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A straight chain of 3 copies of k-wheels graph W,f is a sequence of 3 copies of k-wheels
such that every two successive wheel have exactly one common edge. In this article, we investi-
gate the average restricted detour distance, Hosoya polynomial, Wiener index, restricted detour
polynomial and restricted detour index of the graph W,f for k = 4,5 and § > 2. Moreover, we
find the average distance and the average restricted detour distance of the graphs Wf and WS*B

for 5 > 2.

1 Introduction

Throughout this article, our graphs are finite, simple and connected. Let G be a graph with vertex
set V(G) and edge set F(G). The distance d(u,v) between the two vertices v and v of G is the
number of edges in the shortest v — v path in G[4]. An induced u — v path of length D* (u,v)
is called a restricted detour path. The restricted detour distance between two vertices u and v of
G is the length of a longest u — v path p for the induced condition (V' (P)) = P and indicated
D*(u,v)[8, 10]. The restricted detour diameter §* of the graph G is defined to be the maximum
restricted detour distance between any pair of vertices of G[7].

The Wiener index W (G) of a graph G, is the sum of the distances between all pairs of vertices
of G[2].

Let C(G, k) denotes the number of pairs of vertices of G that are at distance k, fork = 0,1,...,¢
where ¢ is the diameter of G. The Hosoya polynomial of G is H (G;z) = Zz:o C(G, k).

d The

The Wiener index and Hosoya polynomial have the relation W (G) = £ H (G;x) |

T z=1"

average distance u(G) is the expected distance between all the distinct unordered pairs of ver-
tices of G, divided by |V (G)| (|V (G)| — 1) where |V (G)| is the order of G, that is, u (G) =

2 fu,wiC d(u,v) D STy duw) W(G)
et [3: 6. 91. Therefore p(G) = ===, = o The re-
()

2

stricted detour polynomial depends on restricted detour distance, whichis D* (G;2) = >, .y cv(@) zP" ()

, where the summation is taken over all unordered pairs of distinct vertices v and vof G. The
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index dd”* () = 3¢, 1 cv(q) D" (u,v) is also based on the restricted detour distance, where the
summation is taken over all unordered pairs of distinct vertices v and vof G[1].

Also dd* (z) = L D* (G z)|,_,.

_ 2dd* (G)
T IVEGIvE@)I-1)-

Restricted detour polynomials and restricted detour indices are computed in 2012 for a hexag-

onal chain and a ladder graph by Ali. A. Ali And G. A. Mohammed-Saleh [1], in 2017 for

Finally, we define the average restricted detour distance as p* (G)

edge identification of two wheel graphs by Ivan Dler Ali and Herish Omer Abdullah [10], also
computed in 2017 for some classes of thorn graphs by Gashaw A. Mohammed-Saleh, Herish O.
Abdullah and Mohammed R. Ahmed [5], and in 2021 for a prism and some wheel related graphs
by Herish O. Abdullah and Ivan Dler Ali [8]. The general form of average distance and average

restricted detour distance of a straight chain of k-wheels graph is provided in this article.

2 Straight 4-Wheel Chains

A straight 4-wheel chain Wf for 5 > 2 is a graph consisting of a chain of 3 copies of 4-wheels
so that every two successive wheel have exactly one common edge. This forming a chain as

shown in 1.

(a) B is even

(b) B is odd

Figure 1: The graph Wf

By direct computations, we see that the order of the graph Wf is p(Wf ) =28+ 2, and the size
of the graph Wf is q(Wf ) = 58 + 1. Next proposition computes the diameter and restricted
detour diameter of the graph Wf .

