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Abstract For a cyclic Kummer extension K of a rational function field k is considered, via
class field theory, the extended Hilbert class field K;; of K and the corresponding extended
genus field K;' of K over k, along the lines of the definitions of R. Clement for such extensions
of prime degree. We obtain K explicitly. Also, we use cohomology to determine the number
of ambiguous classes and obtain a reciprocity law for K /k. Finally, we present a necessary and
sufficient condition for a prime of K to decompose fully in K;r.

1 Introduction

For a number field K, one of the most important arithmetic objects attached to K is its class
group. This group is isomorphic to the Galois group of the extension K /K, where Ky denotes
the maximal unramified abelian extension of K. The field Ky is the Hilbert class field of K
(HCF). We have that K5 /K is a finite extension and also that K is the abelian extension of
K such that the primes of K that are fully ramified in Ky are precisely the non-zero principal
ideals of K. One variant of the HCF is the extended or narrow Hilbert class field of K, denoted
by K};. The field K, is the maximal abelian extension of K unramified at the finite primes. We
have that K}, /K is a finite extension, that Ky C K;; and also that K}, is the abelian extension
of K where a prime of K is fully decomposed precisely when it is a principal ideal generated by
a totally positive element, that is, an element such that all its real conjugates are positive.

In order to study the class group of K, but also interesting by itself, it is considered an
intermediate field X C K, C Ky, called the genus field of K (relative to Q). The field K is, by
definition, the composite of K and the maximal abelian extension of (Q contained in K. That
is, K, = Kk*, where k* is the maximal abelian extension of Q contained in K. Similarly, it
is considered the extended or narrow genus field of K (relative to Q) K;, as the composite of
K and the maximal abelian extension of Q contained in K;;. These definitions are due to A.
Frohlich ([3, 4]). For a number field K, the fields Ky, K;, K, and K_j are defined without
any ambiguity and all of them are finite extensions of K. In particular, when K/k is an abelian
extension, K, (resp. Kg*) is the maximal abelian extension of k contained in Ky (resp. K }}).

When we study global function fields and we want to consider genus fields and/or extended
genus fields, the situation is different from the number field case since the extensions of constants
of any global function field K are unramified so that the maximal unramified abelian extension
of K is of infinite degree over K. That is, if we consider the straight analog of the Hilbert class
field as the maximal unramified abelian extension of K we have to deal with infinite extensions.

There have been a good number of alternatives to define a Hilbert class field that is a finite
extension of a global function field K. One of them is to define the Hilbert class field of K as the
maximal geometric abelian extension of K, that is, the maximal unramified abelian extension of
K with the same field of constants as K. It turns out that there are hx such extensions, where
hx denotes the class number of K, that is, the cardinality of the zero degree divisor class group
of K which is a finite group. This definition has the issue that K g is not unique but there are hx
different choices.

To avoid infinite extensions and the lack of uniqueness of Ky, we have to deal with ex-
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tensions of constants. Since every prime in K is eventually inert in an extension of constants,
the most accepted way to define K is first to fix a non-empty finite set S of primes of K and
then consider the maximal unramified abelian extension of K where the primes of S decompose
fully. Such field is denoted by K g and it is a finite extension of K. The Galois group of
Kp,g/K is isomorphic to the ideal class group of the Dedekind ring Og := {z € K | vy(z) >
0 for all p ¢ S}. This ideal class group is a finite group. B. Anglés and J.-F. Jaulent [1] have
given class field theory definitions of Hilbert class field and extended Hilbert class field that
work for any global field.

R. Clement [2] offered another definition of extended Hilbert class field for a cyclic Kummer
extension K of k := IF,(T), the rational function field, of prime degree [ (necessarily /|¢g— 1) and
consequently another definition of extended genus field K of K (relative to k). As far as we
know, she was the first one to consider the concept of extended genus field for global function
fields.

