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Abstract In this paper, the Reconstruction of Variational Iteration Method (RVIM) is imple-
mented to solve a linear system of Volterra Integro-Differential Equations (VIDEs). Three nu-
merical examples with known exact solutions are presented to test the efficiency of this method.
Moreover, a comparison of the RVIM with the Sinc collocation method and the Chebyshev
wavelets method from our previous work has been carried out. Numerical results clearly show
that the Chebyshev wavelets method provides more accurate results when the kernel and exact
solution of VIDEs are not polynomials whereas, the RVIM is more efficient than its counterparts
when the kernel and exact solution of VIDEs are polynomials.

1 Introduction

Systems of integro-differential equations appear frequently in various fields involving science
and engineering, namely, wind ripple in the desert, nano-hydrodynamics, population growth
model, glass-forming process, and oceanography [3][11]. Many numerical methods for solv-
ing systems of linear integro-differential equations have been developed by many researchers.
Rahimi [12] used the Reconstruction of variational iteration method for solving systems of
Volterra integro-differential equations. This method was compared with the homotopy per-
turbation method and proved to be more accurate. Agarwal et al. [16] applied the Optimal
Homotopy Asymptotic Method for the solution of system of Volterra integro-differential equa-
tions. In [7] Biazar et al. implemented the Homotopy Perturbation Method to approximate the
solution of systems of Volterra integro-differential equations. In addition, Issa et al. [5] have
employed the Sinc collocation and the Chebyshev wavelets methods for solving systems of lin-
ear Volterra integro-differential equations. Other numerical techniques for solving systems of
integro-differential equations include the differential transform method [2], Power series method
[9], Chebyshev polynomials [3], and Single Term Walsh Series technique [1]. In [10], Holmaker
proved the global asymptotic stability for a stationary solution of a system of integro-differential
equations describing the formation of liver zones. Bloom [4] has studied the concavity argu-
ments and growth estimates for damped linear integro-differential equations with applications to
a class of holohedral isotropic dielectrics.
In this work, we implement the reconstruction of variational iteration method for solving a sys-
tem of linear Volterra integro-differential equations given by

u
(n)
i (x) = fi(x) +

∫ x

0

 N∑
j=1

kij(x, t)uj(t)

 dt, a ≤ x ≤ b, 1 ≤ i ≤ N (1.1)

u
(s)
i = ais, i = 1, 2, 3, . . . , N, s = 0, 1, 2, . . . , (n− 1), (1.2)

where the kernels kij(x, t) and the functions fi(x) are given real-valued functions and ui(x) are
the unknown functions of equation (1.1).
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In addition, a comparison of the RVIM with the Sinc collocation method and the Chebyshev
wavelets method from our previous work has been carried out.

2 Reconstruction of Variational Iteration Method

The reconstruction of variational iteration method based on the Laplace transform has been in-
duced from the variational iteration method that was developed from the Inokutti technique. The
main feature of RVIM is that it provides fast convergence to the exact solution and is known for
its simplicity in computation without any restrictive assumptions [12][15].
Before introducing the RVIM, it is necessary to present the following definitions and theorems
related to the Laplace transform method

Definition 2.1. (see [13][15]) Let f(x) be a real-valued function defined for x ≥ 0, then the
Laplace transform of f(x) denoted by L[f(x)] is given as:

L[f(x)] = F (s) =

∫ ∞
0

e−sxf(x)dx = lim
a→∞

∫ a

0
e−sxf(x)dx (2.1)

Definition 2.2. (see [13][15]) If L[f(x)] = F (s), then f(x) = L−1[F (s)] is called the inverse
Laplace transform of F (s).

