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Abstract. In this paper, we study Schur convexity and concavity, its properties like Schur,
Schur harmonic convexity(concave)on the ratio of difference of means obtained by arithmetic
mean, geometric mean, harmonic mean, contraharmonic mean, heron mean, root square mean,
subsidiary means.

1 Introduction

In [15] I. J. Taneja refinement of inequalities among means we have the following inequality
chain.
H(®,¥) <G(D,9) < Ni(D,¥) < H (P,¥) < N(P,¥) < A(D,¥) < S(D,¥)
For the real numbers ®, ¥ > 0,
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2
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H=H(®¥) = Ll

st v
He:He(q)alP):(D+ ¢3*‘P+IP
2 2
st(q;,\p):,/%
D2 + P2
C=0Y) =Gy
2
e (M)
VO + V¥ D+ ¥
v (M) 0)

are respectively called arithmetic mean, geometric mean, harmonic mean, root-square mean,
contra-harmonic mean. N, N, are called subsidiary means which are discussed in Enormously.
With the reference of these well known means, few difference of means are given as below.
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Msa(@,¥) = S(®,¥) — A(D,P)
Msn,(®,¥) = S(D,¥) — N»(D,¥)
Mgy, (®,¥) = S(®,¥) — He(P,¥)
Mgy, (@, ¥) = S(D,¥) — Ni(P,¥)

Msa(®,¥) = 5(@,¥) - G(,%¥)
My, (@,¥) = H(®,¥) — N, (P, ¥)
Maa(®,¥) = G(P,¥) — A(D,P)

Mas(®,¥) = A(P,¥) — S(P,¥)

My, n, (9, '¥) = Ni(@,'F) — N2(P,P)
Mun, (®,¥) = H(®,¥) — Ni (D, P)
My, N, (®,F) = Ny(D,P) — N|(D,P)
My, c(®,¥) = Ni(D,¥) — G(D,P)

In this paper, we discuss convexity of difference of means list above.

2 Preliminaries
This section provides the required definitions and lemmas.

Lemma 2.1. In [2]] Jamal Rooin and Mehdi Hassni introduced the homogeneous functions f(x)
and g(x), where

DT — P
dr _
g(z) =In o

for @ € (—o0,+00)
« convexity, if ®¥ — (n >0
- concavity, if &n — ¥(¢ < 0 and
« equalities holds, if &n —¥¢(=0for® >V > >n>0

The notion of Schur-convex function was introduced by I. Schur in 1923 and has interesting
applications in quantum theory, analytic inequalities and quantum mechanics. We now present
the basic lemmas required to prove the main theorems.

Lemma 2.2. Let Q C R"™ be symmetric with non empty interior geometrically convex set and let
¢ : Q — R, be continuous on Q and differentiable in Q. If ¢ is symmetric on Q and

n®; — In®d,) | ® 9 ) 9 > 0. )
(In®y —1 2)< 5%, 2912) (2.1)
where @ = (D, Dy -+ -+ ®,,) € Q°, then ¢ is Schur-geometrically convex(concave)function.

Lemma 2.3. Let Q C R"™ be symmetric with non empty interior harmonically convex set and let
¢ : Q — R, be continous on Q and differentiable in Q°. If ¢ is symmetric on Q and
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where ® = (0, D,

of Schur-convex functions are studied in [[11]-[25]].

3 Main Results

(P

— @) <c1>2 o¢

0P,

cbzad))z 0.

29d,

2.2)

............. ®,,) € QY then ¢ is Schur-harmonically convex(concave)function.
An important source of Schur-convex functions can be found in Merkle [16]. Other families

In this section we set the difference of means which are defined in the equations in the above

section.

Mgy, (®,¥) —
Mgy, (P,¥) —

Msqa

Mga(P,¥) —
Mgss(P,¥) —

(CI)7\P) -

The above difference of the means are convex for all positive values. Now, we establish the ratio
of difference of above means as follows:

Msn, = Msa _ A—-Np
Msg — Msy, N»—H
Mgg — Mgsa i A-G
Msa —Msy, G- N,
Msa — Msn, _ N -G
Msg — Msu, G- H.
Mss — Msn, _ N =S
Mss — Msy A—S
Msg — Mgs S—G
Mgs — Mga . A—-S
Mgy — Mgs S—H

Theorem 3.1. For ® > W > 0, the ratio of difference of mean

is convex for all positive real values of 't’

Proof.