Since the introduction of the concept of genus by C. F. Gauss, in the study of quadratic forms
and its translation to number fields by D. Hilbert, the concept has been studied by several authors.
H. Hasse [5] was the first to give a definition of genus field by means of class field theory. Hasse
gave his definition for quadratic number fields. The concept was generalized by H. Leopoldt in
[6] to finite abelian extensions of the field of rational numbers Q. As a consequence of the work
of Hasse, the Galois group of K;;/K, where K is a quadratic extension of Q, is isomorphic to
I /Pk+, where I is the group of fractional ideals of K and Pk+ is the subgroup of principal
ideals generated by a totally positive element of K. Since K is a quadratic extension of (Q, to be a
totally positive element of K is equivalent to have that its norm in Q is a square of a real number.
This concept was brought to the case of a cyclic extension K /k of prime degree [ with [|¢ — 1 by
Clement. She defined K7; as the class field of K corresponding to the subgroup A x Hp too Up of
the idele group Jx of K, where A := {(2p)pjo0 € [Tyj00 K5 | HNKp/koo zp € k2L } and where oo
denotes the infinite prime of k, that is the pole of 7" in k . This definition only works for cyclic
Kummer extensions of & of prime degree.

The aim of this paper is to confirm that the definition of K}, given by Clement can be ex-
tended to general cyclic Kummer extensions K of k and to obtain the extended genus field of a
general cyclic Kummer extension of k explicitly. We use cohomology theory to determine the
number of ambiguous classes. Finally, we obtain a reciprocity law for K/k and present a nec-
essary and sufficient condition for a prime of K to decompose fully in K ;. We use techniques
similar to the ones used by Clement.

2 Cyclic Kummer extensions of k

For any global field E, Jg denotes the idele group of E. For a place p of £/, £, denotes the com-
pletion of E at p and U, the group of local units of E,. Let k := F,(T") be the rational function
field over the finite field F,, Ry := F,[T] and R} := {P € Ry | P is monic and irreducible}.
The infinite prime co = P, of k is the pole of T in k. Finally, for any m € N, (), denotes the
cyclic group of order m.

Let n € N be a natural number dividing ¢— 1: n|¢—1. Let K /k be a cyclic Kummer extension
of degree n. Therefore, K = k(¥/D) with D = yP" --- P € Ry, v € F:, Pp,...,P. € Ry,
and 1 < a; <n—1for1 <4 <r. The ramified finite primes are P}, ..., P,. Let e; denote the
ramification index of P; in K/k, 1 < i < r. Denote by e, and f, the ramification index and
the inertia degree of any prime p in K above P.

Define

A= {(2p)p)oo | H Nis ks (xp) € K0} C Tk,

ploo

T 1= {0 € Jic | (ap)ppoc € A}
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and

Kti=K'nJi={(z,....z...) |x € K* (2)p € A}
— (o € K* | Nupu(a) € K27},

Lemma 2.1. Let n € N be a divisor of ¢ — 1. Then Foe o C, x C,.

*n T
koo

Proof. It follows from the group structure of k%, the fact that n|g — 1 = [F}| and, since n is
relatively prime to the characteristic of %, that (Uél))n = éé), where Uéé) are the one units of
k. O

Lemma 2.2. We have
1) J, = k*(k;o X HPGR; Up).

Q) K*Jf = Jk.

Proof. (1) Let § = (BOO,BP)PeR; € Ji. Let Qy,...,Q; € R be the finite primes such that
vg,(Bg,) = ¢i # 0. We have that vp(8p) = 0 forall P € R\ {Q1,...,Q:}. Define f € k* as
f= HE:] Q5. Then f13e (k2 x HpeR} Up) and the result follows.

(2) Let @ € Jg. By the approximation theorem, there exists z € K* such that v, (o, —
z) > vp(ay) for all ploc. Then 2~ 1oy, € UI((I) = (U};))n and Ny, /i, (27 ') € k2. Hence

zla e Jt. o
Lemma 2.3. The map N: M — :fﬁ induced by the norm, is injective. Furthermore, the
sequence =
o Ky [ K
1—>H'C'A PN k:; = — 1,
e N ( leoo KP)
is exact, where N ( | P K}) = {I1pj00 Ny /as, (zp) € k3 | p € K}
Proof. Follows from the definition of A. O

Remark 2.4. For any finite Galois extension E/F of global function fields, we have that if P is
prime in I and p; and p; are two primes in E above P, then N, /r, (E; ) = Ng, /r, (Ey,).

