & §(I). Thus, a(r +7') € I — ¢(I) implies that s(r + ') € I,
since sa ¢ 0([). Because s(r 4+ r’) € I and s’ € I we get sr € I. Consequently, we conclude
that (I :g_ a) C (I :g, $).

(2 = 1): Let a,b € R, such that ab € I — ¢(I). Suppose that sa & §(I), we show that sb € I.
Since b € (I :g, a) and b & (¢(I) :gr, a), we get immediately, (I :g, a) C (I :g, s). Thus,
be (I :g, s)andsbe I. Accordingly, I is an a-¢-6-S-primary ideal of R associated to s.

(2 — 3): Let A, B be superideals of R such that A, # R,, Bo 7# Ra, AaBa C I. Suppose
that sA, € I and sB, € 6(I). We claim that A, B, C ¢(I). Letb € B, — (6(I) :r, s), then
(I:g,b)C(I:g, s)or(I:g, b)=(¢(I):g, b).Since A, C (I :g, b)and A, Z (I g, s)
we get immediately, (I :g_ b) = (¢(I) :g, b). So, Aub C ¢(I). Forany ¢ € B, N (6(I) g, s),
then b+ ¢ € B, — (6(I) :r, s) implies that A, C (I :g, b+ c) = (¢(I) :g, b+ c). Thus,
An(b+ ¢) C ¢(I) implies that A,c C ¢(1), since Anb C ¢(I). Consequently, we conclude that
AaBa C o(I).

(3 — 1): Let a,b € R, such that ab € I — ¢(I). Let A = aR, B = bR. Then A, B are
superideals of R such that A, = aRy, B, = bRy. Moreover, A,B, C I and A, B, € ¢(I),
since ab € I — ¢(I). Hence sA, C I or sB, C 46(I) implies that sa € I or sb € §(I).
Accordingly, I is an a-¢-6-S-primary ideal of R associated to s. O

The following result can be proved similar to the previous theorem. Hence, we omit the
proof.

Theorem 2.20. Let I be a proper superideal of R. Suppose I, # R, for some o € Z;. Then
the following statements are equivalent.

(1) I is an a-¢-9-S-primary ideal of R associated to s € S.

(2) For each a € R, such that a ¢ (I : s) we have either (I :g, a) C (6() g
(I:gr, a)= (o) :g, a).

(3) For all A and B superideals of R such that A, # R,, Bo # Ras AaBa C I but A,B, €
o(I), either sA, C I or sB, C §(I).

s) or

e

Theorem 2.21. Let P be a ¢-§-S-primary superideal of R associated to s € S. If (¢(P) : a) C
(P : a) for each a € h(R) — P, then (P : a) is also ¢-0-S-primary superideal of R associated
to s.

Proof. If (P : a) = R, then a € P, a contradiction. Thus, (P : a) # R. Let 2,y € h(R) such
that zy € (P : a) — ¢(P : a). So, zya € P — ¢(P) implies that sza € P or sy € §(P). Hence,
st € (P:a)orsy € 6(P) C (6(P) : a). Thus, (P : a) is a ¢-0-S-primary superideal of R
associated to s. ]

Proposition 2.22. Let § be an expansion function of superideals of R satisfies the intersection
property, and let I be a ¢-5-S-primary superideal of R associated to s € S such that ¢(J) = ¢(I)
for each superideal J C I.If P is a superideal in R such that P NS # (), then I N P and I P are
¢-9-S-primary superideals of R.

Proof. Itis clear that (PNI)NS = PINS = (. Pickt € PN S. We show that I N P is a
¢--S-primary superideal of R associated to ¢s. Let a, b € h(R) such that ab € INP —¢(INP),
then ab € INP — ¢(I) C I — ¢(I). Thus, sa € I or sb € §(I) implies that tsa € I N P or
tsb € §(1)Né(P) = 6(INP). Consequently, I N P is a ¢-6-S-primary superideal of R associated
to ts. We have the similar proof for I P. O

Let ¢ # ¢y be a reduction function of ideals of R such that P = ¢(P) for each ideal P of R.
Then the following result holds.

Proposition 2.23. The following statements are equivalent.

(1) Every ¢-6-S-primary superideal of R is a -primary.

Q) If I € J(R), then ¢(I) is a §-primary superideal of R and every §-S-primary superideal is a
J-primary.
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Proof. (1 — 2): Let I € J(R). From the definition of ¢-d-S-primary superideals of R and
I = ¢(I), we have ¢(I) is a ¢-0-S-primary superideal of R and every ¢-5-S-primary superideal
of R is a §-primary. Hence, ¢(I) is a §-primary superideal of R.

(2 — 1): Let I be a ¢-0-S-primary superideal of R associated to s € S. It is enough to show that
I is a §-S-primary superideal of R associated to s. Let a,b € h(R) suchthatab € I. If ab & ¢(I),
then ab € I — ¢(I) implies that sa € I or sb € 6(I). But, if ab € ¢(I), then a € ¢(I) implies
sa€ ¢(I) CTorbe d(p(I)) C (1) implies sb € §(I), since ¢(I) is a §-primary superideal of
R. Thus, I is a §-S-primary superideal of R associated to s hence, by (2), I is a J-primary. O

Corollary 2.24. The following assertions are equivalent:
(1) Every weakly S-prime superideal of R is a prime superideal.
(2) R is a superdomain and every S-prime superideal of R is a prime superideal.