Definition 2.3. (see [12][15]) The convolution of two piecewise continuous functions
f, g : R→ R is the function f ∗ g given by

(f ∗ g)(x) =
∫ x

0
f(τ)g(x− τ)dτ

Theorem 2.4. (see [12][15]) (Convolution Theorem)
Let f(x) and g(x) are piecewise continuous functions on [0,∞), then

L[f ∗ g] = L

[∫ x

0
f(τ)g(x− τ)dτ

]
= L[f(x)].L[g(x)] = F (s).G(s)

Also we can conclude that:

L−1[F (s).G(s)] = f ∗ g =
∫ x

0
f(τ)g(x− τ)dτ

Definition 2.5. (see [13][15]) The Laplace transform for the derivatives of f(x) is given by:

L[f (n)(x)] = snF (s)− sn−1f(0)− sn−2f ′(0)− . . .− f (n−1)(0) (2.2)

We consider the system of integro-differential equation of the form:

u
(n)
i (x) = fi(x) +

∫ x

0
(ki1(x, t)u1(t) + ki2(x, t)u2(t) + . . .+ kii(x, t)ui(t))dt (2.3)

where u(n)k is the derivative of uk of order n, subject to the initial conditions:

u
(j)
k = ckj , 1 ≤ k ≤ i, 0 ≤ j ≤ n− 1 (2.4)

We can write system (2.3) as

u
(n)
k (x) =Mk(x, u1(x), u2(x), . . . , ui(x)), k = 1, . . . , i, (2.5)

with the zero artificial initial conditions.
Applying the Laplace transform to (2.5) and using the artificial initial conditions, we obtain:

snL[uk(x)] = L[Mk(x, u1(x), u2(x), . . . , ui(x))]
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Dividing both sides by sn we get:

L[uk(x)] =
1
sn
L[Mk(x, u1(x), u2(x), . . . , ui(x))]

If we set
1
sn

= G(s), then by using the convolution theorem, we get :

L[uk(x)] = G(s)L[Mk(x, u1(x), u2(x), . . . , ui(x))] = L[(g ∗Mk)(x)], (2.6)

where k = 1, . . . , i;L−1[G(s)] = g(x).
Taking the inverse Laplace transform to both sides of (2.6), we obtain:

uk(x) =

∫ x

0
g(x− t)Mk(t, u1(t), u2(t), . . . , ui(t))dt, k = 1, . . . , i

To impose the particular initial conditions to get the answer of (2.3), we have the following
iteration form:

u<m+1>
k (x) = u

(0)
k (x) +

∫ x

0
g(x− t)Mk(t, u

<m>
1 (t), u<m>

2 (t), . . . , u<m>
i (t))dt, k = 1, . . . , i.

(2.7)
The values u(0)1 (x), u

(0)
2 (x), . . . , u

(0)
i (x) are given by:

u
(0)
k (x) = uk(0) + xu′k(0) +

x2u′′k(0)
2!

+
xru

(r)
k (0)
r!

(2.8)

Therefore, the reconstruction of variation iteration method uk(x) is obtained as follows:

uk(x) = lim
m→∞

u<m>
k (x), k = 1, . . . , i, (2.9)

where u<m>
k (x) indicates mth approximation of uk(x).

The RVIM is illustrated by Algorithm 1

Algorithm 1 Numerical Realization Using RVIM

1. Input

a. N,n
b. fi(x) for i = 1, 2, . . . , N
c. kij(x, t) for i = 1, 2, . . . , N ; j = 1, 2, . . . , N

d. Initial condition Ui(0);U
(d)
i (0) for i = 1, 2, . . . , N ; d = 1, 2, . . . , (n− 1)

2. Define u(n)i (x) = fi(x) +
∫ x

0

(∑N
j=1 kij(x, t)uj(t)

)
dt

3. Applying Laplace transformation for both sides

4. Substitute artificial initial condition ui(0) = 0 for i = 1, 2, . . . , N ;
u
(d)
i (0) = 0 for i = 1, 2, . . . , N ; d = 1, 2, . . . , (n− 1)

5. Use convolution theory

6. Set ui0(t) = Ui(0) +
∑n−1

j=1
u
(j)
i (0)× t(j)

j!
for i = 1, 2, . . . , N

7. Applying recurrence iteration to calculate uim(x) for i = 1, 2, . . . , N ; m = 1, 2, . . . ,M

8. Input

a. uapprox(i)(x) = uim(x) for i = 1, 2, . . . , N
b. uexact(i)(x) for i = 1, 2, . . . , N

9. Plot uapprox(i)(x);uexact(i)(x)

10. Define error |uexact(i)(x)− uapprox(i)(x)|; Plot error.
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3 Stability of Systems of Volterra Integro-Differential Equations (VIDEs)

In this section, we present some important results on the stability of VIDEs (1.1)(for more details
see [5][6]).