Corollary 2.5. We have [ T],,, K; 1 A] = 2~

€oo foo®

Proof. From Lemma 2.3 we obtain that

Lo (k2 : k2]
L) = N

and from Remark 2.4 we have that N (leoo K;) = Nics/kz (K ) for any p|Po. From the

fundamental result of local field theory, we have that [k%, : N K;/kz, (K ;)] = €00 foo- The result
now follows from Lemma 2.1. O

Remark 2.6. We have
Hp|oo Ky ~ Hp\oo Ky x HPER} Up
A - A x HPeR} Up '
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Lemma 2.7. We have the following equalities
{Hpm K; :A}
[K* N (HP‘OOK;‘ * Tproo Up) K0 (A % Tyroo Up)]
[ Mpioe K5 % Tpgoo Up A % Tlppos U
0 (T K5 % Tpoc Up ) K% 0 (A% Ty Up )|

- {K*(HK; X HUP>/K*:K*(A>< HUP)/K*]

ploo pfoo pfoo
- [K*(HK; x HUP) :K*(Ax HUP)}.
ploo ptoo ptoo

Proof. The first equality follows from Remark 2.6. The second equality is a consequence of
the fact that for any finite subgroups A, B, C of an abelian group X with A C B, we have
B0 ~ CAQB The last equality is a consequence of the third isomorphism theorem. O

Let Ok be the integral closure of R in K. Let Uy be the group of units of Og: Ux = OF.
Set U;( = {CY € UK | NK/k(a) S k‘;g’} = {Oé S UK | NK/k(OL) € ]an} = UK ﬂK*.

Lemma 2.8. We have

~

v K0 (Hp\w K % Tlproo U,,)
Uk K*H(AXHMOOUP) .

Proof. The natural map
K*N (leoo K % Ty Up)
K* 01 (A% Ty Up )

a = (a,...,aq,...)mod (K*O(AX HUp>>7

pfoo

p: U —>

is a group epimorphism with ker p = U};. O
Lemma 2.9. We have [Ug : U] | n.

Proof. Let p: Ux: — Nk, (Uk)/F;" be given by p(a) = N/ (o) mod F;™. Then ker p =
U It follows that Ug /Ut is a subgroup of F;; /F:™ = C,,. ]

Remark 2.10. In Lemma 2.9 we may have [Uk : U;g] < n. For instance, if P, is totally inert
in K/k, then Ux = F} and Ux = U}}.

3 Extended Hilbert class field and extended genus field

Let K /k be a cyclic Kummer extension of degree n. We will define the extended Hilbert class
field of K by means of an open subgroup of finite index in Jx. To do this, first, we prove the
following proposition which is the generalization of the corresponding one in Clement’s paper.
We present the proof for the sake of completeness.

Proposition 3.1. The index of K* (A x [] ., Up) in the idéle group Jy is finite.

Proof. We have that K* (A x [Ty, Up) € K*(ITyj00 K5 % ITpie Up)- On the one hand, we

have that JK/<K* (ITpjoe K5 % Tptoo Up)) =~ Cl(Ok), the ideal class group of O, which is
a finite group.
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On the other hand, we have

[K*(HK; x HUP) :K*(Ax HUP)}

ploo pfoo ptoo
_ Ty K5 24 My 55 : 4]
[K* 0 (Mypoe 5 % o U) K70 (A x Moo Up)] [Usc Ui
The result follows from Corollary 2.5 and Lemma 2.9. O

Remark 3.2. The group A is the inverse image of k£ under the norm map, which is a continuous

function. Hence the subgroup K* (A xI1, foo Up> is an open subgroup of J of finite index.

