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Abstract. In this paper, we establish some theorems in order to evaluate certain single and
double integral formulas associated with the generalized M -series. The results are generaliza-
tions and unification of formulas for a fairly general class of special functions with a focus on
the Mittag-Leffler function and hypergeometric function. By specializing the parameters, some
new or known integrals are also investigated as corollaries in terms of generalized hypergeo-
metric function. Further, applying the Hadamard product of two analytic functions, we have
represented all our main findings in the Hadamard product of two known functions.

1 Introduction and Preliminaries

Special functions play a vital role in solving various problems of mathematics. The generalized
M -series has newly emerged in connection with special functions, which is important due to its
particular cases being followed by the Mittag-Leffler function and hypergeometric function, and
these functions play a key role in solving various problems in applied sciences. The generalized
M -series [1] is defined as

pM
α,β
q (z) = pM

α,β
q (c1, · · · , cp; d1, · · · , dq; z),

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)
,

(1.1)

where α, β ∈ C, z ∈C, <(α) > 0; (cτ )k (τ = 1, p) and (d`)k (` = 1, q) are Pochhammer
symbols. The series (1.1) is defined when none of the parameters (d`) (` = 1, q) is a negative
integer or zero; if any numerator parameter cτ is a negative integer or zero, then series terminates
to a polynomial in z. The series (1.1) is convergent for all z if p ≤ q; it is convergent for
|z| < δ = αα if p = q + 1 and divergent if p > q + 1. When p = q + 1 and |z| = δ, the
series is convergent on conditions depending on the parameters.The detailed account of the M -
series can be found in the paper [1]. By specializing the parameters of (1.1), we obtain various
trigonometrical functions and classical special functions such as exponential function, binomial
series, sine function, cosine function, Mittag-Leffler function [2], generalized Mittag-Leffler
function [3] (for current research of generalized Mittag-Leffler function, see [4]), generalized
hypergeometric function [5] as particular cases of M -series. For instance,

0M
1,1
0 (−;−; z) =

∞∑
k=0

zk

k!
= ez, (1.2)

1M
1,1
0 (c;−; z) =

∞∑
k=0

(c)kzk

k!
= (1− z)−c, (1.3)

z 0M
1,1
1 (−; 3/2;−z2/4) =

∞∑
k=0

(−1)kz2k+1

(2k + 1)!
= sin z, (1.4)
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0M
1,1
1 (−; 1/2;−z2/4) =

∞∑
k=0

(−1)kz2k

(2k)!
= cos z, (1.5)

0M
α,β
0 (−;−; z) =

∞∑
k=0

zk

Γ(β + kα)
= Eα,β(z), (1.6)

1M
α,β
1 (ρ; 1; z) =

∞∑
k=0

(ρ)k
(1)k

zk

Γ(β + kα)
= Eρα,β(z), (1.7)

pM
1,1
q (c1, · · · , cp; d1, · · · , dq; z) =

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

k!

= pF q(c1, · · · , cp; d1, · · · , dq; z).

(1.8)

Fractional calculus is a fast-growing area of research. A lot of work has been done related
to this theory. For example, see Jarad and Abdeljawad [6], Shah et al. [7]. Many authors have
studied M -series in connection with fractional calculus theory, such as Gehlot [8], [9] obtained
integral representation and certain properties associated with fractional calculus. Kumar and
Saxena [10] investigated generalized fractional calculus formulas involving F3 hypergeometric
function, Sachan et al. [11] established fractional calculus formulas for the product of general-
ized M -series and I-function of two variables using Saigo-Maeda operators.

Recently, Sachan and Jaloree [12] obtained various integral transforms like Laplace trans-
form, Beta transform, Hankel transform and many more, including fractional Fourier transform
of (1.1). For more properties and application of (1.1), see Chouhan and Saraswat [13], Khan et
al. [14], Singh [15], Chouhan and Khan [16], Saxena [17]. In this paper, our main concern is to
find certain integrals related to M -series using Hadamard product.

