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Abstract. Let R be aring, (S, <) a strictly ordered monoid and w : S —End(R) a monoid
homomorphism. Properties of the ring [[R%=,w]] of skew generalized power series with co-
efficients in R and exponents in S are considered. In this paper, we study some properties of
(S, w)-quasi-Armendariz under some suitable conditions. For example, we prove that, if 7 is
a semiprime ring and R/I is (S,w)-quasi-Armendariz, when R is a completely S-compatible
ring and @ : S — End(R/I) is the induced monoid homomorphism, then R is (S,w)-quasi-
Armendariz. If [[R%<,w]] is right p.q.Baer, then R is right p.g.Baer and any S-indexed subset
of I(R) has a generalized join in I(R). Also, we prove that, If R is S-compatible (.5, w)-quasi-
Armendariz, then the ring [[RS<,w]] is quasi-Baer (reflexive) if and only if R is quasi-Baer
(reflexive, respectively). Moreover, some results of skew generalized power series [[R%<, wl]]
are given.

1 Introduction

All rings considered here are associative with identity. We will write monoids multiplicatively
unless otherwise indicated. If R is a ring and X is a nonempty subset of R, then the left (right)
annihilator of X in R is denoted by ¢z (X)(rr(X)). We will denote by End(R) the monoid of
ring endomorphisms of R, and by Aut(R) the group of ring automorphisms of R.

Let R be a ring, (5, <) a strictly ordered monoid, and w : S —End(R) a monoid homomor-
phism. For s € S, let w, denote the image of s under w, that is, ws, = w(s). Let A be the set of all
functions f : S — R such that the support supp(f) = {s € S : f(s) # 0} is artinian and narrow.
Then for any s € S and f, g € A the set

X (f,9) = {(u,v) € supp(f) x supp(g) : s = uv}

is finite. Thus one can define the product fg : S — R of f, g € A as follows:

(o)=Y flwwulg()

(uw)eXs(f,9)

(by convention, a sum over the empty set is 0). With pointwise addition and multiplication as
defined above, A becomes a ring, called the ring of skew generalized power series with coeffi-
cients in R and exponents in S, see [29] and denoted by [[R%=,w]] (or by R[[S,w]] when there
is no ambiguity concerning the order <).

We will use the symbol 1 to denote the identity elements of the monoid S, the ring R, and the
ring [[R%'<,w]] as well as the trivial monoid homomorphism 1 : S —End(R) that sends every
element of S to the identity endomorphism. A subset P C R will be called S-invariant if for
every s € S it is ws-invariant (that is, ws(P) € P). To each r € R and s € S, we associate
elements c,, e € [[R*<,w]| defined by

T, if z=1,
cr(z) = es(r) =

0, if e S\{1},
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It is clear that » ~ c, is a ring embedding of R into [[R%=,w]] and s ~ e, is a monoid
embedding of S into the multiplicative monoid of the ring [[R%=,w]], and esc, = ¢, (€s.

Rege and Chhawchharia [23] introduced the notion of an Armendariz ring. They defined a
ring R to be an Armendariz ring if whenever polynomials f(z) = ag+ajz+ -+ a,z™, g(z) =
bo + b1z + -+ + bya™ € R[z] satisfy f(z)g(z) = 0, then a;b; = 0 for each 7, j. (The converse
is always true.) The name “Armendariz ring” was chosen because Armendariz [7, Lemma 1]
had noted that a reduced ring satisfies this condition. Reduced rings (i.e., rings with no nonzero
nilpotent elements). Some properties of Armendariz and reflexive rings have been studied in
E. P. Armendariz [7], Anderson and Camillo [6], Kim and Lee [25], Ali [17], Huh, Lee and
Smoktunowicz [30], and Lee and Wong [31].

Given a ring R and a ring endomorphism ¢ : R — R, the skew polynomial ring R[z; o]
consists of polynomials in the indeterminate = with coefficients from R, written on the left,
where multiplication in R[z; o] is defined by

<Zaixi> ijxj :Zaiai(bj)xi+j.
i J 1,7

Following Hong et al. [3], we say that a ring R with an endomorphism ¢ is o-skew Armendariz
if whenever polynomials f(z) = ap + a1z + -+ + a,2™ and g(x) = by + byz + - - - + bpz™ in
R|z; o] satisfy f(z)g(x) = 0then a;0"(b;) = 0 forall i, j. A stronger condition than Armendariz
was studied by Kim et al. in [26]. A ring R is said to be power-serieswise Armendariz if
whenever power series f(z) = ag + a1z + -+ + apz™ and g(x) = by + biz + -+ + bypa™
in R[[z]] satisfy f(x)g(xz) = O then a;b; = O for all 4, j. Armendariz rings were generalized
to quasi-Armendariz rings by Hirano [35]. A ring R is called quasi-Armendariz provided that
a;Rb; = 0 for all i, j whenever f(z) = ap + a1z + -+ ana”, g(z) = by + bz + -+ bypz™ €
Rlz] satisfy f(z)R[z]g(z) = 0. In [24] Baser ana Kwak introduced the concept of o-quasi-
Armendariz ring. A ring R is called quasi-Armendariz ring with the endomorphism o(or simply
o-quasi-Armendariz) if for f(x) = ap + a1z + -+ + apz™ and g(z) = by + b1z + - -+ + bypx™
in R[z; o] satisfy f(z)R[x;0]g(z) = 0 then a;R[z;0]b; = 0forall0 <i < n,0 < j <m,or
equivalently, a; Ro'b; = 0 for any nonnegative integer ¢ and all , j [24]. Baser and Kwak [24]
also showed that every o-quasi-Armendariz ring is o-skew quasi-Armendariz in case that o is
an epimorphism, but the converse does not hold, in general. The notion of o-skew Armendariz
rings is generalized as follows: Let o be an endomorphism of a ring R. Then R is called a
o-skew quasi-Armendariz ring Definition 2.1 [4] if for f(z) = ap + ajz + -+ + apz™ and
g(z) =bo+ bz + - + bpa™ in R[z; o] satisty f(x)R[z;0]g(x) = 0 implies a;Ro*(b;) = 0
forall 0 < i < n,0 < j < m, while Cortes Definition 3.11 [33] used the term quasi-skew
Armendariz for what is called o-skew quasi-Armendariz when o is an automorphism. It is shown
that the class of o-skew quasi-Armendariz rings is Morita stable and that several extensions of a
o-skew quasi-Armendariz ring are also o-skew quasi-Armendariz rings in [33] and [4]. Observe
that every o-skew Armendariz ring is o-skew quasi-Armendariz when o is an epimorphism, but
the converse does not hold by Example 2.2(1) [4].