Definition 3.3. We define the extended Hilbert class field K}; of K as the class field associated
with the idele subgroup K* (A X Hp)roo Up) of Jk.
Remark 3.4. We have that K, /K is a finite Galois extension,
JK
K* (A% Ty Us )

Gal(K};/K) =

and also that K, /K is unramified at every finite place p of K.
Proposition 3.5. We have

~

Ji o Ji: Ik

K (8 T Up) K+ (8% Tppa Uy) TP

where I is the group of non-zero fractional ideals of Ok, Pk the subgroup of principal ideals
of Ix, and Py the subgroup of Pk of fractional ideals () such that € K*.

Proof. From Lemma 2.2 we obtain that the natural map ¢: J; — Jx/K* is surjective and
kero = K*NJL =K' Letp=¢~': Jg/K* — J;; /K" be the induced isomorphism. Then
PE* (A X [Tpoo Up)/K*) = (T3 N K™ (A x [T p100 Up)) /K. Tt follows that

J /KT o Jr | K*
(T NE*(A X [Tppoo Up) )/ K+ K*(A X [Tyt Up) /K

The first isomorphism follows since J3 N K™* (A x [y, Up) = KT (Ax [, Up). For the sec-
ond isomorphism it is considered the map 6: Jjt — Ix /P given by ((ap)pjco, (@p)ptec) —
oo pv»(@») mod P;f. Then € is a group epimorphism and ker 6 = K (A x [Tptoo Up)- i

Definition 3.6. The extended ideal class group of K is defined by
+ IK ~ +
Cl* (Ok) = =+ = Gal(K}; /K).
Py
Proposition 3.7. The extension K}, /k is a Galois extension.

Proof. 1t follows from the facts that p(A x [],, foo Up) =Ax]], too Up for all k—embeddings p of
K, into a fixed algebraic closure of K7; and that K /k is a Galois extension. ]

Proposition 3.8. The finite primes in K that decompose fully in K, are precisely the principal
ideals generated by an element (3 € K* satisfying N ,(8) € k3.
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Proof. From class field theory, see for instance [7, Corolario 17.6.47], we have that p decom-
poses fully in K7, /K if and only if K} € K* (A X [T Uyp). Let 7 be such that vy (7) = 1. We
have

K;gK*(Ax HUp) — (1,1,...,x,1,...)€K*<A>< HUP)
pfoo pfoo

for each z € Ky, in particular for z = 7. Therefore there exist 3 € K* and & € A x []; Uy

such that (1,1,...,m,1,...) = Ba. It follows that vq(3) = O for every finite prime q # p and
vy (B~ ') = 0. Therefore the only prime dividing (/) is p and it does so to the power 1. Hence

p =6
On the other hand, (87") /00 € A so that N/, (8) = [Lqj00 Nz /xz (B) € K. o

Corollary 3.9. If Q € R} is inert in K, then q decomposes fully in Kj; where ¢ = QOk is the
prime in K above Q.

Proof. We have N /;.(q) = Q". The result follows. O

Definition 3.10. We define the extended genus field K; of K (relative to k) as the maximal
abelian extension of k contained in K.

Remark 3.11. From class field theory, see for instance [7, Proposicién 17.6.48], the field K;r is
the class field associated with k* Nc/x (A x [T, Up)-

Proposition 3.12. The degree of K; over k and the degree of K ; over K are given by

[K;:k]:nﬁei and [K]: I_Iez
i=1

Proof. Let P € Ry. Then from Remark 2.4 we obtain that [ ], » Ng, k., (Up) = Nk, /1, (Up)

for any fixed prime p|P. From the theory of local fields, we have [Up : N Ky /kp (Up)] = ep, the

ramification index of P in K /k. Recall that ep = 1 if P is unramified and ep, = e;, 1 < i < r.
Therefore, from Lemmas 2.1 and 2.2 and since k* N (k% X []pe r U p) = F}, we obtain