Msy, —Msa _ A—N,

Mspy — Msy, N»—H
MSNz(pvl)_MSA(pvl) — A(pul)_NZ(pvl)
MSH(p?I) _MSNz(p71) N2(pa1) _H(pal)



Schur convexity of difference of means 389

from 2.1)

f(p,1) = AH — N3
—(p?)(pzfl)—(@“f(W)z

[8p (P(p+14+2yp) +p+1+2yp)]

[8p— ((p+ 1) +2yp(p+1))]
p—(p+1)>-2p(p+1)
8

6p—p*+1-2p(p+1)
8

[° OO\'—‘ OO\

fp, 1) =

>0

Therefore, it satisfies convexity property V non negative values of 'p’. O
Theorem 3.2. For ® > ¥ > 0,the ratio of difference of mean

Msg — Msa A-G

Mgy, — Msg G —N;

is convex for all positive real values of 't'

Proof. Let

flp,1) = Msa(p,1) — Msa(p, 1) _ A(p,1) = G(p,1)
7 MSNl(pvl)_MSG(p,l) G(p,l)—Nl(p7l)

:<p+1>(f2+1> i
= {pp+1+2\f) (p+1+2\/;3)}

{p +p~|—2p\/[9+p+1+2\/§]—

[(p+1)>+2vp(p+1)]—

[[(p+1D(p+1+2yp) — 8p]

— 0| = 00| = 00| = 00| —

=[P +p+2vp(p+1)+2p—8p|

P+ 1-6p+2p(p+1)
8

oo |

flp, 1) = >0
Therefore, it satisfies convexity property for all non negative values of 'p’. O
Theorem 3.3. For ® > ¥ > 0, the ratio of difference of mean

Msg — Msn, _ Ni -G
Mgy, — Msg G —H,

is convex for all positive real values of 't
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Proof.

MSG(p71)_MSN1(p71) — Nl(p>1)_G(p71)
Msu,(p,1) — Msa(p,1)  G(p,1) — He(p, 1)
f(p,1) = N\H, — G?

_ <\/13+1>2(p+1+\/15>

2 3

(p+1+2\f>(p+l3+\/f)>_

[P+ 1+2yp(p+ 1)+ /pp+ 1) +4p — 12p)]

fp, 1) = =[P +1-8p+3yp(p+1)]>0

5~5\~ ol— Sl Sl-

Therefore,it satisfies convexity property V non negative values of 'p’
Theorem 3.4. For ® > ¥ > 0,the ratio of difference of mean

Mss — Msn, _ N1 —S

is convex for all positive real values of 't

Proof.
Mss(p, 1) — Mgy, (p, 1) _ Ni(p,1) = S(p,1)
Msa(p, 1) — Mss(p, 1) S(p, 1) = G(p,1)
f=NG-5°

() e ()
(e 142yp)p-20p+1)*—2p
( ; )

fou1) = ((p+l)w3+2p—2(p+1)2)20

Therefore, it satisfies convexity property ¥ non negative values of ’p’.

4 Schur convex and combined type properties of difference of means

{pp+1+2f) (p+1+2yp)+2yp(p+1+2yp)—12p

In this component, we get the Schur convexity(concavity), Schur geometrically convexity(concavity),
Schur harmonically convexity(concavity) for the difference of ratio of means in 2 variables.

Theorem 4.1. The ratio of difference of mean

Mgy, — Mga A—-N

Mgsg — Msy, No—H

o Schur convexity
o Schur geometrical convexity

e Schur harmonical convexity N @ > V.
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Proof.

Mgy, (D,¥) — Mga(D,¥)
Mgy — Msn,
_ A(q)7\P) - NZ(CI)a T)
B N2(¢)7IP) - H(q)7\1—’)
6PY — D2 — P2 — 2\/DF(D + P)
8

Letf(®,¥) =

f(cI)’lP) =

The partial derivatives of f(®, W) after simple calculations gives.

af 1
55 = gl0¥ —20 - 2VO¥ 6(<1>+\P)]
af 1 D

g = gl6® 2% —2VO¥ | /(@ 1 ¥)]

Proof. Case-(1) Schur convexity(concavity) Then

_of of

0D 0¥

of af 1 ¥ 1 )
e 8[6‘1’—2@—2\/@—\/;(43%—‘1‘)]—8[6@—2‘1‘—2\/@— @(q>+ly)]

_(e-¥) [(CIH—‘P)—E%@}

8 Vor
g_ﬁ_(qb—‘l’) 2A - 8G -0
0P o¥ 8 G -
for & > W¥. This proves the condition for Schur convexity. O

Proof. Case-(2) Schur geometrically convexity(concavity)