Proof. 1t suffices to take ¢ = ¢ and & = §p in Proposition 2.23. O

Corollary 2.25. The following assertions are equivalent:
(1) Every weakly S-primary superideal of R is a primary superideal.
(2) R is a domain and every S-primary superideal of R is a primary superideal.

Proof. It suffices to take ¢ = ¢ and § = §; in Proposition 2.23. O

Remark 2.26. Let S; C S, be multiplicative subsets of h(R) and I a superideal of R disjoint
with S,. Clearly, if I is a ¢--S|-primary superideal of R associated to s € S, then [ is a ¢-9-
Sp-primary superideal of R associated to s € S,. However, the converse is not true in general
(take ¢ = g, § = &9, Ry = {0} in [1, Example 2.3]).

Proposition 2.27. Let S; C S, be multiplicative subsets of h(R) such that for any s € S,, there
exists t € S, with st € S). If I is a ¢-§-S,-primary superideal of R associated to s € 55, then,
for some ¢t € S, I is a ¢-6-S)-primary superideal of R associated to ts € 5.

Proof. Lett € S, such that st € S;. We show that I is a ¢-§-S|-primary superideal of R
associated to st € S;. Let a,b € h(R) such that ab € I — ¢(I), then sa € I implies that
sta € I or sb € 6(I) implies that stb € 6(I). Consequently, I is a ¢-5-S;-primary superideal of
R associated to st € 5. O

Recall that if S is a multiplicative subset of h(R) with 1 € S, then S* = {r € h(R) : | €
U(S™'R)} is said to be the saturation of S. One can easily see that S* is a multiplicative subset
of h(R) containing S. If S = S*, then S is called saturated.

Proposition 2.28. Let I be a proper superideal of R. Then [ is a ¢-6-S-primary superideal of R
if and only if I is a ¢-6-S*-primary superideal of R.

Proof. First we show that S* NI = (. Letr € S* N I, then T 1s a unit in S—IR, so there exist
a € h(R), s € S such that (7)(%) = 1. Hence, there exists ¢ € S such that tra = ts which
implies that tra € I NS, a contradiction. Therefore, S* NI = (). Since S C S*, I is a ¢-6-5-
primary superideal of R associated to s € S implies that I is a ¢-6-S*-primary superideal of R
associated to s € S*. Conversely, suppose that I is a ¢-J-S*-primary superideal of R associated
tos € S*. Letr € S*, then & € U(S™'R) implies that (})(£) = 1, where a € h(R), z € S.
Hence, there exists t € S such that tra = tx € S. Take ' = ta, then v’ € S* withr'r =tz € S.
Let S| = S, S, = S*, then, by Proposition 2.27, I is a ¢--S-primary superideal of R. O

Recall that 65(S~'J) = S7!6(J) and ¢s(S~'J) = S~'¢(J) for each J € J(R). Let I be a
proper superideal of R such that ¢(I : a) = (¢(I) : a), (I : a) = (6(I) : a) for each a € h(R).
Moreover, assume that 6(S~'7N R) = S~!§(I) N R. Then under the condition ¢(1) = (¢(I) : t)
for each ¢t € S, the following result holds.

Theorem 2.29. Let I be a proper superideal of R such that NS = (). Suppose that §5(S~'1) #
S~IR,if S~'I # S~!R. Then the following statements are equivalent.

(1) I is a ¢-4-S-primary superideal of R associated to some s € S.

(2) (I : s) is a ¢-d-primary superideal of R.

(3) S~'I is a ¢5-S65-primary superideal of S~'Rand (I :t) C (I : s) foreacht € S.

(4) S~!T is a ¢g-85-primary superideal of S~'Rand S~'INh(R) = h((I : s)).
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Proof. Let I be a proper superideal of R such that I NS = (). Then S~'I # S~!R implies that
85(S7'T) # SR, since I N S = (). Moreover, it is easy to check that §(I) NS = 0.

(1 =2):SinceINS=0,(I:s)# R.Leta,be h(R)suchthatabe (I:s)— (¢(I) : s), then
sab € I — ¢(I) which implies that s?a € I — ¢(I) or sb € 6(I). Thus, sa € I, since s> & §(I),
or sb € §(I). Hence, a € (I : s) orb € (6(1) : s). Consequently, we conclude that (I : s) is a
¢-d-primary superideal of R.

(2—3): 571 # S~ 'Rsince INS = (). Let &, 2 be homogeneous elements in S~' R such that
:7% € S~ I—¢s(S™'I). Then % =te S=1TI—¢5(S~'I) for some u € h(I). So there exists
t € S such that tabss = tsisu € h(I). If tsisou € ¢(I), then = € $s(S~'I), a contradiction.
Hence, tabs; € I — ¢(I) which implies that tabss € (I : s) — (¢(I) : s), since ¢(I) = (¢(I) : 5).
Thus, a € ({ : s) or tbsz € (6(I) : s). Therefore, sa € I implies that - € S~!T or stbs; € §(I)
implies that 2 € S~'6(I). So, we conclude that S~'1 is a ¢s-0s-primary superideal of S~'R.
Lett € Sandleta € (I :t)NA(R). Ifa € (¢(I) : t),thena € (¢(I) : s) C (I : s). Therefore,
we may assume that a & (¢(I) : t). So,ta € I C (I : s)and ta & ¢(I) = (¢(I) : s). Thus,
ta € (I:s)—(¢(I):s) which implies that a € (I : s), since ¢t ¢ (6(I) : s). Consequently, we
conclude that h((1 : t)) C h(( : s)) implies that (I : t) C (I : s).