(K k] = [Je/k* (B Ngy (A x [] Un)) /7]
pfoo

= [k (k% % TT Up): k" Nigsi (A x [T 03)]
PER}, pfoo
[kz, x HpeR; Up : Ng i, (A x proo Up)]
[ 0 (k3 x Tl pens Up) + k% 0 (Nieyi (A % TTppoe Up))]
[k;o x HPGR} Up : Nk/k (A X Hp’(oo Up)]

[F; - Fym]
(k5 + k2] Tl penslUp : Niy i (Up)] n2 [0, & .
— = = TI,H €;.
n n P
Finally, since [K : k] = n, it follows that [K [ : K] =][,_, e;. m]
Define I' := Fyn (T, V/P1,..., ¥/P;). Then [[': k] = n[];_;e; = [K} : k] and T'/k is an

abelian extension. On the other hand by Abhyankar’s Lemma, the ramiﬁcation index of P; in
KTise;, 1 <i <randT'/k is unramified at every P € R\ {Py,..., P, }. It follows that '/ K
is unramified at every finite prime P € R}.

We are ready to prove our main result, which gives an explicit and nice expression for Kg+.

Theorem 3.13. Let n € N be a natural number dividing ¢ — 1: n|lg — 1. Let K/k be a
cyclic Kummer extension of degree n, K = k(3/D) with D = vP{" --- P € Ry, v € F},
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P,...,P. € R} and 1 < a; <n—1forl < i <r. The ramified finite primes are Py, ..., P,.
Let e; be the ramification index of P; in K/k, 1 <i <r.

Then
=I'= Fq"(Tv E\1/]?17 ) e(/FT)

Proof. It suffices to prove thatI' C K}, since K ; is the maximal abelian extension of & contained
in KIJ; and I'/k is an abelian extension. Now, let H := Gal(I'/k) = C,, X C¢, x - - x C,, . Since
e;ln for all 1 < i < r, H is of exponent n. Therefore, it is enough to show that any abelian
extension of k, containing K, of exponent n and such that it is unramified at the finite primes of
K, is contained in KJ;.

Let L be such an extension. By class field theory, it is enough to prove that K*(A x
| Up) € K*Np i (Jr). We have the following commutative diagram

JK Gal(L/K)

Nk /k l .

Jk — Gal(L/k) =2 Cppy X+ X Cpy,,

where px and p;, denote Artin’s reciprocity maps, ¢ is the natural embedding and m;|n, 1 <
j < t. The norm of an element & € A is of the form (8,1,...,1,...) € JJ. Therefore
(B8,1,...,1,...) € kerpy. Hence px(A) € kerpg = K*Np i (Jr). Since L/K is unrami-
fied at every finite prime, it follows that U, C K* Ny, (J1,) for every finite prime p. Therefore
A X o0 Up © K" Np i (Ji). The result follows. m|

4 Ambiguous classes

We understand by ambiguous classes the elements of Cl* (O ) fixed under the action of G :=
Gal(K/k): CI*(Og)%. We are interested in the number of such classes.

Let G = Gal(K/k) = (o). Let p: ClT(Of) — CIT(Ok)'~ be the map [a] — [a][a] = for
a € I and [a] = a mod P};. Then p is an epimorphism and ker p = CI* (O )€. In particular,

% = Ol (0k)%. Let G := Gal(K7}; /k). Since K is the maximal abelian extension of

k contained in K};, we have that the commutator subgroup G’ is isomorphic to Gal(K7; /K ).

?OK /
clt

g K+
g/

Now, we have that G’ = CI*(Ok)'=?. To find |CI*(Ok)“| we need several results on
cohomology theory, most of them well known.
First, we have the exact sequence

l—- K" —K*— KKt — 1,

From Hilbert’s theorem 90, we have H!(G, K*) = {1}, therefore we obtain the cohomology
exact sequence

1 —k* — k" — (K*/K") — HY(G,K") — 1

3
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so that H'(G, K*) = (K*/K*)“. We have, for any a € K*, o(a)/a € K, which implies that
(K*/K*)¢ = K*/K*. Using the approximation theorem, we obtain that