If R is aring and S is a strictly ordered monoid, then the ring R is called a generalized
Armendariz ring if for each f, g € [[R%'=]] such that fg = 0 implies that f(u)g(v) = 0 for each
u € supp(f) and v € supp(g). In [36] called such ring S-Armendariz ring. If R is a ring, S
be a torsion-free and cancellative monoid and < a strict order on S, then the ring R is called
a generalized quasi-Armendariz ring if for each f,g € [[RS=]] such that f[[R%<]]g = 0, then
f(u)Rg(v) = 0 for each u,v € S. Ali and Elshokry in [10], called such S-quasi-Armendariz
ring and defined linearly S-quasi-Armendariz [34]. Marks et al. [12] a ring R is called (S, w)-
Armendariz, if whenever £, g € [[R=,w]], fg = 0 implies f(u)w,(g9(v)) = 0 for all u,v € S.

In this paper, we continue to study the concept of (S, w)-quasi-Armendariz by [22], un-
der some deferent conditions, which is unify the notions of (S, w)-Armendariz and S-quasi-
Armendariz ring. A ring R is called, (S, w)-quasi-Armendariz, if whenever f, g € [[RS<,w]] £
A, fAg = 0 implies f(u)Rw,(g(v)) = 0 for all u,v € S. We prove that, if I is a semiprime
ring and R/I is (S,w)-quasi-Armendariz, where @ : S — FEnd(R/I) is the induced monoid
homomorphism, and R is a completely S-compatible ring, then R is (.5, w)-quasi-Armendariz
(see Theorem 2.11), if the ring [[R*<,w]] is p.q.Baer ring, then R is p.q.Baer and any S-indexed
subset of I(R) has a generalized join in I(R) (see Theorem 3.3) and if [[R%<,w]] is p.q.Baer
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ring, then R is (S, w)-quasi-Armendariz (see Corollary 3.4). Under some additional conditions,
the ring [[R*'<,w]] is quasi-Baer (reflexive) if and only if R is quasi-Baer (reflexive, see Theo-
rem 3.9 and Theorem 3.10, respectively). Also a necessary and sufficient condition is given for
rings under which the ring [[R%=, w]] is (S, w)-quasi-Armendariz.

2 (S, w)-Quasi-Armendariz rings

In the following we discus some results for (.5, w)-Quasi-Armendariz rings which is an extend
to the definition of S-Quasi-Armendariz rings. Clark defined quasi-Baer rings in [32]. A ring R
is called quasi-Baer if the left annihilator of every left ideal of R is generated by an idempotent.
Note that this definition is left-right symmetric. Some results of a quasi-Baer ring can be found
in [27], [18] and [32] and used them to characterize when a finite dimensional algebra with unity
over an algebraically closed field is isomorphic to a twisted matrix units semigroup algebra. As
a generalization of quasi-Baer rings, Birkenmeier, Kim and Park in [19] introduced the concept
of principally quasi-Baer rings. A ring R is called left principally quasi-Baer (or simply left p.q.-
Baer) if the left annihilator of a principal left ideal of R is generated by an idempotent. Similarly,
right p.q.-Baer rings can be defined. A ring is called p.q.-Baer if it is both right and left p.q.-Baer.
Observe that biregular rings and quasi-Baer rings are p.q.-Baer. For more details and examples
of left p.q.-Baer rings, see ([14]—[19]) and [38]. A ring R is called a right (resp., left) PP-
ring if every principal right (resp., left) ideal is projective (equivalently, if the right (resp., left)
annihilator of an element of R is generated (as a right (resp., left) ideal) by an idempotent of R).
A ring R is called a PP-ring (also called a Rickart ring [5, p. 18]) if it is both right and left PP.
We say aring R is a left AP P-ring if the left annihilator [z (Ra) is right s-unital as an ideal of R
for any element a € R. This concept is a common generalization of left p.q.-Baer rings and right
P P-rings.

An ideal I of R is said to be right s-unital if, for each a € I there exists an element ¢ € I
such that ae = a. Note that if I and J are right s-unital ideals, then so is I N J (if a € I N J, then
a€alJ Ca(INJ)).

The following result follows from Tominaga Theorem 1 [21].

Lemma 2.1. An ideal I of a ring R is left (resp. right) s-unital if and only if for any finitely many
elements ay,ay, ..., a, € I, there exists an element e € I such that a; = ea;(resp. a; = a;e) for
eachi=1,2,...,n.

Example 2.2. Here are some special cases of (.S, w)-quasi-Armendariz rings.