Now we recall the idea of Hadamard product[18][19] or convolution of two power series,
which is very useful to find a new type of results of our main findings. The Hadamard product
of two power series is an entire function if one of the power series is an entire function involved
in the product. This concept can help us to write a newly emerged function into two known
functions. Let two power series whose radius of convergence are denoted by Rf and Rg,

f(z) =
∞∑
k=0

ukz
k, (|z| < Rf ),

g(z) =
∞∑
k=0

vkz
k, (|z| < Rg),

then the Hadamard product of two power series is defined by

(f ∗ g)(z) =
∞∑
k=0

ukvkz
k = (g ∗ f)(z), (|z| < R), (1.9)

where
R = lim

k→∞

∣∣∣∣ ukvk
uk+1vk+1

∣∣∣∣ = ( lim
k→∞

∣∣∣∣ ukuk+1

∣∣∣∣) .( lim
k→∞

∣∣∣∣ vkvk+1

∣∣∣∣) = Rf .Rg.

Therefore, in general we have R ≥ Rf .Rg.

2 Required Results

We consider following important formulas for our investigation. From [5], we have

(a)mk = mmk

(
a

m

)
k

(
a+ 1
m

)
k

...

(
a+m− 1

m

)
k

, (2.1)



278 D. S. Sachan, S. Jaloree, K.S. Nisar and A. Goyal

where (a)mk denotes a product of mk factors, a is neither zero nor a negative integer, m is a
positive integer and k is a non-negative integer.
The Lavoie-Trottier integral formula [20].

1∫
0

xµ−1(1− x)2λ−1
(

1− x

3

)2µ−1(
1− x

4

)λ−1

dx =

(
2
3

)2µ
Γ(µ)Γ(λ)

Γ(µ+ λ)
, (2.2)

provided <(µ) > 0 and <(λ) > 0.
Edward double integral formula [21].

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ dx dy =
Γ(µ)Γ(λ)

Γ(µ+ λ)
, (2.3)

provided <(µ) > 0 and <(λ) > 0.

3 Main Integrals

This section investigates some integral formulas associated with generalized M -series. Some
new or known results are also investigated as corollaries in terms of hypergeometric function.

Theorem 3.1. If α, β, δ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(δ) > 0, and no d` is negative or zero, then

1
Γ(δ)

1∫
0

tβ−1(1− t)δ−1
pM

α,β
q (ztα) dt = pM

α,β+δ
q (z). (3.1)

Proof. Let L be the left-handed member of (3.1), term by term integration gives us the following
expression

L =
1

Γ(δ)

1∫
0

tβ−1(1− t)δ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zktαk

Γ(β + kα)
dt,

=
1

Γ(δ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

1∫
0

tβ+kα−1(1− t)δ−1 dt,

=
1

Γ(δ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)
B(β + kα, δ),

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + δ + kα)
,

= pM
α,β+δ
q (z).

This is the completion of Theorem 3.1.

Corollary 3.2. If z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(δ) > 0 and no d` is negative or zero,
then

1
Γ(δ)

1∫
0

(1− t)δ−1
pF q(zt) dt =

1
Γ(δ + 1)p+1F q+1(1, c1 · · · , cp; 1 + δ, d1, · · · , dq; z). (3.2)

Theorem 3.3. If α, β, δ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(δ) > 0, and no d` is negative or zero, then

1
Γ(δ)

z∫
t

(z − s)δ−1(s− t)β−1
pM

α,β
q (λ(s− t)α) ds = (z − t)β+δ−1

pM
α,β+δ
q (λ(z − t)α). (3.3)
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Proof. Let L be the left-handed member of (3.3), term by term integration gives us the following
expression

L =
1

Γ(δ)

z∫
t

(z − s)δ−1(s− t)β−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk(s− t)αk

Γ(β + kα)
ds,

=
1

Γ(δ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk

Γ(β + kα)

z∫
t

(z − s)δ−1(s− t)αk+β−1 ds,

by changing the variable s = t+ ω(z − t)

L =
1

Γ(δ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk(z − t)αk+β+δ−1

Γ(β + kα)

1∫
0

ωαk+β−1(1− ω)δ−1dω,

=
1

Γ(δ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk(z − t)αk+β+δ−1

Γ(β + kα)
B(β + kα, δ),

= (z − t)β+δ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk(z − t)αk

Γ(β + δ + kα)
,

= (z − t)β+δ−1
pM

α,β+δ
q (λ(z − t)α).