K* /K= ([ K3)/A

ploo

From Corollary 2.5 it follows that
n2

1 +\| —

Lemma 4.1. The Herbrand quotient of Uk is h(G,Uk) = %

Proof. From Dirichlet’s unit theorem, we have that Ui = 71 x ]Fj; where m is the number
of primes of K above the infinite prime P, of k. Let py,...,p,, be the primes of K that lie
above P, ordered such that o(p;) = p;; for 1 <j <m —1and o(p,) = pi. Choose a € N
such that (%)a = (u;) is a principal ideal and p; € Uk, forall 1 < j < m — 1. We have
o(p;) = pjrr for 1 <j<m—2and o(pm—1) = (1 ftn—1)"" = fn. Thus o (i) = 1.

It follows that V' := (uy, ..., tm—1) is @ G—submodule of Uy of finite index. Furthermore,
V= (Z[G / D]) /Z as G-modules, where D is the decomposition group of any of the primes of
K above P.

We have an exact sequence of G—modules

1 —V —>Ugx —F—1,

where F is finite. Then we have h(G,Ux) = h(G,V). Now, from the exact sequence of G-
modules

l —-Z—Z|G/D] —V — 1,

we obtain that

G V) = h(cz(%;[,Gz/)DD = niLm = =l

Lemma 4.2. We have |H' (G, U})| = 1% /e foo-

Proof. Since Uk /U is finite, it follows that h(G, Uk ) = h(G,Uj;) = €o foo /1. Now, we have
the Tate cohomology group

. Ub)¢ F*
e =Y g

The result follows. m|
Lemma 4.3. We have |Ix /1| =€ - -e,.

Proof. For any P € R}, letap = (Hp‘ p p)¢P be the conorm of P, where ep denotes the rami-
fication index of P in K/k. Then I§ is the free abelian group with free generators {ap} PeR:”
T

Since Iy, is the free abelian group with generators {P}pcp: = {a5r} Per; and the ramified
finite primes are P, ..., P, with ramification indices ey, ..., e, we get the result. O

Theorem 4.4. The number of ambiguous classes |CI™ (O )| is equal to e; - - - e,.
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Proof. From the exact sequence | — Pt — Ix — CIT(Ok) — 1,and since H' (G, I) =
{1}, we obtain the cohomology sequence

1 — (P)¢ — I¢ — CIT(0k)® — HY (G, PE) — 1.
Dividing the first two terms by I, = P, C PIC(", we obtain

|18 /1]

’ClJr(OK)G‘ = |(P;;)G/Ik|

Next, we consider the exact sequence of G—modules
1 — U — K" — Pt — 1.
Since (U?;) =T} and (K +)¢ = k*, we obtain the exact cohomology sequence
* * G
1 —F: — k" — (Pg)” — H'Y(G,Uf) — H'(G,K™)
— HY(G, P{t) 2 H*(G,U) 25 H* (G, K") — -

Now, we have that [}, = k* /IF;, that

UJr)G F*
H?(G,Uf) = HG,Uf; - U Z
GO RS

H2G7K+ gH0G7K+: _
( ) ( ) Ngsk (K*)  Ngyp(KT)

and that p is an injective map. Therefore, we obtain the exact sequence

P
1 — ( 2) — HY(G,U;) — HY(G,K*) — H'(G, P{£) — 1.
Therefore
|\H'(G, P)|  |H'Y(G,K"))|
(P /n  [HYG U]
The result now follows from Lemma 4.3. O

Theorem 4.5. We have

CI(0k)
+ ~ ~ + G
Gal(K, /K) = o = crt(og)C.