(3 — 4): By using part(3) we have S~'I is a ¢ g-05-primary superideal of S~'R. Let s € S such
that (I : t) C (I : s) for each ¢ € S. Then it is easy to check that h((I : 5)) € S~'I N A(R).
Conversely, let a € S~'T N h(R), then there exists ¢ € S such that ta € I. Thus, a € h((I :
t)) € h((I : s)) implies that S~' TN h(R) C h((I : s)). Hence we conclude that S~' I Nh(R) =
h((I:s)).

(4 — 1): Suppose that S~!T is a ¢5-6s-primary superideal of S~'R and S~'I N h(R) = h((I :
s)) for some s € S. We show that I is a ¢-0-S-primary superideal of R associated to s. Let
a,b € h(R) such that ab € I — ¢(I). Then %, ® are homogeneous elements in S~! R such that
2t € S — ¢5(S7'). Thus, ¢ € S~'Tor b € 65(S7'I) = S~16(1), since S~'T is a Ps-
ds-primary superideal of S~ R. If T€ S~!T then there exists ¢ € S such that ta € h(I) which
implies thata = & € ST'INA(R) = h((I : 5)). So, sa € 1. Also, if ST' TN h(R) = h((I : 5)),
then S~'T N R = (I : s) which implies that §(S~' TN R) = §((1 : s)) = (6(I) : s), and since
§(ST'INR) = S~16(I) N R, we have that S~'6(I) N R = (§(I) : s). Now, if 2 € S~15(I) then
there exists ¢’ € S such that t'b € h(§(I)) which implies that b = tt/—,b e STIS(I)NR = (§(I) : 5).
So, sb € §(I). Hence we conclude that [ is a ¢-6-S-primary superideal of R associated to s. O

Let R be a super-ring, S C R be a multiplicative subset of (). Next we give an example
of a proper superideal P of R with h(P) NS = () such that if (¢(P) : s) # ¢(P) for some
s € S, then P is a ¢-§-S-primary superideal of R associated to s but (P : s) is not a ¢-§-primary
superideal.

Example 2.30. Let R = Z[z], with Ry = Z[z] and R, = {0}, and let P =< 4z >= 4aZ[z],
then Py = 42Z[z] and P; = {0}. Let ¢(P) = p* =< 162 > and 6(P) = Srad(P) =< 2z > .
Let S = {2% : k > 0}. Then it is easy to check that PN S = () and P is an almost-0-S-primary
superideal of R associated to s = 2 € S. Also, it is easy to check that (P? : s) = (< 162% >:
2) =< 8x% ># P?. Moreover, (P : s) = (< 4z >: 2) =< 2 > is not an almost-J-primary
superideal of R, since 2z €< 2z > — < 4z? > but neither 2 €< 2r >= Srad(< 2z >) nor
x €< 2z >= Srad(< 2z >).

3 (¢,9) — (¢, v)-Superhomomorphisms

A generalization of [9], let X, Y be commutative super-rings with unities and let f : X — Y be
a superhomomorphism. Suppose §, ¢ are expansion and reduction functions of superideals of X
and v, 1 are expansion and reduction functions of superideals of Y, respectively. Then f is said to
be (8, ¢)-(v,)-superhomomorphism if 5( £~ (.J)) = £~ (v(.J)) and ¢(f~'(1)) = f~'(¥())
forall J € J(Y).

Remark 3.1.
(D) If f : X — Y is a nonzero surjective superhomomorphism and 1 is the unity of X, then f(1)
is the unity of Y.
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(2) Suppose f : X — Y is a nonzero surjective (8, ¢)-(7, 1)-superhomomorphism and let I be a
proper superideal of X containing ker(f). Then, by doing a generalization of ([9, Remark 2.11])
to the supercase, it is easy to see that y(f (1)) = f(6(I)) and ¥ (f(I)) = f(¢(I)).

(3) If S is a multiplicative subset of h(X) containing 1, then f(S) is a multiplicative subset of
h(Y") containing f(1).

Theorem 3.2. Let f : X — Y be a nonzero surjective (9, ¢)-(~, 1)-superhomomorphism. Then
the following statements are satisfied.

(1) If J is a ¢-y-f(S)-primary superideal of Y associated to f(s) € f(S), then f~!(J) is a
¢-9-S-primary superideal of X associated to s € S.

(2) If I is a ¢-0-S-primary superideal of X associated to s € S containing ker(f) and f is
surjective, then f(I) is a ¢-y-f(S)-primary superideal of Y associated to f(s) € f(S).

Proof. (1) If S is a multiplicative subset of h(X) with 1 € S, then f(S) is a multiplicative
subset of A(Y) with 1 = f(1) € f(95), since f is a nonzero surjective superhomomorphism.
Let J be a 1-y-f(S)-primary superideal of Y associated to f(s) € f(S). Choose a,b € h(X)
such that ab € f~1(J) — ¢(f~1(J)). Since f respect the grading, f(a), f(b) are homogeneous
elements in Y such that f(a)f(b) € J —¢(J). Since J is a ¢-y-f(S)-primary superideal of Y’
associated to f(s) € f(S), we conclude that f(s)f(a) € J or f(s)f(b) € v(J) which implies
that sa € f~1(J)orsb € f~1(y(J)) = 6(f~(J)). Hence f~!(J) is a ¢-0-S-primary superideal
of X associated to s.