This is the completion of Theorem 3.3.

Corollary 3.4. If δ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(δ) > 0 and no d` is negative
or zero, then

1
Γ(δ)

z∫
t

(z−s)δ−1
pF q(λ(s−t)) ds =

(z − t)δ−1

Γ(δ + 1) p+1F q+1(1, c1 · · · , cp; 1+δ, d1, · · · , dq;λ(z−t)).

(3.4)

Theorem 3.5. If α, β ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) > 0 and no d`
is negative or zero, then

1
Γ(α)

z∫
0

tβ−1(z − t)α−1
pM

α,β
q (λtα) dt = zα+β−1

pM
α,α+β
q (λzα). (3.5)

Proof. Let L be the left-handed member of (3.5), term by term integration gives us the following
expression

L =
1

Γ(α)

z∫
0

tβ−1(z − t)α−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λktαk

Γ(β + kα)
dt,

=
1

Γ(α)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λk

Γ(β + kα)

z∫
0

tαk+β−1(z − t)α−1 dt,

substituting t = zv

L =
1

Γ(α)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λkzαk+α+β−1

Γ(β + kα)

1∫
0

vαk+β−1(1− v)α−1 dv,

=
1

Γ(α)
zα+β−1

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λkzαk

Γ(β + kα)
B(β + kα, α),

= zα+β−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

λkzαk

Γ(α+ β + kα)
,

= zα+β−1
pM

α,α+β
q (λzα).



280 D. S. Sachan, S. Jaloree, K.S. Nisar and A. Goyal

This is the completion of Theorem 3.5.

Corollary 3.6. If z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q) and no d` is negative or zero, then

z∫
0

pF q(λt) dt = zp+1F q+1(1, c1 · · · , cp; 2, d1, · · · , dq;λz). (3.6)

Theorem 3.7. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t− z)λ−1
pM

α,β
q (czm) dz = B(µ, λ)tµ+λ−1

p+mM
α,β
q+m(P1;Q1; ctm), (3.7)

where

P1 = c1, .........., cp,
µ

m
,
µ+ 1
m

, ............., ,
µ+m− 1

m
,

Q1 = d1, ..., dq,
µ+ λ

m
,
µ+ λ+ 1

m
, ...,

µ+ λ+m− 1
m

.

Proof. Let L be the left-handed member of (3.7), term by term integration gives us the following
expression

L =

t∫
0

zµ−1(t− z)λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckzmk

Γ(β + kα)
dz,

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ck

Γ(β + kα)

t∫
0

zmk+µ−1(t− z)λ−1 dz,

substituting z = tv, which gives

L =
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktmk+µ+λ−1

Γ(β + kα)

1∫
0

vmk+µ−1(1− v)λ−1 dv,

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktmk

Γ(β + kα)
B(mk + µ, λ),

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktmk

Γ(β + kα)

Γ(mk + µ)Γ(λ)

Γ(mk + µ+ λ)
,

= B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktmk

Γ(β + kα)

(µ)mk
(µ+ λ)mk

,

using formula (2.1), above expression can be written as

L = B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

m∏
i=1

(
µ+ i− 1

m

)
k

m∏
j=1

(
µ+ λ+ j − 1

m

)
k

cktmk

Γ(β + kα)
,

= B(µ, λ)tµ+λ−1
p+mM

α,β
q+m(P1;Q1; ctm).

This is the completion of Theorem 3.7.
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Corollary 3.8. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then there hold the following known formula [5].

t∫
0

zµ−1(t− z)λ−1
pF q(cz

m) dz = B(µ, λ)tµ+λ−1
p+mF q+m(P1;Q1; ctm), (3.8)

where P1 and Q1 are same as given in Theorem 3.7.