Definition 3.1. (see [5][6]) If µ : [0, x0] −→ R is a continuous initial function, then u(x, x0, µ)
will denote the solution of (1.1) on [x0,∞]. Frequently, it is sufficient to write u(x). If fi(0) =
ui(0) = 0 then u(x) ≡ 0 is a solution of (1.1) called the zero solution.
The norm on the initial function µ(x) = (µ1(x), µ2(x), . . . , µn(x)) is given by

‖ µ ‖= sup

[
|µ| =

n∑
i=1

µ(i) : 0 ≤ x ≤ x0

]
. (3.1)

The definition of stability of the zero solution is given in Burton [14] and is restated below

Definition 3.2. (see [5][6]) The zero solution of (1.1) is stable if for each ε > 0 and each x0 ≥ 0,
there exists δ such that |µ| ≤ δ on [0, x0] and x ≥ x0 imply |u(x, x0, µ)| ≤ ε.

We next define the statement “a Lyapunov functional for system (1.1)”. Let V (x, ψ(.)) be
defined for x ≥ 0 and ψ ∈ ([0, x];Rn) and let V be locally Lipschitz in ψ. For each x ≥ 0 and
every ψ ∈ ([0, x];Rn), we define the derivative V along a solution of (1.1) by

V ′(1)(x, ψ(.)) = lim
4x→0+

sup
V (x+4x, u(·, x, ψ))− V (x, ψ(.))

4x
(3.2)

where u(ξ;x, ψ) is the unique solution of (1.1) with initial conditions x and ψ. Then the follow-
ing result by Driver [5][8] gives a definition of the Lyapunov functional.

Theorem 3.3. (see [5][8]) If V (x, ψ(.)) is defined for x ≥ 0 and every ψ ∈ ([0, x];Rn) with

(i) V (x, 0) ≡ 0.

(ii) V continuous in x and Lipschitz in ψ.

(iii) V (x, ψ(.)) ≥W (|ψ(.)|), where W : [0,∞] −→ [0,∞] is a continuous function with

W (0) = 0,W (r) > 0, r > 0 (3.3)

and W strictly increasing (positive definiteness).

(iv) V ′(1)(x, ψ(.)) ≤ 0, then the zero solution of (1.1) is stable, and

V (x, ψ(.)) = V (x, ψ(t)) : 0 ≤ t ≤ x (3.4)

is called a Lyapunov functional for system (1.1).

Finally, we assumed that the functions in (1.1) are well behaved, that continuous initial func-
tions generate solutions, and that solutions which remain bounded can be continued.

4 Numerical Examples and Results

In this section, some numerical examples are presented to demonstrate the efficiency of the
proposed method. Also, the numerical results are compared with the Sinc collocation method
and the Chebyshev wavelet method.

Example 4.1. [5] Consider the system of Volterra integro-differential equations

u′1(x) = −2 + x2 − x4 +
3
20
x5 + 2x6 +

1
5
x7 − 1

8
x8 +

∫ x

0
(t3 − x2)u1 + (12t2 − x)u2dt,

u′2(x) = 4− 8x− 1
3
x3 + 2x4 − 8

5
x5 +

1
30
x6 − 4ex +

∫ x

0
(t− x)u1 + 8(1− t)u2 + 2u3dt,
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u′3(x) = 3− 7
2
x2 +

4
3
x3 +

6
5
x5 − 7

30
x6 +

∫ x

0
(2x− t)u1 + 6tu2 + u3dt, (4.1)

subject to the initial conditions

u1(0) = 0, u2(0) = 1, u3(0) = 2

The exact solution of system (4.1) is u1(x) = x4 − 2x, u2(x) = 1− x3 and u3(x) = x+ 2ex.

We start by applying Algorithm 1 to solve system (4.1). Tables 1 and 2 contain the numerical
results for the RVIM and the Sinc collocation method (SCM) [5] in addition to the Chebyshev
wavelet method (CWM) [5]. Tables 3 and 4 show the resulting error for RVIM, SCM, and CWM
respectively withM = 3. Figure 1:(a,b,c) compares both the numerical and exact solutions using
RVIM. Figure 2:(a,b,c) compares both the numerical and exact solutions using SCM. Figure
3:(a,b,c) compares both the numerical and exact solutions using CWM. Figure 4: shows the
absolute error resulting of applying Algorithm 1. The maximum error corresponding to u1, u2
and u3 respectively by RVIM is E1 ≈ 9.44e− 5 , E2 ≈ 2.98e− 5 and E3 ≈ 5.11e− 5.