(1) Suppose R is quasi-Armendariz, as in [35]. This is the special case where S = NU{0} under
addition, with the trivial order, and w is trivial.

(2) Suppose R is o-skew quasi-Armendariz for some o € End(R), as in [4]. This is the special
case where S = NU {0} under addition, with the trivial order, and w is determined by w(1) = o.
(3) Suppose R is quasi-Armendariz relative to a monoid S, as in [42]. This is the special case
where S is given the trivial order, and w is trivial.

(4) Suppose R is S-quasi-Armendariz for some commutative, strictly ordered monoid (S, <),
as in [10]. This is the special case where w is trivial (and S satisfies the extra conditions just
described).

If S = {1} then every ring is (S,w)-quasi-Armendariz. In some of our results we will
stipulate that S # {1} to avoid trivialities.

Marks et al. in [12] they are studied compatibility of (S,w)-Armendariz rings. To said
that, when to suppose R is a ring and ¢ is an endomorphism of R. Then the skew power series
ring R[[z;0]] is a skew generalized power series ring for S = N U {0} with natural order <
and w(n) = o™. Noted that for elements a and b of an (S,w)-Armendariz ring R, if ab = 0,
then ao(b) = O (that is, ‘half’ of the definition of compatibility must hold). Indeed, define
f, 9 € R|[[x;0]] as follows:

f=a—az, g=b+ob)z+*(b)z+ -

Then fg = 0, and invoking the (S, w)-Armendariz condition for the constant coefficient of f and
the x-coefficient of g yields ac(b) = 0.
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Definition 2.3. [12] Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a
monoid homomorphism. We say that R is S-compatible (S-rigid) if wy is compatible (rigid) for
every s € S; to indicate the homomorphism w, we will sometimes say that R is (.S, w)-compatible
((S, w)-rigid).

The following result appeared in [12].

Lemma 2.4. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid
homomorphism. Then [[R%=,w]] is reduced if and only if R is reduced.

Proposition 2.5. Let (S, <) be a strictly totally ordered monoid, w : S —End(R) a monoid
homomorphism and R is S-compatible. Then, R is (S,w)-quasi-Armendariz if and only if, for
any f,g € [[R¥=,w]], f[[R=,w]]g = 0 implies f(u)Rg(v) = 0 for all u,v € S.

Proof. Tt follows from the definition of (S, w)-quasi-Armendariz. ]

For every nonempty subset X of R, we denote [[X*= w]] = {f € [[R¥=,uw]] | f(s) € XU €
{0} for every s € S}.

Proposition 2.6. Let (S, <) be a strictly totally ordered monoid, w : S —End(R) a monoid
homomorphism and R is S-compatible. Then the following conditions are equivalent:

(1) R is (S,w)-quasi-Armendariz.

(2) Forany f € [[R5=,w]], rps.< o) (f[[R®=,w]]) = [[rr(I)%=,w]], where I be the right ideal
of R generated by {f(u) | u € S}.

Proof. (1) = (2) Assume that g € r(ps.< ) (f[[R®=,w]]). By (1), f(u)Rg(v) = 0 for all
u,v € S. So g(v) € rr(f(u)R) for every u,v € S. So g € [[rr(I)%=,w]]. Conversely, suppose
that g € [[rr(1)%=,w]]. Then g(v) € rr(I) for each v € S. So f(u)Rg(v) = 0 for all u,v € S.
Since R is S-compatible, we have f(u)Rw:(g(v)) = 0 for any u,v,t € S. So by compatibility
again f(u)w,(Rw:(g(v))) = 0, and hence f(u)wy (h(t)w:(g(v))) = 0, for any u,v,t € S and
any h € [[R%=,w]]. Thus for any h € [[R®=,w]] and any s € S,

(fhy)(s) = > fwwa(h(Dw(g(v)) =0.

(u,t,0)EXs(f,h,g)

S0, g € rrs.< o (FI[R*=,w]]).
(2) = (1). Assume that f[[R%=,w]]g = 0 for elements f,g € [[RS=,w]]. So
9 € rrs.< ) (F[[R”=,w])).

By (2) g € [[rr(1)®<,w]], where I be the right ideal of R generated by {f(u) | u € S}.
Therefore f(u)Rg(v) = 0 for all u,v € S. o

Lemma 2.7. Let (S, <) be a strictly totally ordered monoid, w : S —End(R) a monoid homo-
morphism and R is S-compatible. Then for any a € R,

[[re(aR)®=,w]] = r(ps.< o (cal[R*=, w]]).
Proof. Let g € r(gs.< .jj(cal[R5=,w]]). Then for every r € R,
0=(cacrg)(s)= Y carlwwulg(v)) = arg(s).
(u,v)EXs(car,g)

Thus aRg(s) = 0, for every s € S. Hence g € [[rr(aR)%<, w]].
Conversely let g € [[rr(aR)*=,w]]. So aRg(v) = 0, for every v € S. Thus by S-compatible
of R, for every f € [[R%=,w]],af(u)Rw,(g(v)) = 0 for every u,v € S. For any s € S,

(cafg)(s) = > Ca(wwu(f (t)wi(9(v)))

(u,t,w)EXs(ca,fr9)
= 3 afltals) =0,
(t,v)EXS(f,9)

Therefore, g € rgs.< o)) (ca[[R¥=,w]]) and the result follows. O
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Lemma 2.8. Let (S, <) be a strictly totally ordered monoid, w : S —End(R) a monoid homo-
morphism and R is S-compatible. If[[R%=,w]] is a right AP P-ring, then R is a right AP P-ring.