Theorem 3.9. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t− z)λ−1
pM

α,β
q (c(t− z)s) dz = B(µ, λ)tµ+λ−1

p+sM
α,β
q+s(P2;Q2; cts), (3.9)

where
P2 = c1, ............, cp,

λ

s
,
λ+ 1
s

, ............, ,
λ+ s− 1

s
,

Q2 = d1, ..., dq,
µ+ λ

s
,
µ+ λ+ 1

s
, ...,

µ+ λ+ s− 1
s

.

Proof. Let L be the left-handed member of (3.9), term by term integration gives us the following
expression

L =

t∫
0

zµ−1(t− z)λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ck(t− z)sk

Γ(β + kα)
dz,

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ck

Γ(β + kα)

t∫
0

zµ−1(t− z)sk+λ−1 dz,

substituting z = tv, which gives

L =
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktsk+µ+λ−1

Γ(β + kα)

1∫
0

vµ−1(1− v)sk+λ−1 dv,

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktsk

Γ(β + kα)
B(µ, sk + λ),

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktsk

Γ(β + kα)

Γ(µ)Γ(sk + λ)

Γ(sk + µ+ λ)
,

= B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktsk

Γ(β + kα)

(λ)sk
(µ+ λ)sk

,

using formula (2.1), above expression can be written as

L = B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

s∏
i=1

(
λ+ i− 1

s

)
k

s∏
j=1

(
µ+ λ+ j − 1

s

)
k

cktsk

Γ(β + kα)
,

= B(µ, λ)tµ+λ−1
p+sM

α,β
q+s(P2;Q2; cts).

This is the completion of Theorem 3.9.
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Corollary 3.10. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then there hold the following known formula [22].

t∫
0

zµ−1(t− z)λ−1
pFq(c(t− z)s) dz = B(µ, λ)tµ+λ−1

p+sFq+s(P2;Q2; cts), (3.10)

where P2 and Q2 are same as given in Theorem 3.9.

Theorem 3.11. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t− z)λ−1
pM

α,β
q

(
czm(t− z)s

)
dz

= B(µ, λ)tµ+λ−1
p+m+sM

α,β
q+m+s

(
P3;Q3;

mmssctm+s

(m+ s)m+s

)
,

(3.11)

where
P3 = c1, ..., cp,

µ

m
,
µ+ 1
m

, ..., ,
µ+m− 1

m
,
λ

s
,
λ+ 1
s

, ...,
λ+ s− 1

s
,

Q3 = d1, ..., dq,
µ+ λ

m+ s
,
µ+ λ+ 1
m+ s

, .................,
µ+ λ+m+ s− 1

m+ s
.

Proof. Let L be the left-handed member of (3.11), term by term integration gives us the follow-
ing expression

L =

t∫
0

zµ−1(t− z)λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckzmk(t− z)sk

Γ(β + kα)
dz,

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ck

Γ(β + kα)

t∫
0

zmk+µ−1(t− z)sk+λ−1 dz,

substituting z = tv, which gives

L =
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

cktmk+sk+µ+λ−1

Γ(β + kα)

1∫
0

vmk+µ−1(1− v)sk+λ−1 dv,

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckt(m+s)k

Γ(β + kα)
B(mk + µ, sk + λ),

= tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckt(m+s)k

Γ(β + kα)

Γ(mk + µ)Γ(sk + λ)

Γ((m+ s)k + µ+ λ)
,

= B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckt(m+s)k

Γ(β + kα)

(µ)mk(λ)sk
(µ+ λ)(m+s)k

,

using formula (2.1), above expression can be written as

L = B(µ, λ)tµ+λ−1
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

ckt(m+s)k

Γ(β + kα)
,

×

mmk

m∏
i=1

(
µ+ i− 1

m

)
k

ssk
s∏
j=1

(
λ+ j − 1

s

)
k

(m+ s)(m+s)k

m+s∏
ω=1

(
µ+ λ+ ω − 1

m+ s

)
k

,
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= B(µ, λ)tµ+λ−1
p+m+sM

α,β
q+m+s

(
P3;Q3;

mmssctm+s

(m+ s)m+s

)
.

This is the completion of Theorem 3.11.