(2) Let I be a ¢-4-S-primary superideal of X associated to s containing ker(f), then the unity
inY is f(1) € f(S), since f is a nonzero surjective (4, ¢)-(7, 1)-superhomomorphism. Choose
x,y € h(Y) such that zy € f(I) — ¢ (f(I)). Since f is onto map and it is respect the grading,
we can choose a,b € h(I) such that f(a) = z, f(b) = y. This implies that f(a)f(b) = f(ab) €
f(I). Since ker(f) C I, we conclude that ab € I. If ab € ¢(I), then zy = f(ab) € f(¢(I)) =
¥ (f(I)), which is a contradiction. So, ab € I — ¢(I). As I is a ¢-6-S-primary superideal of X
associated to s, we have sa € I or sb € 6(I). Thus, f(s)z € f(I)or f(s)y € f(6(1)) =~(f(I)).
Therefore, f(I) is a ¢-v-f(S)-primary superideal of Y associated to f(s). O

From the above theorem we obtain the following result.

Theorem 3.3. [Correspondence Theorem] Let f : X — Y be a nonzero surjective (d, ¢)-(v,)-
superhomomorphism. Then f induces a one-to-one correspondence between the ¢-6-S-primary
superideals of X associated to s € S containing ker(f) and the 1-v- f(S)-primary superideals of
Y associated to f(s) € f(S) in such a way that if I is a ¢-§-S-primary superideal of X associated
to s € S containing ker(f), then f(I) is the corresponding -y-f(.S)-primary superideal of
Y associated to f(s) € f(S), and if J is a 1)-y-f(S)-primary superideal of Y associated to
f(s) € f(9), then f~1(J) is the corresponding ¢-5-S-primary superideal of X associated to
s € S containing ker(f).

Assume that §, ¢ are expansion and reduction functions of superideals of R, respectively. Let
J be a proper superideal of R such that J = ¢(J). Then v : J(R/J) — J(R/J), defined by
~(I/J) =6(I)/J,and ¢ : J(R/J) — J(R/J), defined by v(I/J) = ¢(I)/J if ¢ # ¢g and
W(I/J) = 0if ¢ = ¢y, are expansion and reduction functions of superideals of R/.J, respec-
tively. Moreover, if S is a multiplicative subset of h(R), then S/.J is a multiplicative subset of
R/J, where S/J ={s+J€R/J : s€ S}

Let @ be a proper superideal of R, and let S be a multiplicative subset of /(R). Recall that Q is
said to be a weakly J-S-primary superideal of R associated to s € S, if whenever 0 # ab € )
for some a,b € h(R) then sa € Q or sb € §(Q).

Theorem 3.4. Let §, ¢ be expansion and reduction functions of superideals of R such that
¢ # ¢p, and let J be a proper superideal of R with J = ¢(J). For every L € J(R) let ~ :
J(R/J) — J(R/J) be an expansion function of superideals of R/.J defined by (L + J/J) =
S(L+J)/Jand ¢ : J(R/J) — J(R/J) be a reduction function of superideals of R/.J defined
by Y(L + J/J) = ¢(L + J)/J. Then the followings statements hold.

(1) Amap f : R — R/J defined by f(r) = r + J for every r € R is a surjective (8, ¢)-(v,v)-
superhomomorphism.
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(2) Let I be a proper superideal of R such that J C I, S a multiplicative subset of h(R). Then I
is a ¢-4-S-primary superideal of R associated to s € S if and only if I/.J is a y-¢)-S/J-primary
superideal of R/J associated to s + J € S/J.

(3) Let I be a nonzero proper superideal of R such that ¢*>(I) = ¢(I). Then I is a ¢-5-S-
primary superideal of R associated to s € S if and only if I/¢([I) is a weakly -S/¢(I)-primary
superideal of R/¢(I) associated to s + ¢(I) € S/¢(I).

Proof. (1) It is easy to see that f is a surjective superhomomorphism with ker(f) = J. Let K be
a superideal in R/J, then K = L + J/J for some superideal L € J(R). Therefore,

FH ) = 71 OL+ 7)) = (L +J) = 6(f 71 (K)),
FHK) = FHO(L A+ J)/T) = (L + J) = ¢(f(K)),

since f is onto. Thus, f is a surjective (4, ¢)-(7, ¥)-superhomomorphism.

(2) Let I be a proper superideal of R such that J C I, S a multiplicative subset of i(R). Since
the map f defined in (1) is a surjective (4, ¢)-(7, 1»)-superhomomorphism with ker(f) = J
and f(I) = I/J. Then, by the correspondence theorem, I is a ¢-0-S-primary superideal of R
associated to s € S if and only if I/J is a y-1)-S/.J-primary superideal of R/.J associated to
s+JeS/

(3) Let J = ¢(I), then J = ¢(J). Moreover, f(I) = I/¢(I) and (I /p(I)) = ¢(I)/d(I) =
{0} € R/¢(I). Hence, by the correspondence theorem, I is a ¢-d-S-primary superideal of R
associated to s € S if and only if I/¢(I) is a weakly v-S/¢(I)-primary superideal of R/¢p(I)
associated to s + ¢(I) € S/o(1). i

Definition 3.5. Let I be a ¢-9-S-primary superideal of R. If there exist a,b € R,,, for some
« € Zy, such that ab € ¢(I) with sa ¢ I and sb ¢ §(I). Then (a,d) is called an a-¢-§-S-twin
zero of 1.

Lemma 3.1. Suppose that [ is a ¢-0-S-primary ideal of R associated to s € S. If there exist
a,b € Ry, for some a € Z,, such that (a, b) is an a-¢-6-S-twin zero of I. Then I2 C ¢(I).