Then
of of
= %50~ You
of aof @ ¥ v | D
cb% ‘Paw 8[6‘P 20 -2V <1>+‘P §[6<1> 29 — 2V ¢>—|—‘I‘
<I> g
__@-%) [(®+Y) + VDY
of 8 I (d) - ¥)
- — — <
po Yaw g 1PATCIS0
for & > W¥. This proves the condition for Schur geometrically concavity. O

Proof. Case-(3) Schur harmonically convexity(concavity)
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Then

_ 20 e 0f
:qu[ﬂfzqaz@\/g@wl’)]qs[@z‘yz‘/@\/E@JF\P)]

_ (‘D;P) [8(13‘1’—2((194-‘{’)2 - 3(¢+\P)@}

20f g 0f (-0
os W og = 4@ - A°) ~340]2 0

for & > W¥. This proves the condition for Schur harmonically convexity. O
Theorem 4.2. For ® > ¥ > 0, the difference of ratio of mean

Mgy, — Msg G — N;

is
(1) Schur convexity
(2) Schur geometrical convexity

(3) Schur harmonical convexity N ® > V.
Proof. Let

_ Mgy, (P,¥) — Msq(P,¥)  G(P,¥) — Ni(D,¥)
f(@,Y) = — = ¥) — ]
Mspy, @w) — Msn,(@,w) Ni(P,¥) — He(P,¥)

Hence,
f(@,%) = AN, - G*

f(q>7lp):<q>42rly>(q>+w:2\/@

D’ + P2 — 6DY + 2VO¥(D + V)
8

)-ow

f(cbvlp) =

the partial derivatives of f(®,¥) and simple computations gives us,

W—1[2¢—6w+2@+\/§(¢+\1})}

0o~ 8
of _1 2
=5 = 8[2‘P—6¢+2\/¢‘P+ \p(q”r‘l‘)}

Proof. Case-(1) Schur convex Then

s 9r _of
0P 0¥
_¢_T[8@+(¢+T)}>O
8 Vo -

> 0.

af  9f  ®-¥[8G+24
o®  o¥ 8 G

for @ > W. This verifies the condition for Schur convex from 5 O
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Proof. Case-(2) Schur geometrically convex. we have

cp% = ?[2@—6‘P+2\/@+ g(qmq})}
w% —lﬂz\y—écmzx/@ju \/g(dﬂr‘{’)]
qn% = % {2<1>2 — 6DY + 2DVDY + P(P + \p)\/ﬂ
\P% = % {2\112 — 6DF + 2¥VOY + ¥ (D + \P)\/ﬂ
CD% —\Pg—é] = ?[(dﬁi—‘l’)—i—@]
@%—w% = ¢;T[2A+G}ZO
for @ > W. This proves Schur geometrically convex. O

Proof. Case-(3) Schur harmonic convexity. we have

s :q>2a—f —‘Pza—f

0P v
of @ ¥
27:7 — —_
5= 3 [24: 6‘P+2\/<I>‘P+\/q)(<b+‘ll)}
of w2 )
27:7 — —_

W oE = [2\11 6¢+2\/¢\P+\/1P(<p+lp)}

oW

{(q>+lp)24¢T+@(¢+\P)+@<¢;\P>}

of of [(D-W
2 27: -
*5 Vo ( 1

) [4A%7 — 4G +3GA]> 0
for @ > W. This verifies the condition for Schur harmonic convex. O

Theorem 4.3. The ratio of difference of mean

Msg — Msn, _ M -G
Mgy, —Msg G —H.

(1) Schur convexity
(2) Schur geometrical convexity

(3) Schur harmonical convexity ,for all ® > .

Proof.

Mse(®,¥) — Msn, (P, ¥) N —G

letf(®,¥) = Mgp. (9, %) — Msa(®,¥) G — H,

Hence,
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f((b7\P) =
f((b7\P) =

or _
oD

N\H, — G?

% <q>2 + P2 — 8OY + 3VOY(P + ‘P))

Proof. Case-(1) Schur convexity.

Then
af
0P
of
o¥
of _of
0P ¥
of _of
od o¥

112<2¢—8T+3@+W>
1 3VD(P + P)
12(2‘1’—8‘1)+3\/CIT‘P+2\/\?)
—112<2¢—8‘P+3@+W>
:112<2\P—8¢+3@+w>
_(@—\1')[10\/@—3(q>+ly)]
12 VO
(@) [10G - 34
e

for @ > W. This proves the condition of Schur convexity from 5

Proof. Case-(2) Schur geometrically convex. we have

s=¢%_\p%
@%—w%:$<2¢—sw+3@+W)
_E(zlp_8q>+3\/cﬁ+3\/52@j£‘?))
:(¢;2T)(2(¢+‘I‘)+3@)
q)(%_ ST{; - (q)lep) (44+3@)=20