Corollary 3.12. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then there hold the following known formula [5].

t∫
0

zµ−1(t−z)λ−1
pF q

(
czm(t−z)s

)
dz = B(µ, λ)tµ+λ−1

p+m+sF q+m+s

(
P3;Q3;

mmssctm+s

(m+ s)m+s

)
,

(3.12)

where P3 and Q3 are same as given in Theorem 3.11.

Theorem 3.13. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

xµ−1(1− x)2(µ+λ)−1
(

1− x

3

)2µ−1(
1− x

4

)(µ+λ)−1

pM
α,β
q

(
zx

(
1− x

3

)2)
dx

=

(
2
3

)2µ

B(µ, µ+ λ) p+1M
α,β
q+1

(
c1, ..., cp, µ; d1, ..., dq, 2µ+ λ;

4z
9

)
.

(3.13)

Proof. Let L be the left-handed member of (3.13), by applying (1.1) in the integrand of (3.13)
and interchanging the order of integral and summation, we get

L =

1∫
0

xµ−1(1− x)2(µ+λ)−1
(

1− x

3

)2µ−1(
1− x

4

)(µ+λ)−1

pM
α,β
q

(
zx

(
1− x

3

)2)
dx,

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

×
1∫

0

xµ+k−1(1− x)2(µ+λ)−1
(

1− x

3

)2(µ+k)−1(
1− x

4

)(µ+λ)−1

dx,

applying integral formula (2.2), we obtain

L =
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

(
2
3

)2(µ+k)
Γ(µ+ k)Γ(µ+ λ)

Γ(2µ+ λ+ k)
,

=

(
2
3

)2µ
Γ(µ)Γ(µ+ λ)

Γ(2µ+ λ)

∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

(µ)k
(2µ+ λ)k

( 4z
9 )

k

Γ(β + kα)
,

=

(
2
3

)2µ

B(µ, µ+ λ) p+1M
α,β
q+1

(
c1, ..., cp, µ; d1, ..., dq, 2µ+ λ;

4z
9

)
.

This is the completion of Theorem 3.13.

Corollary 3.14. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero,then

1∫
0

xµ−1(1− x)2(µ+λ)−1
(

1− x

3

)2µ−1(
1− x

4

)(µ+λ)−1

pF q

(
zx

(
1− x

3

)2)
dx

=

(
2
3

)2µ

B(µ, µ+ λ) p+1Fq+1

(
c1, ..., cp, µ; d1, ..., dq, 2µ+ λ;

4z
9

)
.

(3.14)
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Theorem 3.15. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

xµ+λ−1(1− x)2µ−1
(

1− x

3

)2(µ+λ)−1(
1− x

4

)µ−1

pM
α,β
q

(
z

(
1− x

4

)
(1− x)2

)
dx

=

(
2
3

)2(µ+λ)

B(µ, µ+ λ) p+1M
α,β
q+1(c1, ..., cp, µ; d1, ..., dq, 2µ+ λ; z).

(3.15)

Proof. Proof is similar as of Theorem 3.13.

Corollary 3.16. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then

1∫
0

xµ+λ−1(1− x)2µ−1
(

1− x

3

)2(µ+λ)−1(
1− x

4

)µ−1

pFq

(
z

(
1− x

4

)
(1− x)2

)
dx

=

(
2
3

)2(µ+λ)

B(µ, µ+ λ) p+1F q+1(c1, ..., cp, µ; d1, ..., dq, 2µ+ λ; z).

(3.16)

Theorem 3.17. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
z(1− y)
1− xy

)
dx dy

= B(µ, λ)p+1M
α,β
q+1(c1, ..., cp, λ; d1, ..., dq, µ+ λ; z).

(3.17)

Proof. Let L be the left-handed member of (3.17), by applying (1.1) in the integrand of (3.17)
and interchanging the order of integral and summation, we get

L =

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
z(1− y)
1− xy

)
dx dy,

=
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ+k−1(1− xy)1−µ−λ−k dx dy,

applying integral formula (2.3)

L =
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

Γ(µ)Γ(λ+ k)

Γ(µ+ λ+ k)
,

= B(µ, λ)
∞∑
k=0

(c1)k · · · (cp)k
(d1)k · · · (dq)k

zk

Γ(β + kα)

(λ)k
(µ+ λ)k

,

= B(µ, λ)p+1M
α,β
q+1(c1, ..., cp, λ; d1, ..., dq, µ+ λ; z).