Proof. Leta,b € R and bRa = 0. Then
[[rr(bR)®=,w]] = rigs.< o (c[[R*=,w]]),

by Lemma 2.7. Since [[R<,w]] is right APP,r(gs.< . (cs[[R%=,w]]) is left s-unital. Since
a € rr(bR), we have ¢, [[R5=,w]]c, = 0. So there exists, f € r(ps.< o (cb[[R®<,w]]) such that
ca = fca. Thena = ¢,(0) = (fcq)(0) = f(0)a. Since cp[[R¥=,w]]f = 0and [[rr(bR)%=,w]] =
r(rs.< ) (co[[R®=,w]]), we conclude that f(0) € rg(bR). Therefore rg(bR) is left s-unital.
This means that R is a right AP P-ring. O

Theorem 2.9. Let (S, <) be a strictly totally ordered monoid and w : S —End(R) a monoid
homomorphism. Assume that R is S-compatible and [[R%=,w]] is a right AP P-ring, then R is
(S, w)-quasi-Armendariz.

Proof. Apply Lemma 2.8 and Proposition 2.9 [10], respectively. O

Definition 2.10. [11, Definition 2.24] Let R be a ring, (S, <) a strictly ordered monoid and
w : S —End(R) a monoid homomorphism. We say that a ring R is completely S-compatible if,
for any ideal I of R, R/I is S-compatible, to indicate the homomorphism w, we will sometimes
say that R is completely (.S, w)-compatible.

Clearly, every completely S-compatible ring is S-compatible. Another description of com-
plete S-compatibility of R that we shall often use is that for all I C R, a,b € R, we have
ab € I < aw(b) € 1.

Theorem 2.11. Let (S, <) be a strictly totally ordered monoid, w : S —End(R) a monoid ho-
momorphism and I an ideal of R with ws(I) C I for all s € S. Assume that R is a com-
pletely S-compatible ring. If I is a semiprime ring and R/I is (S,w)-quasi-Armendariz, where
w: S — End(R/I) is the induced monoid homomorphism, then R is (S, w)-quasi-Armendariz.

Proof. Let 0 # f,g € [[RS=,w]] be such that f[[RS=,w]]g = 0. Assume that 7(f) = uy,
7(g) = wo. Then for any (u,v) € Xyytv,(f,9)s uo < u,v9 < v. If up < w, since < is a
strict order, ug +v9 < u + v9g < u + v = wugy + vy, a contradiction. Thus u = wug. Simi-
larly, v = vg. Note that for f, g the corresponding skew generalized power series of f and g in
([(R/1)%=,@]], fI[(R/I)%<,w]]g = 0. Thus, we have f(u)Rg(v) C I, for each u,v € S, since
R/I is (S,w)-quasi-Armendariz and by the definition 2.10. For any r € R,

0= (ferg)(uo + o) = > f(w)wu(rg(v)) = f(uo)wu,(rg(vo))-

(uvv)exu0+'zro (facrg)

Then f(ug)Rg(vo) = 0 by the compatibility of w.

Now, let A € S with ug + vy < A and assume that for any v € supp(f) and any v € supp(g),
ifu+v < A, then f(u)Rw,(g(v)) = 0. We claim that f(u)Rw,(g(v)) = 0, for each u € supp(f)
and each v € supp(g) with u + v = A. For convenience, we write

Xa(f,9) = {(u,v) | u+v=X\wuc supp(f),v € supp(g)}

as {(us,v;) |4 =1,2,...,n} such that u; < up < --- < uy,, where n is a positive integer (Note
that if u; = wuy, then from u; + v; = uy + vy we have v; = vy, and then (u,v;) = (ug,v2)).
Then for any r € R, we have;

0=(ferg)(N) = Y. fwulrg(v) = Z [ (ui)wn, (rg(v:)). 2.1

(u,v)EXA(f,erg) i=1

Let p be an element of R. Multiplying Eq. (2.4) by f(u;)p, from the left side, we can get
Yoy flun)pf (ui)wy, (rg(v;)) = 0. Note that any ¢ > 2, uj < u;, then uy +v; < u; +v; = A
for any ¢ > 2. Thus, f(u;)Rwy,(9(v;)) = 0 for any ¢ > 2 by the induction hypothesis. Hence
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f(u1)Rg(v;) = 0 and so f(u1)Rwy,(g9(v;)) = 0 by the compatibility of w. So we can get
f(ur)Rf(ur)Rg(v1) = 0. Hence, (Rf(u1)Rf(ui)Rg(v1))* = 0. Since Rf(ui)Rg(vi)R C I
and 7 is semiprime ring, f(u1)Rg(v1) = 0. Now Eq. (2.4) becomes

n

Zf(ul)wul (rg(v;)) = 0. (2.2)

=2

Multiplying Eq. (2.5) by f(u2)p from the left side, we obtain Y., f(u2)pf (u;)wy, (rg(v;)) = 0.
Thus, f(uy)Rw.y,(g(v;)) = 0forany ¢ > 3 by the induction hypothesis. Hence f(uz)Rg(v;) =0
and so f(u2)Rwy,(g(v;)) = 0 by the compatibility of w. So we can get f(u2)Rf(uz)Rg(v2) = 0.
Hence, (Rf(uz)Rf(uz)Rg(v2))* = 0. Since Rf(uy)Rg(v2)R C I and I is semiprime ring,
f(u2)Rg(v2) = 0 in the same way as above. Continuing this process, we can prove f(u;)Rg(v;) =
0 for any 7, j. Thus f(u)Rg(v) = 0 for any u € supp(f) and v € supp(g) with u+v = \. There-
fore, by transfinite induction, f(u)Rg(v) = 0 for any v € supp(f) and v € supp(g). Thus, R is
(S, w)-quasi-Armendariz. i

Since any reduced ring is a semiprime. Here we have.