Proof. Let o € Z,, and let a,b € R,, such that (a, ) is an a-¢--S-twin zero of I. Then T is not
an a--S-primary ideal of R. Hence, by Proposition 2.18, 12 C ¢(I). O

Theorem 3.6. Let f : X — Y be a nonzero surjective (4, ¢)-(, v )-superhomomorphism and
let I a ¢-6-S-primary superideal of X associated to s € S such that ker(f) C I. Let a,b € X,,
where a € Z,, then (a, b) is an a-¢-0-S-twin zero of [ if and only if (f(a), f(b)) is an a-1)--
f(S)-twin zero of f(I).

Proof. By Theorem 3.2, f(I) is a ¢-y-f(S)-primary superideal of Y associated to f(s) € f(S5).
For some o € Z,, let a,b € X, such that (a,b) is an «-¢-§-S-twin zero of I. Then ab €
¢(I) with sa ¢ I and sb ¢ 6(I). Hence f(a), f(b) € Y,, since f respect the grading. So,

)
fla ; (b) = f(ab) € (f(I)) with f(s)f(a) & f(I), since ker(f) C I and sa ¢ I. Similarly,

F(s)f(b) € v(f(I)). Thus, (f(a), f(b)) is an a-tp-y-f(S)-twin zero of f(I). Conversely, for
some o € Zz, let a,b € X, such that (f(a), f(b)) is an a-1-y-f(S)-twin zero of f(I). Then
Fa)1(0) = 7(ab) € G(7(1) = F(6(0)) with S(s)5(a) = [lsa) & 7(0) and F(5)0) ¢
V(1)) = f(6(1)). Thus, ab € [~ ((f(1))) = o(f7'(f(1)) = (1), since ker(f) C I.
Moreover, sa & f~1(f(I)) = T and sb & f~'(y(f(I))) = §(I). Consequently, we conclude that
(a,b) is an a-¢-§-S-twin zero of I. m|

Corollary 3.7. Let 0, ¢ be expansion and reduction functions of superideals of R such that
¢ # ¢p and let J be a proper superideal of R such that J = ¢(J). For every L € J(R) let
v:J(R/J) — J(R/J) be an expansion function of superideals of R/.J defined by v(L+J/J) =
S(L+J)/Jand ¢ : J(R/J) — J(R/J) be a reduction function of superideals of R/.J defined
by (L + J/J) = ¢(L+ J)/J. For some « € Z;, let a,b € R,,. Then the followings statements
hold.

(1) (a,b) is an a-¢-6-S-twin zero of I if and only if (a + J, b+ J) is an a-1)-v-S/ J-twin zero of
1/J.

(2) (a, b) is an a-¢-0-S-twin zero of I if and only if (a + (1), b+ ¢(I)) is an a-v-S/J-twin zero
of 1/¢(I).
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Proof. (1) It follows from Theorem 3.4(2) and Theorem 3.6.
(2) It follows from Theorem 3.4(3) and Theorem 3.6. O

Theorem 3.8. Suppose that [ is a ¢-0-S-primary superideal of R associated to s € S. For some
« € 7, if there exist a,b € R, such that (a,b) is an a-¢-0-S-twin zero of I. Then al, C ¢(I),
bl C ¢(I).

Proof. Since (a,b) is an a-¢-0-S-twin zero of I, we have ab € ¢(I) such that sa ¢ I and
sb & 6(I). So, I is not an a-§-S-primary ideal of R associated to s. So, by Proposition 2.18,
I2 C ¢(I). Now, we show that al,, C ¢(I) and bl,, C ¢(I) case by case.

Since sb ¢ §(I), by Theorem 2.19, (I :g, b) C ({ :g, s)or (I :g, b) = (¢(I) :g, b). But, since
a€(I:g, b)anda & (I :g, s), we getthat (I :g, b) = (¢(I) :r, b). Hence we conclude that
bI C o(I).

Similarly, by Theorem 2.20, sa ¢ I implies that (I :p, a) C (6(1) :g, s)or (I g, a) =
(¢(I) :g, a).Since b € (I :g, a)and b & (6(I) :g, s), we get that (I :g, a) = (¢(I) :r, a).
Hence we conclude that al C ¢(I). i

Definition 3.9. Suppose I is a ¢-§-S-primary superideal of R such that A, B, C [ and A, B, €
¢(I) for some v € Z,, where A, B are proper superideals of R. Then I is said to be an a-¢-§-5-
free twin zero with respect to A, B,, if (a, b) is not an a-¢-3-S-twin zero of I for every a € A,
and b € B,,. In particular, [ is said to be an a-¢-J-S-free twin zero, if whenever A, B, C I with
AnBo € ¢(I), for any superideals A, B of R, then I is an a-¢-9-S-free twin zero with respect
to Ay Bg.

Theorem 3.10. Let [ be a ¢-0-S-primary superideal of R associated to s € S. Then I is an a-¢-
§-S-free twin zero if and only if for superideals A, B of R with A,B, C I and A,B, Z &(I),
either sA, C I or sB, C 6(I).