for & > W¥. This proves the condition of Schur geometrically convex.
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Proof. Case-(3) Schur harmonically convex. we have

ol
CIJZ%—\PQS—IJ; T2<2<I> 8\1!+3F+3*/¢;§’£%>
llyzz<2lp 8¢+3F+3\@2§’£q’)>
cf; [2((c1>+qf) — DY) -8DY + 3VPP (P + )
(@) v
P’ gé P2 g;; (® 1_2% [84% — 10G” + 9AG]

af of (® - W)
_ 2 2 -1 2 2 N
(P -Y) [CI) 7 -¥ alP] 1 [8A% — 10G” + 9AG]|> 0
for & > ¥. This proves the condition of Schur harmonically convexity.

Theorem 4.4. The ratio of difference of mean

Mss — Msn, _ Ni -5

(1) Schur convexity/concavity.
(2) Schur geometrically convexity/concavity.

(3) Schur harmonically convexity/concavity. ¥ ® > W.

Proof.

(0, W) = Mg (P, ¥) — Mgy, (P, lp)) N

Msg(®,¥) — Mgs(P,¥

() v (2

_ <¢+T+2\/q>w>@_ P +¢?

2

(P H+ Y+ 2VDY) VDY — 2(P? + P2 + 2DV — 20Y)
- 4

4

_(@+¥+ 2VPP) VDY - 2((P + P)? - 20¥)

4
(P P)VDY +20Y — 2(D + )2 + 4DV
- 4
f_(¢+W)JdTT—2(¢+T)2+6¢T
- 4
g—é i{@+¢w+6‘l‘—4(¢+‘}‘)}
g{,:i[\/ﬁJﬂ/&W%qux(@wﬂ
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Case-(1) Schur convexity.

of  of 1[VI@+Y) VI(P+YP)

o ¥ 4| 2/D 2V
L[ +Y) B
_4_2@(1}' ®) + 6(¥ q>)}
_1[=(@e+¥)(@-Y) 4
=1 N 6(® w)}
—(®-P)[(D+¥)

-4 [2\/@%}

af of _ —(@-W) [A+6G}<O

od ¥ 4 G
of of  —(®@-W)>2[A+6G
< 0.
(@-¥)56 ~ ow ~ 1 a |=Y

This proves f is Schur concave.
Case-(2) Schur geometrically convexity.

¢%-T%:T[@+W+@P-4(@+W)}
—f[\/@+\/w+6¢—4(®+‘{')}

2V

4>\~

2V

4>\~

2

-M'—‘

-h\»—* 4>\~

—~

_(@- T) [F 4(d + \P)]

ol @Ol _ (CD_‘P) (G —84]

I
(In® — In lp)(gé %):(1@4@)@@_8420

This proves f is Schur geometrically convex.

+6Y¥ — 6<I>]

[¢F+¢‘/w+6¢w 4q>(q>+ly)

[wf + VP +T) + 6DY — 4¥(D + lp)

[cpﬁJr w +6<I>‘P—4CI>(<I>+‘P)

{wf + VOF(®+¥) + 6DY — 4¥(D + ‘P)}
{cpr 4d(D + lP)] -2 [\PF 49 (P + lp)}

{cb P)VOY — 4(D ‘P)(CI>+‘P)]
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Case-(3) Schur harmonically convex.

029 g d) _ il [\/cb‘y + V@1 ) + 6% — 4(D + ly)]

OP ov 2V
T{\/@+‘/&W+6¢4(q>+w)]
_ % [q>2\/@+ q:z‘/w + 66BN — 4D (D + lP)]
- % {‘PZ\/@—!— \Pz\/w + 6DY? — 492 (P +lp)]
R

+ 6D — 62D — 4% (D + W) + 4P*(D + ‘P)]

_ i[<¢_w><cp+w>\/qﬁ+ Sl (‘I"P%‘P))

+ 6PP (D — ) — 4(P + ¥)* (D — ‘P)}

(‘b4q’)[(¢+w)ﬁ+ﬁ( )+6<I>‘P—4(CI>+‘P)2]

= w[ZA(H—AG#—a?Z — 164?]
= w[3AG+6G2 — 16A?]
@2231; g gj; @[3(&#2@2) —164%]>0
of of  (@-P)?
2 2 2\ 2
(@-W)@? o — ¥ = ————[3(AG +2G%) — 164°]> 0

This proves f is Schur harmonically convex. O

5 Conclusion

We conclude that the results listed in Main results are Schur convex for all positive values of
(O Y
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