Proposition 2.1. For 8 > 2, the diameter § (Wf ) of the graph Wf is equal to 8 — L%J and

the restricted detour diameter 6*(Wf ) of the graph Wf is equal to  — {%J

Proof: 1t clear that from the Figure 1, and by mathematical induction on the number of copies 3

of the graph W/, the diameter & (Wf ) is equal to 3 — {%J and the restricted detour diameter
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5* (W7 is equal to § — {%J
Obviously, the Hosoya polynomial and the restricted detour polynomial of the 2-copies of 4-

wheel graphs W7 are given by

H (Wiiz) = D* (Wiiz) = 6+ 11z + 4a’.

The Hosoya polynomial of Wf for 5 > 2 is given in the next result.

Theorem 2.2. If § > 2, then the Hosoya polynomial of the graph Wf is given by

B
HW}w) = (2842) + (58 + D)o+ (88— 12)22 +4 Y (B-m+ D" 1) @)

m=4

Proof: 'We use mathematical induction on the number of copies [ in the graph Wf .

The result is obvious for 8 = 2.

For = 3, then from Figure 1a and by directed calculations we obtain H (Wf; o:) =8+ 16z +
1222, which satisfies the relation (2.1).

Assume that the theorem is true for 3 = k& > 3, that is

H(Wf;z) = (2k+2)+ (Sk+ 1)z + (8k — 12)z2+4zk: (k—m+ 1)z L],

m=4
Now, to prove the theorem is true for § = k + 1.
First, we assume £ is an even integer and let w; and w; be any two vertices of V(WA{€+l ), and

consider the following cases:

(1) If wy and w, are belong to the first k copies of Wf“, that is, if wy,w, € V(Wf), then we
get the polynomial

.
HW}2) = HWk2) = 2k +2)+(5k + 1) a+(8k — 12)2>+4 Y (k —m + D)2 "7 ],

m=4

(i) If wy = tj+1 and wy = vy, then we get the polynomial G(z) = z.

(iii) If w; belongs to the first k copies of Wi and wy € {t41, Uk}, then we get the poly-

nomials.

m—1

H(vgﬂ,Wf“;x) =1 —|—3x+4x2+22ﬁ;14mm{ =], and

k+1
H(tk+1,W4k+l;x) =1 +2x+4x2+22xm—LmTflj_

m=4
Now, by combining the results obtained from the cases (i),(ii) and (iii) we note that the pair

{tk+1, v x 42} of distance one is counted twice, so we obtain

H(Wiha) = HWsa) + G(x) + H(vg o, Wit a) + Hte, Wi 2) — o
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Hence

k
HWE2) = 2k +2)+ (Sh+ Da+ (k=122 +4 3 (k=m+ 12 17 4o
m=4
k+1 »
+2 45482 14y T g

m=4

HWiha) =2(k+ 1)+ 2]+ [5(k+ 1)+ 1]z + [8 (k + 12) — 1]

k+1 o
+43 [(k+1) —m+ 1Jam L7,
m=4

So, (2.1) is true for even k. Similarly, we can show that (2.1) is true for odd k. Hence the relation

(2.1) is true for all 5 = k + 1. This completes the proof. O

Now, taking the derivative of H (Wf ;) given from Theorem 2.2 with respect to x at z = 1; we

get the following interesting result.

Corollary 2.3. For 3 > 2, the Wiener index of the graph Wf is given by

, 1B +38>+58+1, ifBiseven,
W(W4):

1B +382+88+1,  ifBisodd

Proof: Taking the derivative of H (Wf ; ) given from Theorem 2.2 with respect to x then putting

z = 1; we get

B B B
WW))=218-23+4(B+1)> m—4> m>—4(B+1)) V”Z_IJ
m=4 m=4 m=4
5 (2.2)
m—1
+4n§::4m {2 J
One can easily see that
Zﬂ: {mz_lJ _ B(B-2)-1, if 3 is even, 03
e LB+1)(8—3),  iffBisodd.
and
zﬁ:m{mz_lJ _ 21—45(5—2)(464-5)73, if B is even, o
m L(B+1)(8—1)(48+3) 3, if Bis odd,

Now, substituting (2.3) and (2.4) in (2.2) and then simplifying we get the required result. O
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Corollary 2.4. For 3 > 2, the average distance of the graph Wf is given by

283 +158%+168+6
6(8+1)(2+1) >
p(07) =

283 +158%+168+3 . :
RSN, if 8 is odd.

if 3 is even,

B
Proof: 1t follows from Corollary 2.3 and the relation (Wf ) = %

The restricted detour polynomial of the graph Wf for 5 > 2 is obtained in the next theorem.