Proof. Suppose that I is an a-¢-0-S-free twin zero for some o € Z,, and let A, B be superideals
of R such that A, B, C I and A,B, < ¢(I). Then I is an a-¢-6-S-free twin zero with respect
to A, B,. We show that either sA, C I or sB, C 6(I). Suppose sB, € 8(I). Then there
exists b € B, such that sb ¢ §(I). Let a € A,, then (a,b) is not an a-¢-6-S-twin zero of I.
If ab & ¢(I), then ab € I — ¢(I) implies that sa € I, since sb & 6(I). If ab € ¢(I), then
sa € I, since (a,b) is not an a-¢-6-S-twin zero of I and sb ¢ &(I). Accordingly, we conclude
that sA, C I. Conversely, suppose that if whenever A, B are superideals R with A,B, C I
and A, B, Z ¢(I), then either sA, C I or sB,, C §(I). We show that [ is an a-¢-5-S-free twin
zero. Let P, Q be superideals of R with P,Q, C I and P,Q, Z ¢(I). Then, by assumption,
either sP, C I or sQ, C §(I). Letp € P,, ¢ € Qq. If (p, q) is an a-¢-6-S-twin zero of I, then
pq € ¢(I) with sp & I and sq & §(I), a contradiction, since sP C I or sQQ C §(I). Thus, (p,q)
is not an a-¢-9-S-twin zero of I for every p € P, and ¢ € @),. Hence we conclude that I is
an a-¢-6-S-free twin zero with respect to P,(Q, which implies that I is an a-¢-§-S-free twin
Zero. O

4 ¢@-0-S-Primary in direct product of super-rings

Let R; be commutative super-rings with unity for each ¢ = 1,2 and R = R; x R, denote the
direct product of super-rings R;, R,. Also, let Sy, S, be multiplicative subsets of h(R;), h(R;)
respectively, then S = S; x S5 is a multiplicative subset of h(R). Suppose that ¢;, ¢; are reduction
and expansion functions of superideals of R; for each i = 1, 2 respectively. Generalizing of [9],
we define the following two functions:

S(Il X [2) = (51([1) X (52([2),

(I x L) = ¢1(I) x $a(D).

Then it is easy to see that §, ¢ are expansion and reduction functions of superideals of R, respec-
tively.

Recall that if X and Y are commutative super-rings with unities, then R = X x Y a direct
product super-ring with unity ((1, 1) # 0) such that Ry = (X x Yp), R; = (X; x Y)).
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Theorem 4.1. Let X and Y be commutative super-rings with (1 # 0), R = X x Y a direct
product super-ring, and S = S} x S, a multiplicative subset of #(R). Suppose that dy, d, are
expansion functions of superideals of X, Y and ¢;, ¢, are reduction functions of superideals of
X, Y (respectively) such that ¢»(Y') # Y. Then the following statements are equivalent

(1) I X Y is a ¢-6-S-primary superideal of R associated to (s, ;) € S.

(2) I is a 6;-S;-primary superideal of X associated to s; € Sy and I} X YV is a S—S—primary
superideal of R associated to (s, s3), for some s, € 5.

Proof. (1 — 2) : Suppose that I; x Y is a ¢-0-S-primary superideal of R associated to (s, s,) €
Sandlet a,b € h(X) such that ab € I,. Then we have (a,1)(b,1) = (ab, 1) € I; xY —(I; xY),
since ¢,(Y) # Y. This implies that (s, 52)(a, 1) € I; Y or (s1,52)(b, 1) € §(I; xY'). Hence we
conclude that sya € I or s1b € §1(1;) and thus, I; is a §;-S;-primary superideal of X associated
to s;. Consequently, by the correspondence theorem, I; x Y is a -S-primary superideal of R
associated to (s1, s2).

(2 — 1) : It is clear, since every 6-S-primary superideal of R associated to (s1,82) is a $-5-5-
primary superideal. O

Theorem 4.2. Let X and Y be commutative super-rings with (1 # 0), R = X x Y a direct
product super-ring, and S = S; x S, a multiplicative subset of 1(R). Suppose that dy, d, are
expansion functions of superideals of X, Y and ¢;, ¢, are reduction functions of superideals of
X, Y (respectively). If I; x Y is a ¢-6-S-primary superideal of R associated to (s1,52) € S
that is not a-4-S-primary for some o € Zy. Then ¢(I} x Y) # 0, ¢o(Y) = Y and I; is a
¢1-61-S1-primary superideal of X associated to s; that is not §;-S;-primary.

Proof. Suppose that I} x Y is a $-6-S-primary superideal of R associated to (s1, 52) that is not
-0-S-primary, then by Proposition 2.18, we have (I; x V)2 C qb(I 1 x Y') which implies that
(I} xY) # 0.1f $5(Y) # Y, then by Theorem 4.1, I; x Y is a §-S-primary ideal of R associated
to (s1,s2) which implies that I; x Y is an a—s-S—primary superideal of R associated to (si, s7)
which is a contradiction. Thus, ¢,(Y) = Y. Moreover, if I; xY isa $-0-S-primary superideal of
R associated to (sy, s2) then, by the correspondence theorem, I is a ¢1-d;-S)-primary superideal
of X associated to s;. Also, if I} is a ;-5|-primary superideal of X associated to s; then, by the
correspondence theorem, I; x Y is a §-S-primary superideal of R associated to (s1,s2) which
is a contradiction. Hence I is a ¢;-9,-S;-primary superideal of X associated to s; that is not
01-S51-primary. O

Now suppose that for each i = 1,2, if I; # ¢;(1;), then S; N¢;(I;) = O and if S; Nd;(1;) # 0,
then S; N I; = S; N 6;(I;). Then we obtain the following result.