Proof. From the isomorphism % =~ Cl*(Ok)% and Theorem 4.4, we obtain that

|CIT(Ok)'=7| = |G| = [Kf; : K], where G = Gal(K}; /k).
Let p: Cl1T(Ok) — Gal(K};/K) C G be the Artin reciprocity map. For any b € CI*(Ok)
we have

p(6'77) = p(6)p(6=7) = p(B)(67) ' = p(6) (o p(b))
= p(b)rp(b) o € G,

Hence p(Cl*(Ok)'~7) = G’ and we get the result. O
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5 A reciprocity law for K /k

Here we present a reciprocity law that is analogous to the quadratic reciprocity law. Let K =
k( {L@) be as in Section 2. Let Q € R+ be such that Q 1 D. Let q be a prime in K above ). The
extension Kg/kq of local fields is unramified of degree f, the inertia degree of q/Q. We denote
the residue fields by & and % respectively. If Q is of degree d, then |k| = ¢% and |K| = ¢¥. We
denote by ¢ the element of Gal( K /k) that corresponds to the Frobenius generator of Gal(K /).
Then ¢q is given by

d

(VD) = (VD)" modg,

that is,

————==D"" modq.
7D

Since n|q? — 1, both sides of the congruence belong to k. Furthermore there exists j € N such
that o (/D) / /D = (J, where (, is a primitive n—th root of unity.

pQ(VD) _
D

Definition 5.1. We define the residue symbol

(3) <F

as the unique n—th root of unity satisfying

<g>n = D% mod Q.

More generally, if R = H;Zl Q?-’ € Ry is relatively prime to D,

(7). -1@)

Jj=1

Equivalently, if a is a non-zero ideal of R relatively prime to D,

(0.~ 1(F)

PeR}

D
Note that () decomposes fully in K if and only if (6) =1.

n

D
The main properties of the symbol (5) are given in the following proposition, we omit the

straightforward proof.

Proposition 5.2. We have
(1) LetC,D € Ry and Q € R be such that Q Y CD. Then

0).(0).-(2),

(2) For Q1 D, we have (g) = lifand only if D mod Q € ((Rr/(Q))*)".
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(3) Fora c Fx,

O

Definition 5.3. Let p be a prime in k and let R, S € Ry be two relatively prime non-zero poly-
nomials: gcd(R, S) = 1. We define the Hilbert norm residue symbol by

(R.5), = (5, kp(c/ﬁ%%kp)(@),

where (S, kp (V/R)/ky) denotes the local norm residue symbol.
We have the following symbol product formula.
11 (& s), =1,
p

where p runs through all the prime divisors of k, from which it is obtained the following reci-
procity law.

Theorem 5.4. Let Q, R € R be of degrees 6(Q) and 5(R) respectively. Then

q—1

@), (@), =[] =

Proof. Similar to [2, Proposition 4.1]. O

Finally, we give our generalization to Theorem 4.2 [2].

Theorem 5.5. We have that a prime p of O decomposes fully in K ; if and only if each finite
prime of k ramified in K, that is, each P;, 1 < j < r, decomposes fully in k;( ?/E) /k, where B
is a monic generator of N ;. p and n divides deg B.

Proof. Let d; := deg P; and P; := (—1)%P;, 1 < j < r. We have that p decomposes fully in
K/ /K if and only if the Artin symbol (p, K /K) = 1. Since K} = F¢n ( VP1,..., V/P;) =
Fon (/Py,..., %/P;), we have (p, K /K) = 1 if and only if (p7K;/K)|k( W) 1 for
all1 <j <r,and (p, K /K)lr,.(r) = 1. This is equivalent to

*

P
(NK/kp,k(%{/P;‘)/k):1<:>( J ) =1 forall 1<j<r,

Ng/ip

and

B £ _
N/ 9, Fon (T)/F) = 1 <= (NK/k P)n -

where ¢ is a generator of 7.
Let h = deg B. Then, by the reciprocity law,

(vors). = (5s). (as)
Ne/wb/ Nrsep/ . \Ng/wp/

= (=1){@" =D/e))ds (_)hds(a=1)/e; ((1%) = (%) E

forl1 <j<r.

Therefore, p decomposes fully in K/ /K if and only if (P;(T),k(V/B)/k) = 1for1 < j <r
and & (@"=D/n = 1. The last equality is equivalent to n|h since the order of § in F} is ¢ — 1 and
¢ = 1 mod n. o
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