Corollary 2.12. Let R be a ring, (S, <) a strictly totally ordered monoid, w : S — End(R) a
monoid homomorphism and I an ideal of R and R is a completely S-compatible ring. If I is
reduced and R/1 is (S,w)-quasi-Armendariz, where w : S — End(R/I) is the induced monoid
homomorphism, then R is (S,w)-quasi-Armendariz.

Corollary 2.13. Let R be a ring, (S, <) a strictly totally ordered monoid, w : S — End(R) a
compatible monoid homomorphism. If R is reduced, then R is (S, w)-quasi-Armendariz.

Corollary 2.14. Let (S, <) be a strictly totally ordered monoid, w : S — End(R) a monoid
homomorphism and I an ideal of R. Assume that R is a completely S-compatible ring. If 1
is reduced and R/I is (S,w)-Armendariz, where @ : S — End(R/I) is the induced monoid
homomorphism, then R is (S, w)-Armendariz.

Corollary 2.15. Let S be a commutative, cancellative and torsion-free monoid, w : S — End(R)
a monoid homomorphism. Assume that R is a completely S-compatible ring. If one of the
following conditions holds, then R is (S, w)-quasi-Armendariz.

(1) R is reduced.

(2) R/I is (S,w)-quasi-Armendariz for some ideal I of R and I is reduced, where W : S —
End(R/I) is the induced monoid homomorphism.

Proof. 1If S is commutative, cancellative and torsion-free, then by Ribenboim [28] there exists
a compatible strict total ordered < on S. Now the results follows from Corollaries 2.12 and
2.13. O

Corollary 2.16. /9, Proposition 1.10] Let M be a strictly totally ordered monoid and I an ideal
of R. If I is a semiprime ring and R/I is quasi-Armendariz relative to a monoid, then R is
quasi-Armendariz relative to a monoid.

Let I be an index set and R; be a ring for each i € I. Let (.S, <) be a strictly ordered monoid
and w' : S — End(R;) a monoid homomorphism. Then the mapping w : S — End([],.; R;) is
a monoid homomorphism given by ws({r;}icr) = {(w®)s(r;)}ies} forall s € S.

Proposition 2.17. Let R; be a ring, (S, <) a strictly totally ordered monoid, w' : S — End(R;)

a compatible monoid homomorphism, for each i in a finite index set I. If R; is (S,w")-quasi-

Armendariz for each i, then R = [[,.; R; is (S, w)-quasi-Armendariz, where w = ], w".

Proof. Let R = [] R; be the direct product of rings (R;);c; and R; is (S, w')-quasi-Armendariz
iel

for each i € I. Denote the projection R — R; as I1;. Suppose that f,g € [[R%<,w]] are such

that f[[R5=,wl]lg = 0, where w = [Jw'. Set f; = [[, f. gi = [[;9 and h; = []; h. Then
iel
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fi,g; € [[Rf’g,wiﬂ. For any u,v € S, assume f(u) = (a¥)ier, g(v) = (b¥)scr. Now, for any
€ [[R%=,w]],any r € Rand any s € S,

(ferg)(s) =

= Z (fL( ) (ngz( )))ZEI

(u,v)EX s (frerg)
ng1 )
el

ﬁ(u)w;(mgi(v») |

el

(’U.’UGX fcrg

(u,v)EX( fzgcr gi)

= ((fz zgz)( ))ZEI

Since (ferg)(s) = 0 we have
(ficr,9i)(s) = 0.

Thus, f;hig; = 0. Now it follows f;(u)w? (rig;(v)) = 0 for any r € R, any u,v € S and any
i € I, since R; is (S, w')-quasi-Armendariz. Hence, for any u,v € S,

Flwwa(rg(v)) = (fi(ww,(rigi(v)))ier =0

since I is finite. Thus, f(u)Rg(v) = 0 by the compatibility of w. This means that R is (.S, w)-
quasi-Armendariz. O

3 Some results on ring extensions of skew generalized power series
quasi-Armendariz

Recall that an idempotent e € R is left (resp. right) semicentral in R if ere = re (resp. ere = er)
for all » € R (see [20]). Equivalently, e> = e € R is left (resp. right) semicentral if eR (resp.
Re) is an ideal of R. Since the right annihilator of a right ideal is an ideal, we see that the
right annihilator of a principal right ideal is generated by a left semicentral idempotent in a right
p.q.Baer ring. The set of all left semicentral idempotents of R is denoted by S;(R).

The following result appeared in Lemma 3 [39].

Lemma 3.1. Let R be a ring and (S, <) a strictly totally ordered monoid satisfying that 0 < s
forall s € S. If g € [[R5=]] is a left semicemtral idempotent, then ¢(0) € R is a left semicentral
idempotent and ¢[[R<]] = c40)[[R*=]].

Let I(R) be the set of all idempotents of R. G be a subset of I(R). We say that G is S-indexed
if there exists an artinian and narrow subset / of .S such that G is indexed by I (see [41]).

Definition 3.2. [40] Let G be an S-indexed subset of I(R). We say that G has a generalized join
in I(R) if there exists an idempotent e € I(R) such that

(1) gR(1 —e) =0 forany g € G, and

(2)If f € I(R) is such that gR(1 — f) = O forany g € G, theneR(1 — f) = 0.