(a) (b) (c)

Figure 1: The exact and numerical solutions using Algorithm 1 for system (4.1).

(a) (b) (c)

Figure 2: The exact and numerical solutions using Algorithm of the Sinc method for system
(4.1).

(a) (b) (c)

Figure 3: The exact and numerical solutions using Algorithm of the Chebyshev wavelet method
for system (4.1).

Figure 4: The resulting error after applying Algorithm 1 for system (4.1).
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Table 2: The exact and numerical solutions of u3 for system (4.1)

u3app

x u3exact [RVIM] [SCM][5] [CWM][5]

0 2 2 2 1.9999999974820484
0.1 2.3103418361512955 2.310341827571392 2.310341836911406 2.3103418351947798
0.2 2.64280551632034 2.6428054869174957 2.642805513660997 2.6428055151638277
0.3 2.999717615152006 2.999717593193054 2.9997175706314225 2.999717617646919
0.4 3.3836493952825406 3.3836494088172913 3.3836492678242998 3.3836493955712172
0.5 3.7974425414002564 3.7974424362182617 3.7974423632300143 3.7974425389296056
0.6 4.244237600781018 4.244237184524536 4.244237484652817 4.244237600772698
0.7 4.727505414940953 4.727502703666687 4.72750545433764 4.727505417496077
0.8 5.251081856984936 5.25106954574585 5.251082019406921 5.2510818561222665
0.9 5.8192062223139 5.819161415100098 5.819206393371196 5.819206221276965

Example 4.2. [5] Consider the system of Volterra integro-differential equations

u′′1 (x) = −1− x+ coshx− sin3x

3
− sinhx+ ex +

∫ x

0
(e−t)u1 + (sin2t)u2dt,

u′′2 (x) = −3 + x2 − 2
3
x3 − 2ex(x− 1) +

∫ x

0
(x2 − t2)u1 + (x− t)u2dt, (4.2)

subject to the initial conditions

u1(0) = 2, u′1(0) = 1, u2(0) = 1, u′2(0) = 0

The exact solution of system (4.2) is u1(x) = ex + 1 and u2(x) = cosx

We start by applying Algorithm 1 to solve system (4.2). Table 5 contains the numerical
results for the RVIM and the Sinc collocation method (SCM) [5] in addition to the Chebyshev
wavelet method (CWM) [5]. Table 6 shows the resulting error for RVIM, SCM, and CWM
respectively with M = 3. Figure 5:(a,b) compares both the numerical and exact solutions using
RVIM. Figure 6:(a,b) compares both the numerical and exact solutions using SCM. Figure 7:(a,b)
compares both the numerical and exact solutions using CWM. Figure 8: shows the absolute error
resulting of applying Algorithm 1. The maximum error corresponding to u1 and u2 respectively
by RVIM is E1 ≈ 4.68e− 6 and E3 ≈ 1.01e− 6.

(a) (b)

Figure 5: The exact and numerical solutions using Algorithm 1 for system (4.2).

(a) (b)

Figure 6: The exact and numerical solutions using Algorithm of the Sinc method for system
(4.2).
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Table 4: The resulting error for the numerical solution of u3 with M = 3.

Absolute error |u3 − u3app|

x [RVIM] [SCM][5] [CWM][5]

0 0 0 2.517951624980696e-9
0.1 8.579903454375426e-9 7.601106410959346e-10 9.565157554902726e-10
0.2 2.940284415942074e-8 2.659342968058808e-9 1.156512219324668e-9
0.3 2.195895199008646e-8 4.452058366410938e-8 2.494912720862885e-9
0.4 1.353475065357656e-8 1.274582408505864e-7 2.886766381493544e-10
0.5 1.051819946695786e-7 1.781702421155273e-7 2.470650795061146e-9
0.6 4.16256481727828e-7 1.161282012773767e-7 8.319567257331073e-12
0.7 0.000002711274266431473 3.939668680175146e-8 2.555123224112776e-9
0.8 0.000012311239085960324 1.624219851947828e-7 8.62669047307918e-10
0.9 0.00004480721380240027 1.710572963276035e-7 1.0369349823236e-9

(a) (b)

Figure 7: The exact and numerical solutions using Algorithm of the Chebyshev wavelet method
for system (4.2).