This is the completion of Theorem 3.17.

Corollary 3.18. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pFq

(
z(1− y)
1− xy

)
dx dy

= B(µ, λ)p+1Fq+1(c1, ..., cp, λ; d1, ..., dq, µ+ λ; z).

(3.18)
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Theorem 3.19. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
zy(1− x)

1− xy

)
dx dy

= B(µ, λ)p+1M
α,β
q+1(c1, ..., cp, µ; d1, ..., dq, µ+ λ; z).

(3.19)

Proof. Proof is similar as of Theorem 3.17.

Corollary 3.20. If µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(µ) > 0,<(λ) > 0 and no
d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pFq

(
zy(1− x)

1− xy

)
dx dy

= B(µ, λ)p+1Fq+1(c1, ..., cp, µ; d1, ..., dq, µ+ λ; z).

(3.20)

Theorem 3.21. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
zy(1− x)(1− y)

(1− xy)2

)
dx dy

= B(µ, λ)p+2M
α,β
q+2

(
c1, ..., cp, µ, λ; d1, ..., dq,

µ+ λ

2
,
µ+ λ+ 1

2
;
z

4

)
.

(3.21)

Proof. Following similar lines as of Theorem 3.17, applying formula (2.3), leads the proof of
Theorem.

Corollary 3.22. If µ, λ ∈ C, z ∈ C, cτ , dj ∈ C, (τ = 1, p; j = 1, q),<(µ) > 0,<(λ) > 0 and no
dj is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pFq

(
zy(1− x)(1− y)

(1− xy)2

)
dx dy

= B(µ, λ)p+2Fq+2

(
c1, ..., cp, µ, λ; d1, ..., dq,

µ+ λ

2
,
µ+ λ+ 1

2
;
z

4

)
.

(3.22)

4 Representations in Hadamard product

This section is devoted to establishing our main integrals in terms of the product of two functions
applying Hadamard product concept of power series defined in (1.9).

Theorem 4.1. If α, β, δ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(δ) > 0, and no d` is negative or zero, then

1
Γ(δ)

1∫
0

tβ−1(1− t)δ−1
pM

α,β
q (ztα) dt = p+1F q(1, c1, · · · , cp; d1, · · · , dq; z) ∗Eα,β+δ(z). (4.1)

Proof. Applying (1.9) and in view of (1.6) and (1.8), we have

pM
α,β+δ
q (z) = p+1Fq(1, c1, · · · , cp; d1, · · · , dq; z) ∗ Eα,β+δ(z), (4.2)

use of (4.2) in Theorem 3.1, leads to proof of the Theorem 4.1.
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Following similar lines as of Theorem 4.1, Theorems 3.3 to 3.21 can easily be represented in
the Hadamard product of two power series as:

Theorem 4.2. If α, β, δ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(δ) > 0, and no d` is negative or zero, then

1
Γ(δ)

z∫
t

(z − s)δ−1(s− t)β−1
pM

α,β
q (λ(s− t)α) ds

= (z − t)β+δ−1
p+1F q(1, c1, · · · , cp; d1, · · · , dq;λ(z − t)α) ∗ Eα,β+δ(λ(z − t)α).

(4.3)

Theorem 4.3. If α, β ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) > 0 and no d`
is negative or zero, then

1
Γ(α)

z∫
0

tβ−1(z − t)α−1
pM

α,β
q (λtα) dt

= zα+β−1
p+1F q(1, c1, · · · , cp; d1, · · · , dq;λzα) ∗ Eα,β+δ(λzα). (4.4)

Theorem 4.4. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t−z)λ−1
pM

α,β
q (czm) dz = B(µ, λ)tµ+λ−1

pM
α,β
q (ctm)∗m+1Fm(P

′
1;Q′1; ctm), (4.5)

where
P ′1 = 1,

µ

m
,
µ+ 1
m

, ............., ,
µ+m− 1

m
,

Q′1 =
µ+ λ

m
,
µ+ λ+ 1

m
, ...,

µ+ λ+m− 1
m

.