Theorem 3.3. Let R be a ring, (S,<) a strictly totally ordered monoid, w : S —End(R) a
monoid homomorphism and R is S-compatible satisfying the condition that 0 < s forall s € S.
If [[R%=,w]] is right p.q.Baer, then R is right p.q.Baer and any S-indexed subset of I(R) has a
generalized join in I(R).

Proof. Letabe anelement of R. Then, by Lemma 2.7, r(ips.< ) (ca[[RS=,w]]) = [[rr(aR)%=,w]].
On the other hand, since [[R®=,w]] is right p.q.Baer, there exists a left semicentral idem-
potent f € [[R®=,w]] such that rps.< ) (ca[[R%=S,w]]) = f[[R®=,w]]. We will show that
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rr(aR) = f(0)R with £(0)*> = f(0), which will imply that R is a p.q.Baer. By Lemma 3.1,
£(0) is an idempotent of R and

FIR=,w]) = ey [[R¥=, ]
Thus, by compatibility, for any r € R,
caCrcs(o) =0,

which implies that ar f(0) = 0. Hence f(0) € rg(aR). Conversely, assume that b € rg(aR).
Then for any g € [[R%=,w]] and any v € S,

(cages)(v) = ag(v)b =0,

Thus, c,gc, = 0. This means that ¢, € rgs.< oj(ca[[R=,w]]). So ¢, = ¢pg)h for some
h € [[R%=,w]], which implies that b € f(0)R. Thus, 7g(aR) = f(0)R. This means that R is
right p.q.Baer ring.

Suppose that G is an S-indexed subset of I(R). Then there exists an artinian and narrow
subset I of S such that G = {e; € I(R) | s € I}. Define ¢ € [[R%=,w]] via

€s, sel;
¢(s) =
0, s¢ I

Since [[R%=,w]] is right p.q.Baer, there exists a left semicentral idempotent f € [[R%=,w]] such
that

Mirs < w) (B[RS, w]]) = FIIR™=,w]].
By Lemma 3.1, f(0) is an idempotent of R and

Thus,
rirs < W) (B[RS, w]]) = ¢s0) [[RF=, w]]-

Now for any r € R, 0 = (¢crcp0))(s) = #(s)rf(0). Thus, e;rf(0) = 0, forall s € I. Let
g =1— f(0). Then esr(1 — g) = 0, for all » € R. Thus, e;R(1 — g) = 0. Suppose that e is an
idempotent of R such that e;R(1 — e¢) = 0. Then egre = eyr, for all 7 € R. Thus, forany a € R
and for any ¢ € [[R%=,w]], any t € S,

(phcaci—e)(t) = Z d(w)wy (Y(v)a(l —e)) = 0.

(u,0)EX1($,))

This means that
CaCl—e € T[[RS.< u) (¢HRSS’WH)7

forall a € R. Thus, c,c1—c = cf(g)CaC1—c, Which implies that ga(l—e) =0, forall a € R. Thus,
gR(1 —e) = 0. Hence g is a generalized join of the S-indexed subset G. O

Corollary 3.4. Let R be a ring, (S,<) a strictly totally ordered monoid, w : S —End(R) a
monoid homomorphism and R is S-compatible satisfying the condition that 0 < s for all s € S.
If [[R%=,w]] is right p.q.Baer, then R is (S,w)-quasi-Armendariz.

Ali and Elshokry [10], observed that, the relations between the right (left) annihilators in
the ring R and the right (left) annihilators in generalized power series [[R%<]], when R is an
S-quasi-Armendariz ring.

In this note we investigate the relations between the right (left) annihilators in the ring R and
the right (left) annihilators in the skew generalized power series [[R%'<,w]]. In this case R is
(S, w)-quasi-Armendariz.

For a subset U of R, we define the following:
rr(U) = {f € [[R¥<,w]]|c,f =0 forall r € U},

([rr(U)%=,w]] = {f € [[R%=,w]]|f(s) € rr(U) for all s € supp(f)}.
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Lemma 3.5. Let R be a ring, (S, <) a strictly totally ordered monoid and w : S — End(R) a
compatible monoid homomorphism. If U C R, then

([R*=,w)lr(U) = fyrs.< o) (U), (rr(U)[[R¥=,w]] = rigs.< o (U))

Proof. Let f € rg(U)[[R%<,w]]. Then, for each u € supp(f) we have f(u) € rg(U). Thus,
for each v € U we have 0 = (¢, f)(u) = ¢,(0)wo(f(u)) = vf(u). Consequently, f(u) €
rr(U) for each u € supp(f). Hence, f € r(ps.< . (U) and it follows that 7 (U)[[R=,w]] C
"igs < w)) (U)-

Conversely, let f € r(gs.< . (U). Then for each f(u) € rr(U) for each u € supp(f). So, for
each v € U and u € supp(f), we have, 0 = vf(u) = vw,(f(u)) = ¢, (0)wo(f(w)) = (cuf)(u).
Consequently, f € rg(U)[[R*=,w]] and it follows that r(gs.< .;j(U) C rr(U)[[R®<,w]]. So,
rr(U)[[R%=,w]] = r|gs.< o) (U). The proof of the left is similar. O

By Lemma 3.5, we have two maps ¢ : rAnng(id(R)) — rAnnjgs.< ) (id([[RS=,w]]))
and ¢ : LAnng(id(R)) — €Anngs.< ) (id([[R%=,w]])) defined by ¢(I) = I[[R%=,w]] and
P(J) = [[RS=,w]]J for every I € rAnng(id(R)) = {rr(U)|U is an ideal of R} and J €
Anng(id(R)) = {¢r(U)|U is an ideal of R}, respectively. Obviously, ¢ is injective.