Figure 8: The resulting error after applying Algorithm 1 for system (4.2).

Example 4.3. Consider the system of Volterra integro-differential equations

u′1(x) = 1− 7x2 − x3

6
− 4x4 − x5

20
+

∫ x

0
(x− t)u1 + 6xu2dt,

u′2(x) = 4x+
10
3
x2 − x3

3
+ x4 − x5

5
+

∫ x

0
tu1 + (2t− 3x)u2dt, (4.3)

subject to the initial conditions

u1(0) = 0, u2(0) =
5
3

The exact solution of system (4.3) is u1(x) = x3 + x and u2(x) = 2x2 +
5
3

We start by applying Algorithm 1 to solve system (4.3). Table 7 contains the numerical results
for the RVIM and the Sinc collocation method (SCM) in addition to the Chebyshev wavelet
method (CWM). Table 8 shows the resulting error for RVIM, SCM, and CWM respectively with
M = 10. Figure 9:(a,b) compares both the numerical and exact solutions using RVIM. Figure
10:(a,b) compares both the numerical and exact solutions using SCM. Figure 11:(a,b) compares
both the numerical and exact solutions using CWM. Figure 12: shows the absolute error resulting
of applying algorithm of the Sinc method. Figure 13: shows the absolute error resulting of
applying algorithm of the Chebyshev wavelet method. We see clearly that the maximum error
corresponding to u1 and u2 is zero when applying the RVIM, that is the approximate solution
converges to the exact one. On the other hand the maximum error corresponding to u1 and u2
when applying the SCM is E1 ≈ 8.5e − 8 and E2 ≈ 1.42e − 8. Moreover, the maximum error
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corresponding to u1 and u2 when applying the CWM is
E1 ≈ 5.7e− 16 and
E2 ≈ 4.4e− 16.

(a) (b)

Figure 9: The exact and numerical solutions using Algorithm 1 for system (4.3).

(a) (b)

Figure 10: The exact and numerical solutions using Algorithm of the Sinc method for system
(4.3).

(a) (b)

Figure 11: The exact and numerical solutions using Algorithm of the Chebyshev wavelet method
for system (4.3).

Figure 12: The resulting error after applying Algorithm of the Sinc method for system (4.3).

Figure 13: The resulting error after applying Algorithm of the Chebyshev wavelet method for
system (4.3).

5 Conclusion

In this paper, we have solved linear systems of Volterra integro-differential equations by the re-
construction of variational iteration method. This method has been implemented in the form of



Numerical Solution of System of Linear VIDEs 437

Ta
bl

e
7:

T
he

ex
ac

ta
nd

nu
m

er
ic

al
so

lu
tio

ns
fo

rs
ys

te
m

(4
.3

)

u
1a

p
p

u
2a

p
p

x
u

1e
x
a
c
t

[R
V

IM
]

[S
C

M
]

[C
W

M
]

u
2e

x
a
c
t

[R
V

IM
]

[S
C

M
]

[C
W

M
]

0
0

0
0

1.
12

39
04

91
71

74
85

7e
-1

6
1.

66
66

66
66

66
66

66
67

1.
66

66
66

66
66

66
66

67
1.

66
66

66
66

66
66

66
67

1.
66

66
66

66
66

66
66

7
0.

1
0.

10
10

0.
10

10
0.

10
10

00
00

03
91

40
19

5
0.

10
10

00
00

00
00

00
00

9
1.

68
66

66
66

66
66

66
68

1.
68

66
66

66
66

66
66

68
1.

68
66

66
66

67
25

72
86

1.
68

66
66

66
66

66
66

7
0.

2
0.

20
80

0.
20

80
0.

20
79

99
99

87
55

50
35

0.
20

80
00

00
00

00
00

00
7

1.
74

66
66

66
66

66
66

68
1.

74
66

66
66

66
66

66
68

1.
74

66
66

66
64

85
49

93
1.