Theorem 2.5. For 3 > 2 we have

B
D*(Wa) = (28+2)+ (56 + Da+4(B- 12> +4Y (B-m+ D™ 1] 25

m=3

Proof: We use mathematical induction on the number of 5 copies of the graph Wf .

The result is obvious for g = 2.

For 8 = 3, then from Figure 1a and by directed calculations we obtain D* (W43; :c) =8+ 16+
872 + 42° , which satisfies the relation (2.5).

Assume that the theorem is true for 3 = k& > 3, that is

k
D*(Wlix)= 2k +2)+ (Sk+ Da+4(k—1D)a? +4 > (k—m+ Dam 1557,

m=3

Now, to prove the theorem is true for 5 = k 4 1.
First, we assume k is an even integer and let wjand w, be any two vertices of V(Wf“), and

consider the following cases:

(i) If w; and w, are belong to the first k£ copies of Wf“, that is wy, wy € V(Wf), then we get

the polynomial

m—1

k
D (W) a) = D*(Wiiz) = (2k +2)+(5k + 1) a+d (k — 1) 244 Y (k—m + 1™

m=3

(i) If wy = tp1and wy = v§+2then we get the polynomial G(z) = z.

(iii) If w; belongs to the first k& copies of Wf“ and w; € {tgy1,v k 42}, then we get the polyno-
mials D*(U§+27 Wi z) =14 32+ 222 + 2 SR me L], and

m=3
k+1 »
D* (tk-s-l’WfH;J?) =1+2z+22°+2 Zwm_l_ ol B
m=3

Now, combining the results given from the cases (i),(ii) and (iii) we note that the distance of

the pair {tp1, Vi 4} of distance one is counted twice, so we obtain

D*(Witlz) = D*(Wfsz) + G(z) + D (v 4, Wit z) + D* (tyr, Withz) —
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This leads to the following polynomial

k
D*(Wta) =2(k+ 1)+ (Sk+ Da+4(k—1)a> +4Y (k—m+1)2" "] 12
m=3
k+1 B
+2+5x+4x2+2xmftm3 -
m=3

D*(Witha) =2(k+ 1) +2]+[5(k+1)+ 1z +4[(k+1)—1]2?

+4§: [(k+1)—m+ 1]am L5

m=3

So, (2.5) is true for even k. Similarly, (2.5) is true for odd k. This completes the proof.

2.6)

2.7)

O

Now, taking the derivative of D*(Wf ;x) given from Theorem 2.5 with respect to = at z = 1;

and using the facts that

{m—lJ $8(B=3),  if B=0mod3,
% (B-1)(B—2), otherwise.
and

éﬁ(ﬁ_3)(2ﬁ+3), if 8 =0mod 3,

7 ~1
meJ: i (B-1) (282 -8-4), if B=1mod3,

L(B-2)(B+1)28-1), if B=2mod3.

we get the following result.
Corollary 2.6. For 3 > 2, the restricted detour index of the graph Wf is given by
B+ E82+18+1, if B=0mod3,

dd*(W)) = s+ 382+ 18+3, if B=1mod3,

%53+§ﬂz+%ﬁ+é, if 3=2mod 3.

Proof: Note that dd* (Wf ) = % D* (Wf ;) .From Theorem 2.5, the result follows.

Corollary 2.7. For 3 > 2, the average restricted detour distance of the graph Wf is given by

43342482 4218+9 . _
W, lf (/8 mod 3) = O,

(W) = Q4824021855 if (5 mod 3) = 1,

48342432 1218+1 B
WHUTIANIEL i (5 mod 3) = 2.