Theorem 4.3. Let X and Y be commutative super-rings with (1 # 0), R = X x Y a direct
product super-ring, and S = S} x S, a multiplicative subset of #(R). Suppose that 4y, &, are
expansion functions of superideals of X, Y and ¢, ¢, are reduction functions of superideals
of X, Y (respectively). Let I = I} x I, be a proper superideal of R, for some superideals
I # ¢1(1), I # ¢2(Ip) of X, Y, respectively, such thatif I; # X and I, # Y, then 6;([;) # X
and 0,(12) # Y. Then the following statements are equivalent

(1) I is a ¢-6-S-primary superideal of R associated to (s, s5) € S.

(2) I) = X and I, is a 6,-5,-Primary superideal of Y associated to s, or [, = Y and [; is a §;-
S1-Primary superideal of X associated to s; or s, € I, NS, and I is a 6;-5]-Primary superideal
of X associated to s; or s; € I} N S] and I, is a d,-5,-Primary superideal of Y associated to s;.
(3) I is a §-S-primary superideal of R associated to (51, s,) € S.

Proof. (1 — 2) : If I; = X, then by Theorem 4.1, I, is a §,-S>-Primary superideal of YV
associated to sp. Similarly, if [, = Y, then by Theorem 4.1, I is a §;-S;-Primary superideal
of X associated to s;. Assume that I, I, are proper superideals of X, Y, respectively. Let
a € h(X) such that a € I, choose b € h(Y') such that b € I, — ¢»(I>). Then (a,1)(1,b) =
(a,b) € T — ¢(I). As I is a ¢-d-S-primary superideal of R associated to (sy,s2), we have
(S],Sz)(d, 1) = (510,, 52) c€cl =1 x1Ior (51,82)(1,1)) = (S],Szb) S 5(1) = 51([1) X 52([2)
Thus, s, € S;NI; or sy € S1Nd (1) = S1NI;. Assume that s, € S,NI,. Since SNI = (), we have
S1NI; = 0. We show that I is a §;-5;-Primary superideal of X associated to s;. Leta, b € h(X)
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such that ab € Iy, then (a, s2)(b,1) € I — Q;(I), since s, € SN and sy € ¢o(1r). AsIisa $-6-
S-primary superideal of R associated to (s1, s2) € S, we have (s1,52)(a, $2) = (s10a,(s2)?) € I
or (s1,5)(b,1) = (s1b,52) € §(I) which implies that sya € I, or s;b € &,(I;). Thus, I, is a
01-S1-Primary superideal of X associated to s;. Similarly, if we assume that s; € S; N [, then
I, is a §,-5,>-Primary superideal of Y associated to s;.

(2 = 3):If } = X and I, is a 0,-5,-Primary superideal of Y associated to s,, then by the
correspondence theorem, I is a 6-S-primary superideal of R associated to (s1,82). Similarly,
if I, = Y and I, is a 6,-S;-Primary superideal of X associated to s;, then I is a -S-primary
superideal of R associated to (si, s2). Now, suppose that s; € I; NS} and I, is a §,-5,-Primary
superideal of Y associated to s,, we show that I is a §-S-primary superideal of R associated to
(s1,52). Let (a,c), (b,d) be homogeneous elements in R such that (a,c)(b,d) = (ab,cd) € I,
then cd € I, which implies that s;c € I or spd € 8(I). Since s; € Sy N I}, we have
(51, 82)((1,6) = (sla, SQC) el xIor (81782)(5, d) = (Slb, Sgd) el x (52([2) C 6 (Il) X (52(12).
Thus, I is a 0-S-primary superideal of R associated to (sj, s2). Similarly, if we assume that
sy € Sp NI and I is a 6;-5-Primary superideal of X associated to sy, then [ is a 5—S—primary
superideal of R associated to (s, s2).

(3 —1) : Clear. i

Suppose that for each ¢ = 1,2, if I; # ¢;(I;), then S; N ¢;(I;) = @ and if S; N §;(1;) # 0,
then S; N I; = S; N §;(I;). Then we obtain the following result.

Theorem 4.4. Let X and Y be commutative super-rings with (1 # 0), R = X x Y a direct
product super-ring, and S = S| x S, a multiplicative subset of h(R). Suppose that §,, J, are
expansion functions of superideals of X, Y and ¢, ¢, are reduction functions of superideals
of X, Y (respectively). Let I = I; x I, be a proper superideal of R, such that I # g?)(] ) for
some superideals I, I of X, Y, respectively, such that if I # X, I # Y then §;(I;) # X,
62(I5) # Y (respectively). Then I is a ¢-0-S-primary superideal of R associated to (s1,s,) € S
that is not §-S-primary if and only if one of the following conditions satisfies

(1) I = I, x I, where ¢, (I;) & I} & X, such that I; is a ¢;-6,-S)-primary superideal of X
associated to s that is not §;-S;-primary and I, = ¢,(1») with s, € S, N ().

(2) I = I} x I, where ¢2(I2) & I, G Y, such that I is a ¢»-0,-S»-primary superideal of Y’
associated to s; that is not ,-S,-primary and I} = ¢;(I;) with s; € S; N ¢ ().

Proof. Suppose that I is a ¢-6-S-primary superideal of R associated to (s1, 52) such that it is
not §-S-primary. Assume that I; # ¢1(I1) and I, # ¢o(1), then by Theorem 4.3, T is a 5-
S-primary superideal of R associated to (si, s2), a contradiction. Therefore I} = ¢,([;) or
I, = ¢»(I). Without loss of generality we may assume that I, = ¢,(I). We show that
s2 € SaNhors € SyNI. Choose x € h(X) such that z € I — ¢ (1) then for b € h(Y)
with b € I, we have (x,1)(1,b) = (z,b) € I — ¢(I). Since I is a ¢-4-S-primary superideal
of R associated to (s1,s,) € S, we get (s1,50)(z,1) € I or (s1,s2)(1,b) € §(I). Therefore,
(811',82) cl =1 xIor (81,821)) € S(I) = 51([1) X(SQ(IZ) and hence s, € SN, = Szﬂ(bz([g)
ors; €5 ﬂ(Sl(Il) =S N1.