74
66

66
66

66
66

66
68

0.
3

0.
32

70
0.

32
70

0.
32

69
99

97
84

97
40

00
3

0.
32

70
00

00
00

00
00

03
1.

84
66

66
66

66
66

66
67

1.
84

66
66

66
66

66
66

67
1.

84
66

66
66

33
86

63
98

1.
84

66
66

66
66

66
66

7
0.

4
0.

46
40

0.
46

40
0.

46
39

99
93

87
56

38
50

7
0.

46
40

00
00

00
00

00
04

1.
98

66
66

66
66

66
66

68
1.

98
66

66
66

66
66

66
68

1.
98

66
66

65
71

09
44

65
1.

98
66

66
66

66
66

66
72

0.
5

0.
62

50
0.

62
50

0.
62

49
99

91
48

77
21

28
0.

62
50

00
00

00
00

00
04

2.
16

66
66

66
66

66
66

7
2.

16
66

66
66

66
66

66
7

2.
16

66
66

65
31

08
08

6
2.

16
66

66
66

66
66

66
7

0.
6

0.
81

60
0.

81
60

0.
81

59
99

94
45

59
45

68
0.

81
60

00
00

00
00

00
06

2.
38

66
66

66
66

66
66

67
2.

38
66

66
66

66
66

66
67

2.
38

66
66

65
76

71
86

94
2.

38
66

66
66

66
66

66
7

0.
7

1.
04

30
1.

04
30

1.
04

30
00

01
77

81
85

46
1.

04
30

00
00

00
00

00
08

2.
64

66
66

66
66

66
66

7
2.

64
66

66
66

66
66

66
7

2.
64

66
66

66
96

26
04

9
2.

64
66

66
66

66
66

66
7

0.
8

1.
31

20
1.

31
20

1.
31

20
00

07
54

53
65

85
1.

31
20

00
00

00
00

00
07

2.
94

66
66

66
66

66
66

7
2.

94
66

66
66

66
66

66
7

2.
94

66
66

67
94

01
85

7
2.

94
66

66
66

66
66

66
7

0.
9

1.
62

90
1.

62
90

1.
62

90
00

08
03

36
39

64
1.

62
90

00
00

00
00

00
07

3.
28

66
66

66
66

66
66

7
3.

28
66

66
66

66
66

66
7

3.
28

66
66

68
06

25
69

57
3.

28
66

66
66

66
66

66
7



438 Ahmad Issa

Table 8: The resulting error for the numerical solution with M = 10.

Absolute error |u1 − u1app| Absolute error |u2 − u2app|

x [RVIM] [SCM] [CWM] [RVIM] [SCM] [CWM]

0 0 0 1.123904917174857e-16 0 0 2.220446049250313e-16
0.1 0 3.914019386375145e-10 8.326672684688674e-17 0 5.9061866508614e-11 2.220446049250313e-16
0.2 0 1.244496505847792e-9 5.551115123125783e-17 0 1.811675254259626e-10 0
0.3 0 2.15026000338625e-8 2.220446049250313e-16 0 3.280026916741008e-9 2.220446049250313e-16
0.4 0 6.124361495718489e-8 3.885780586188048e-16 0 9.557220348455076e-9 4.440892098500626e-16
0.5 0 8.512278715233634e-8 4.440892098500626e-16 0 1.355858092466633e-8 0
0.6 0 5.544054337836002e-8 4.440892098500626e-16 0 8.994797351391526e-9 4.440892098500626-16
0.7 0 1.778185443335189e-8 6.661338147750939e-16 0 2.959382072731387e-9 0
0.8 0 7.545365821037819e-8 4.440892098500626e-16 0 1.273518979161281e-8 0
0.9 0 8.033639642412993e-8 6.661338147750939e-16 0 1.3959028599686e-8 0

an algorithm to solve some numerical examples. Numerical results clearly show that:
Example 1 and Example 2 show that the Chebyshev wavelets method is more effective than
its counterparts in particular when the kernel and the exact solution are not polynomials. On
the other hand, the results for Example 3 indicate that the reconstruction of variational itera-
tion method is more efficient in comparison with the Sinc collocation method and Chebyshev
wavelets method when the kernel and exact solution are polynomials.
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