Proof: Obvious.

O
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3 Straight 5-Wheel Chains

A straight 5S—wheel chain Wsﬁ for, B > 2 is a graph consisting of a chain of 3 copies of 5-wheel
so that every two successive wheels have exactly one common edge. This forming a chain as

depicted in the following Figure.

Uy Uy Uz Ug Us Ug up Ups1
2] U2 U3 Uy Vs Vs g Up+1

Figure 2: A straight 5-wheel chain Wsﬁ

In this section, we will obtain Hosoya polynomial, Wiener index, restricted detour polynomial,
restricted detour index, average distance and average restricted detour distance of the graph Wsﬂ
for g > 2.

By simple calculations, we see that the order of the graph WSB is p(W? ) = 38 + 2, and the size
of the graph WSB is q(W?) = 78+ 1.

Next proposition computes the diameter and restricted detour diameter of the graph Wsﬁ

Proposition 3.1. For 5 > 2, the diameter § (W?) of the graph Wsﬁ is equal to B + 1 and the
restricted detour diameter (5*(W55 ) of the graph WSB is equal to 2.5.

Proof: 1Tt clear that from the Figure 2, and by mathematical induction on the number of copies 3
of the graph W2, the diameter (W? ) is equal to S+ 1 and the restricted detour diameter §* (Wsﬁ )
is equal to 23.

By direct calculations, we see that the Hosoya polynomial of the 2-copies of 5-wheels graph W2
is H (W2;2) = 8+ 15z + 112 + 223, and the restricted detour polynomial of the 2-copies of
5-wheels graph W# is D* (W#;z) = 8 4 15z + 522 + 62° + 22*. O

The Hosoya polynomial of the graph W2, forg>2is given in the next result.
Theorem 3.2. If 5 > 2, then the Hosoya polynomial of the graph Wsﬁ is given by
HWE2) = (38+2)+(18+ D) a+ (98 -7 2> +2 (5 1)a°

B (3.1
+ Z (B—m—+1)(7+2z)z™
m=3

Proof: 'We use mathematical induction on the number of copies [ in the graphWSﬂ .



406 Herish Omer Abdullah, Ivan Dler Ali and Rashad Rashid Haji

The result is obvious for 5 = 2.
For 5 = 3, then from Figure 3.1 and by directed calculations we obtain
H(W2;2) = 11 + 22z + 202% 4 112° + 22*, which satisfies the relation (3.1).

Assume that the theorem is true for 8 = k > 3, that is,

HWEz) =Bk +2)+(Tk+ Do+ Ok -7)2*+2 (k- 1) 2>+ Y (k—m+ 1)(7+2z)z™.

\gle

Now, to prove the theorem is true for 5 = k 4 1.

Let wy and w, be any two vertices of V (W#'), and consider the following cases:

(i) If w, and w; are belong to the first k copies of W5k+1, that is, if wy, w, € V(WF), then we

get the polynomial

H (W) = HWE; ) = 3k +2)+(Tk + 1) a+(9%k = 7) 2?42 (k — 1) 2’4+ > (k—m+1)(7+2a

m=3

(ii) If wy, wy € {ug+2, V2, tk+1}, then we get the polynomial G(z) = 3.