Case(1) Suppose that s, € So NI, = S, N¢(l2). Then Sy NI = B, since SN I = (). Next, we
show that I is a ¢-,-S|-primary superideal of X associated to s;. Observe that I} # X. For
iflH = X,thenSNT=(S;x5)N (R x¢(l2)) =81 x (S2N (L)) # 0, a contradiction.
Thus, I; # X. Leta,b € h(X) such that ab € I} — ¢ (I;). Then (a, 1)(b,0) = (ab,0) € I —¢(I)
implies that (sq, s2)(a, 1) = (s1a,s2) € I x I or (s1, 82)(b,0) = (51b,0) € §1(I1) x 62(I2). So,
sia € Iy or s1b € §1(I1). Therefore I is a ¢1-d;-S;-primary superideal of X associated to s;.
We show that I is not a §;-.5|-primary superideal of X associated to s;. Suppose that [; is a d;-
Si-primary superideal of X associated to s; and let (a, ¢), (b, d) € h(R) such that (a,c)(b,d) =
(ab, cd) € I. Then a, b are homogeneous elements in X with ab € I} which implies that sja € I
or sib € 0;(I;). Since sy € Sy N ¢(I) then (sy,52)(a,¢) € I or (s1,s2)(b,d) € §(I). So, I
is a $—S-primary superideal of R associated to (s1, s2), a contradiction. Thus, I; is a ¢;-0;-51-
primary superideal of X associated to s; that is not §;-S;-primary.

Case(2) Suppose s; € S; N 1. Then S, NI, = 0, since SN T = (. We show that I, = ¢,(1)
is a §,-Sy-primary superideal of Y associated to s,. Let a,b € h(Y') such that ab € I, = ¢1(12).
Choose = € h(X) such that - € I} — ¢ (1)), then (z,a)(1,b) = (z,ab) € I —&(I), where (z,a),
(1,b) are homogeneous elements in R. Since I is a ¢-6-S-primary superideal of R associated
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to (s1,s2), we have (s1,82)(z,a) = (s1z,8a) € I = I} X I or (s1,82)(1,b) = (s1,52b) €
3([) = §1(I1) x 8,(I) which implies that s,a € I or s;b € 02(l2). Thus, I, = ¢,(l>) is a
d2-S,-primary superideal of Y associated to s,. Now, we show that case(2) can’t be happened by
proving that I will be a §-S-primary superideal of R associated to (s1,s2) which contradicts the
assumption. Let (a,c), (b,d) € h(R) such that (a,c)(b,d) = (ab,cd) € I, then cd € I, implies
that syc € I or spd € 6,(1,). Since s; € S; NI we have (s1,s2)(a,¢) = (s1a,82¢) € [[ x [, =1
or (s1,5)(b,d) = (s1b,spd) € I} x 6,(I,) C §(I). Thus, I is a -S-primary superideal of R
associated to (s1, s2) which is a contradiction.

Conversely, suppose that (1) satisfies. Let (a, ¢), (b, d) € h(R) such that (a,c)(b,d) = (ab, cd) €
I — §(I). Then ab € I) — ¢1(I;) implies that s,a € I; or s,b € 6;(I;). Thus, (sy,s2)(a,c) =
Qsha,szc) e 1 xI, = 1or (S],Sz)(b,d) = (Slb,SZd) S 5]([1) x I, C S(I) Thus, IAiS a
¢-0-S-primary superideal of R associated to (s, s3). Finally, we show that I can not be a 9-5-
primary superideal of R associated to (s, s5). Suppose that I is a §-S-primary superideal of R
associated to (sy, s2), and let a, b € h(X) such that ab € I, then (a, s2)(b, 1) = (ab, s2) € I. So,
(s1,82)(a,82) = (s1a,(52)%) € I or (s1,52)(b, 1) = (s1b,52) € §(I) which implies that s;a € I,
or s1b € §;1(Iy). Thus, I is a §;-S;-primary superideal of X associated to s;, a contradiction.
Hence I is a ¢-6-S-primary superideal of R associated to (s1, s2) that is not 5-S-primary. O

Corollary 4.5. Let X and Y be commutative super-rings with (1 #£ 0), R = X x Y. Let d;, 4, be
expansion functions of superideals of X, Y, respectively. Let I = I} x I, be a proper superideal
of R for some superideals I;, I, of X, Y, respectively, such that if I; # X, I, # Y, then
61(I)) # X, 6,(I,) # Y. Then I is a nonzero weakly-4-S-primary superideal of R associated to
(s1,52) € S that is not §-S-primary if and only if one of the following conditions satisfies

(1) I = I x I, where I is a nonzero proper superideal of X such that I; is a weakly-9;-51-
primary superideal of X associated to s; € S that is not §;-S|-primary and I, = 0, s, = 0.

(2) I = I x I, where I, is a nonzero proper superideal of Y such that I, is a weakly-d,-.55-
primary superideal of Y associated to s, € 5 that is not d,-5,-primary and I; = 0, s; = 0.

Proof. In Theorem 4.4, let (1) = ¢1(I1)x $2(I>) = (0,0) for each proper superideal I = I, x I,
of R. O
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