Theorem 4.5. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t− z)λ−1
pM

α,β
q (c(t− z)s) dz = B(µ, λ)tµ+λ−1

pM
α,β
q (cts) ∗ s+1F s(P

′
2;Q′2; cts),

(4.6)

where
P ′2 = 1,

λ

s
,
λ+ 1
s

, ............, ,
λ+ s− 1

s
,

Q′2 =
µ+ λ

s
,
µ+ λ+ 1

s
, ...,

µ+ λ+ s− 1
s

.

Theorem 4.6. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

t∫
0

zµ−1(t− z)λ−1
pM

α,β
q

(
czm(t− z)s

)
dz

= B(µ, λ)tµ+λ−1
pM

α,β
q

(
mmssctm+s

(m+ s)m+s

)
∗ m+s+1Fm+s

(
P ′3;Q′3;

mmssctm+s

(m+ s)m+s

)
,

(4.7)

where
P ′3 = 1,

µ

m
,
µ+ 1
m

, ..., ,
µ+m− 1

m
,
λ

s
,
λ+ 1
s

, ...,
λ+ s− 1

s
,

Q′3 =
µ+ λ

m+ s
,
µ+ λ+ 1
m+ s

, .................,
µ+ λ+m+ s− 1

m+ s
.
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Theorem 4.7. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

xµ−1(1− x)2(µ+λ)−1
(

1− x

3

)2µ−1(
1− x

4

)(µ+λ)−1

pM
α,β
q

(
zx

(
1− x

3

)2)
dx

=

(
2
3

)2µ

B(µ, µ+ λ) p+2Fq+1

(
1, c1, ..., cp, µ; d1, ..., dq, 2µ+ λ;

4z
9

)
∗ Eα,β

(
4z
9

)
.

(4.8)

Theorem 4.8. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

xµ+λ−1(1− x)2µ−1
(

1− x

3

)2(µ+λ)−1(
1− x

4

)µ−1

pM
α,β
q

(
z

(
1− x

4

)
(1− x)2

)
dx

=

(
2
3

)2(µ+λ)

B(µ, µ+ λ) p+2Fq+1(1, c1, ..., cp, µ; d1, ..., dq, 2µ+ λ; z) ∗ Eα,β(z).

(4.9)

Theorem 4.9. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
z(1− y)
1− xy

)
dx dy

= B(µ, λ)p+2Fq+1(1, c1, ..., cp, λ; d1, ..., dq, µ+ λ; z) ∗ Eα,β(z).

(4.10)

Theorem 4.10. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
zy(1− x)

1− xy

)
dx dy

= B(µ, λ)p+2Fq+1(1, c1, ..., cp, µ; d1, ..., dq, µ+ λ; z) ∗ Eα,β(z).

(4.11)

Theorem 4.11. If α, β, µ, λ ∈ C, z ∈ C, cτ , d` ∈ C, (τ = 1, p; ` = 1, q),<(α) > 0,<(β) >
0,<(µ) > 0,<(λ) > 0 and no d` is negative or zero, then

1∫
0

1∫
0

yµ(1− x)µ−1(1− y)λ−1(1− xy)1−µ−λ
pM

α,β
q

(
zy(1− x)(1− y)

(1− xy)2

)
dx dy

= B(µ, λ)pM
α,β
q

(
z

4

)
∗ 3F 2

(
1, µ, λ;

µ+ λ

2
,
µ+ λ+ 1

2
;
z

4

)
.

(4.12)

5 Conclusion

In this study, we have developed various integral formulas pertaining to generalized M -series,
which are expressed in terms of M -series itself. Due to the general nature of M -series, the re-
sults obtained in this article can be easily converted in terms of various classical special functions
(such as the Mittag-Leffler function) and trigonometrical functions after suitable parametric re-
placements. Further, We have represented integrals in the Hadamard product of two known
power series. The formulas obtained in this paper may be of some interest to researchers in
related areas.
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