(iii) If w, belongs to the first k& copies of WSI‘”rl and wy € {ugi2, Vkt2,trt1}> then we get the

polynomials
kt1
H(upyo, WEH ) = 14 32 4+ 327 + 23 + Z 24 z)z™,
m=3
k+1
H(vpyo, Withia) = 1422+ 327 +2° + Y (24 2)a™

m=3

and
k+1

H(tgr, WEH 2) = 1 4+ 22 4 327 + Z (32™).

m=3

Now, by combining the results obtained from the cases (i),(ii) and (iii) we note that the distances
of each of the pairs of vertices {u,  ,,tx 11}, {turt2, Vk12} and {vry2, 111} each of distance one

are counted twice, we get following polynomial
H (W 2) = H(WE; 2)+G(2)+H (wpia, WET s 2)+H (0o, WET s 2)+H (g, WET 2) 32

Hence
k
HWE2) =Bk +2)+ (Th+ Da+ 9k —T)a> +2(k— 12> + > (k—m+1) (74 2z) 2™
m=3
k+1
+324+3+ T2 +92% +22° + Y (T+22)a™ — 3
m=3

Or,

HWiha)=Bk+D)+2)+[7(k+1)+1]z+[9(k+1)— 72> +2[(k+ 1) — 1]
k+1
+ ) [k + 1) —m+1](7 + 2z)a™.
m=3

Hence the result holds for all 8 = k + 1. This completes the proof. O
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The following results are direct consequences of Theorem 3.2.

Corollary 3.3. For 3 > 2, the Wiener index of the graph Wsﬁ is given by

w(Wwl) = 753 + 52 +45 + 1.

Proof: Obvious. O

Corollary 3.4. For 3 > 2, the average distance of the graph WSB is given by

3 38+ 1152 +83+2
p(m7) = GB+2)(36+ 1)

Proof: Tt follows from the corollary 3.3 and the relation (W5ﬁ ) = % O
‘We obtain the restricted detour polynomial of the chain VVSB , for 8 > 2 in the next theorem.
Theorem 3.5. For 3 > 2, we have
D*(WEiz)=(38+2)+ (18+ Do+ (B-1)a>+6(8—1)a> +2(5—1)a*
(3.2)

+ 3 (B=m+ 1)1+ 6z +227)z 2,

Proof: We use mathematical induction on the number of copies [ of the graph Wf .

The result is obvious for § = 2.

For g = 3, then from Figure 2 and by directed calculations we get D*(W53; xz) =11+ 22z +
822 + 122 + 52 + 627 + 22°, which satisfies the relation (3.2).

Assume that the theorem is true for 8 = k& > 3, that is

D*(Wkiz) =Bk +2)+ (Tk+ Do+ Bk—1)2?>+6(k—1a*+2(k—1)z*
k
+ ) (k= m+ 1)(1 4 62 + 227)2”" 2.
m=3

Now, we have to prove that the result is true for 8 = k + 1. Let w;and w, be any two vertices of

V(W) and consider the following cases:

(i) If w; and w, are belong to the first k£ copies of Wsk“, that is wy, w, € V(WF), then we get

the polynomial

D* (Wit z) = D*(WE2) = Bk +2) + (Tk+ D)o+ Bk — D a? +6(k—1)a* + 2 (k —

k
+ ) (k—m+1)(1 + 62 + 2272”2,
m=3

(ii) If wy, wy € {ug+2, V2, tk+1}, then we get the polynomial G(z) = 3.

1)a*
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(iii) If w, belongs to the first k& copies of Wsk“, and wy € {uki2, Vg2, te+1}, then we get the

polynomials
k+1
D™ (ug+2, WSkH; x)=1+3z+ 22+ 220 + 2t + Z (Zx + xz)xszz,
m=3
k+1
D* (Vg4 2, Wf“;x) =142z 42> +223 +2* + Z (21’ + xz)xszz,
m=3
and
k+1
D*(tyy1, WETh 2y =1+ 20 + 2% 4+ 227 + Z (1+2z)z*™ 2,
m=3