In the following Theorem we show that ¢ and v are bijective maps if and only if R is (S, w)-
quasi-Armendariz. This Theorem is a generalization of a result of Hashemi and Moussavi Propo-
sition 2.5 [8] that generalizes a result of Hirano Proposition 3.4 [35]).

Theorem 3.6. Let R be a ring, (S, <) a strictly totally ordered monoid and w : S — End(R)
a compatible monoid homomorphism. If [[R%= w|] the skew generalized power series, then the
following are equivalent:

(1) Ris (S,w)-quasi-Armendariz.

(2) ¢ is a bijective.

(3) 4 is a bijective.

Proof. ()=+(2) Let Y C [[R®=,w]] and v = UyseyC(f). From Lemma 3.5 it is sufficient
to show that r(ps.< ) (f) = rrC(f)[[R%=,w]] for all f € Y. In fact, let g € rygs.< o (f)
and for any h € [[R®=,w]]. Then fhg = 0 and by assumption f(u;)tg(v;) = O for each
w; € supp(f),t € R and each v; € supp(g) since R is an (S, w)-quasi-Armendariz and compat-
ibility of w. Then for a fixed u; € supp(f),t € R and each v; € supp(9),0 = f(u;)tg(v;) =
(¢f(us)ceg)(v;) and it follows that g € rr Uy, csupp(s) cf(ui)ct[[RS’S,w]] = rrC(f)[[RS=, w]].
So r(ps.< ) (f) € rrC(f)[[R=,w]].

Conversely, let g € rrC(f)[[R%=,w]], then c(,,)ctg = O for each u; € supp(f),t € R.
Hence, 0 = (csyyceg)(v) = f(u)tg(v) for each u € supp(f) t € Rand v € supp(g). Since R is
an S-compatible, f(u)w,(tg(v)) = 0 for each u € supp(f),t € R and v € supp(g). Thus,

(fhg)(s) = > flwwultg(v)) =0

(u,v)EXs(f,ceg)

and it follows that g € rgs.< (f). Hence rrC(f)[[R%=,w]] C r(ps.< . (f) and it follows
that rrC(f)[[R=,w]] = r(gs.< o (f)- So

rias.<w) (V) = Nreyrns.< ) (f) = NreyrrC()[[RY=,w]] = rr(y)[[R*=,w]].

s

(2)=(1) Suppose that f,g € [[R*=,w]] be such that f[[R%=,w]]g = 0. Then g € ryps.< .(f)
and by assumption r(gs.< ,(f) = 7[[R¥=,w]] for some nght ideal v of R. Consequently,
0 = feicy) and for any u € supp(f),0 = (feicyw))(u) = f(u)wy(tg(v)) for each u €
supp(f),t 6 R and v € supp(g). Hence, R is (S, w)-quasi-Armendariz. The proof of (1)<(3) is
similar to the proof of (1)<(2). O

A submodule N of a left R-module M is called a pure submodule if L g N — L g M
is a monomorphism for every right R-module L. By Proposition 11.3.13 [2], an ideal I is right
s-unital if and only if R/T is flat as a left R-module if and only if [ is pure as a left ideal of R.
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Theorem 3.7. Let R be a ring, (S,<) a strictly totally ordered monoid, w : S — End(R) a
monoid homomorphism and R is S-compatible. Then the following statements are equivalent:
(1) rr(aR) is pure as a right ideal in R for any element a € R;

(2) rgs.< o)) (f[[R=,w]]) is pure as a right ideal in [[R>=,w]] for any element f € [[RS=,w]].
In this case R is an (S, w)-quasi-Armendariz ring.

Proof. Assume that the condition (1) holds. Firstly, by using the same method of the proof
of Proposition 2.9 [10] we can proved that R is an (S, w)-quasi-Armendariz. Finally, by using
Lemma 2.1 we can see that the condition (2) holds.

Conversely, suppose that the condition (2) holds. Let a be an element of R.
Then r((gs.< ) (Ca[[R*=,w]]) is left s-unital. Hence, for any b € rg(aR), there exists an ele-
ment f € [[R%=,w]] such that bf = b. Let f(0) be the constant term of f. Then f(0) € rr(aR)
and f(0)b = b. This implies that 7z (aR) is left s-unital. Therefore condition (1) holds. O

Corollary 3.8. Let R be a commutative ring, (S, <) a strictly totally ordered monoid, w : S —
End(R) a monoid homomorphism and R is S-compatible. Then each principal ideal of R is flat
if and only if each principal ideal of [[R*<,w)] is flat.

In this case R is an (S, w)-Armendariz ring.

Proof. Foreacha € R, R/rr(a) = aR holds. Hence the result follows from Theorem 3.7. O

It was proved in Theorem 1.8 [20] that, a ring R is quasi-Baer if and only if R[z] is quasi-Baer
if and only if R[[z]] is quasi-Baer.

Theorem 3.9. Let R be a ring, (S, <) a strictly totally ordered monoid and w : S — End(R)
a monoid homomorphism. If R is S-compatible (S,w)-quasi-Armendariz, and for any ¢* = ¢
there exists ¢* = e such that ¢ = C.. Then, R is quasi-Baer ring if and only if [[R>=,w]] is
quasi-Baer ring.