Now, by combining the results given from the cases (i),(ii) and (iii) and notice that the distances
of each of the pairs of vertices {5, tx+1}, {ur+2, vr12} and {vry2, 11} each of distance one

are counted twice, we get following polynomial
D*(WE 2) = D*(WE; 2)+G () +D* (upr2, WET 2)4+D* (vg 12, WET 2)+ D* (g1, WETY 1) 3.
Hence
D*(WH2)=CBk+2)+ (Thk+ Do+ Bk—1)a* +6(k—1)a° +2(k—1)z*
+Z (k—m+1) (14 6z +2) 2> 2 + 3z + 3 + Tz + 32% + 62° + 2%

k+1
+ Z 1+ 62 +2)2?™ 2 - 3z

=B+ +2/+[7E+1)+1z+B(k+1)—1]2> +6[(k+1) — 1]z’
+2[(k+1) = 1a* + > [(k+1) = m+ 1] (1+ 62 +2) 2?2,
m=3

Thus, the relation (3.2) is true for all 8 = k + 1. This completes the proof. O

Now, taking the derivative of D* (WSB ;) given from Theorem 3.5 with respect to x at z = 1; we

get the following interesting result.
Corollary 3.6. For 3 > 2, the restricted detour index of the graph Wsﬁ is given by
* BY _ 2743 2
dd*(W§) =33"+58"+35+ 1.

Proof: Note that dd* (Wﬂ ) =4 (WSB ;x)|  .From Theorem 3.5, the result follows. i

z=1

Corollary 3.7. For 3 > 2, the average restricted detour distance of the graph WSB is given by

63> + 108> + 68 +2
(38+2)38+1)

Proof: Obvious. O

(W3 =



Average Distance and Average Restricted Detour Distance of W, 409

References

(1]

(2]

[3]

(4]

[3]

[6]

(71

(8]

[9]

A. A. Ali and G. A. Mohammed-Saleh, The restricted detour polynomials of a hexagonal chain and a ladder
graph, J. Math. Comput. Sic. 2(6)1622-1633 (2012).

Andrey A. Dobrynin, Ivan.Gutman and Petra Zigert Pletersek, Wiener index of hexagonal systems, J.Acta

Applicandae Mathematicae 72(3), 247-294 (2002).

D.Bienstok and E. Gyori, Average distance in graphs with removed elements, J. of Graph theory 12(3)
375-390 (1988).

Gary Chartrand, Linda Lesniak and Ping Zhang, Graph and digraph, 6th edition, Taylor & Francis Group
(2016).

Gashaw A. Mohammed-Saleh, Herish O. Abdullah and Mohammed R. Ahmed. The Restricted Detour
Polynomials of Some Classes of Thorn Graphs, AIP Conference Proceedings 1888:020046 (2017).

Hans-Jiirgen Bandelt and Henry Martyn Mulder, Distance-Hereditary Graphs, J. combinatorial, Theory
series B 41,182-208 (1986).

Herish O. Abdullah and Gashaw A. Muhammed-Saleh. Detour Hosoya polynomials of some compound
graphs. Raf. J. of Comp. & Math’s. , 7(1):199-209 (2010).

Herish Omer Abdullah and Ivan Dler Ali. The restricted detour polynomials of a prism and some wheel

related graphs, J. of Information and Optimization Sciences 42(4), 773-784 (2021).

Ingo .Althofer, Average distances in undirected graphs and the removal of vertices, J. combinatorial, Theory

series B,48(1)140-142 (1990).

[10] Ivan Dler Ali. and Herish Omer Abdullah. The restricted detour polynomials of edge- identification of

two wheel graphs, AIP Conference Proceedings 1888:020011 (2017).

Author information

Herish Omer Abdullah, Salahaddin University-Erbil, Kurdistan Region,, Iraq..

E-mail: herish.abdullah@su.edu.krd

Ivan Dler Ali, Salahaddin University-Erbil, Kurdistan Region,, Iraq..

E-mail: evan.alil@su.edu.krd

Rashad Rashid Haji, Salahaddin University-Erbil, Kurdistan Region,, Iraq..

E-mail: rashad.haji@su.edu.krd

Received: 2022-01-09
Accepted: 2023-09-11



	1 Introduction
	2 Straight 4-Wheel Chains
	3 Straight 5-Wheel Chains