Proof. (=) Let U € [[R%=,w]] is a subset, since R is quasi-Baer, there exist e = e € R such
that rr(Cy) = eR, where Cy R denotes generated by Cyy subset of R. We want to show that
T[[Rs,gw]](U) = Ce[[RS’S,w]]. For any f7 h e [[RS’S,W]],Q eUseS

(GhCef)(s) > g(wu(h(v)w,(ef(?))).
(u,0,t)€Xs(g,h,f)
Because g(u)h(v) € CyR and ef(t) € eR, so (ghC.f)(s) = O therefore ghC.f = 0. This
means that rps.< ,j(U) 2 C[[R%=,w]]. Conversely, let f € rygs.<,(U),g € U, then
g[[RS=,w]]f = 0. Because R is S-compatible (S, w)-quasi-Armendariz, for any v € S and

any v € S, we have g(u)Rf(v) = 0. This means for any s € S, f(s) € rg(Cy R). Therefore,
there exist 7y € R such that f(s) = ers;. We have map h : S — R as follows

Ts, s € supp(f);
0, s €S — supp(f),

h(s) =

so because supp(h) = supp(f) we have h € [[RS=,w]]. Easy to show f = C.h € C.[[R=,w]],
So T[-[Rs,g’w“.(U) g Ce[[RS’S, WH ThUS, T[[Rs,g’w“ (U) = C’e[[RS’S,w]]. Therefore, [[RS’S, w ] is
quasi-Baer ring.

(<) For any subset Q € R, let

V={fe[[R*=,w]]| f(s) €Q 5 € S}
and let V[[R%=,w]] denotes the subsets of [[R%=,w]], which is generated by V. Therefore there
exist e> = e € R such that

ris < w) (VIR w]]) = Ce[[R¥=, w]].

We can show that rz(Q) = eR. For any ¢ € Q,r € R, we have (C,C.C,)(0) = ger = 0.
So eR C rr(Q), and let a € rR(Q), because Cy € 7(gs.< o) (V[[R*=,w]]), there exist h €
[[R®=,w]] such that C, = C.h. So a = C.h(0) = eh(0) € eR, this means that rz(Q) C eR, so
rr(Q) = eR. Therefore, R is quasi-Baer ring. i
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According to [13], aright ideal [ is reflexive if x Ry € I implies yRx € I for z,y € R. Hence
we shall call a ring R a reflexive ring if O is a reflexive ideal (i.e., aRb = 0 implies bRa = 0
for a,b € R). Moreover, a right ideal [ is called completely reflexive if xy € I implies yx € 1.
A ring R is completely reflexive if (0) has the corresponding property. It is clear that every
completely reflexive ring is reflexive. Here we have some results of reflexive ring, under the
condition that (.S, w)-quasi-Armendariz.

Theorem 3.10. Let R be a ring, (S, <) a strictly totally ordered monoid and w : S — End(R)
a monoid homomorphism. Assume that R is S-compatible (S, w)-quasi-Armendariz. Then R is
reflexive ring if and only if [[R%=,w]] is reflexive.

Proof. (=) Let R be reflexive ring. Suppose that f, g € [[RS'<,w]] are such that f[[R%<,w]]g =
0. Since R is (S, w)-quasi-Armendariz, we have f(u)Rw,(g(v)) = 0 for any u € supp(f) and
v € supp(g), so f(u)Rg(v) = 0 by compatibility. Since R is reflexive, we have g(v)Rf(u) =0
for all u,v € S. Now for any h € [[RS=,w]], and any ¢, s € S,

(ghf)(s) = > g(v)h(t) f(u) = 0.
(v,t,u)€Xs(g,h,f)
Thus ghf = 0. This show that g[[R*>'=, w]] f = 0. This means that [[R*=, w]] is reflexive.
(<) Leta,b € R be such that aRb = 0. Then C,,[[R%=,w]]|C;, = 0. Hence Cy[[R%=,w]|C,
= 0 by reflexive. So bRa = 0. Therefore R is reflexive. O

Proposition 3.11. Let (S, <) be a strictly totally ordered monoid and w : S — End(R) a monoid
homomorphism. Assume that R is S-compatible left APP-ring. Then R is reflexive ring if and
only if [[R%=,w]] is reflexive.

Proof. By Proposition 2.9 [10], if R is S-compatible left APP-ring, then R is (S,w)-quasi-
Armendariz. Thus, the result follows from Theorem 3.10. O

Proposition 3.12. Let (S, <) be a strictly totally ordered monoid and w : S — End(R) a com-
patible monoid homomorphism. Assume that R is (S,w)-Armendariz and semicommutative.
Then R is reflexive ring if and only if [[R%<,w]] is reflexive.

Corollary 3.13. Let (S, <) be a strictly totally ordered monoid and w : S — End(R) a compat-
ible monoid homomorphism. Assume that R is a semiprime. Then R is reflexive ring if and only
if [[R%=,w]] is reflexive.

Corollary 3.14. Let (S, <) be a strictly totally ordered monoid, w : S — End(R) a compatible

monoid homomorphism and R a reduced ring. Then R is reflexive ring if and only if [[R*=, w]]
is reflexive.

Proof. 1t follows from Lemma 2.4 and Proposition 3.12. O

Proposition 3.15. Let (S, <) be a strictly ordered monoid, w : S — End(R) a monoid homo-
morphism and e be a central idempotent of a ring R with ws(e) = e. Then, R is (S,w)-quasi-
Armendariz if and only if eR and (1 — ) R are (S, w)-quasi-Armendariz.

Proof. (=). Suppose that R is (S, w)-quasi-Armendariz. Let f,g € [[(eR)®=,w]] such that
fl[(eR)®=,w]]g = 0. Note that fe = f and eg = g. Forany r € R, fc,g = f(cer)g = 0, and so
FI[R®=,w]]g = 0. Since R is (S,w)-quasi-Armendariz, f(u)Rw,(g(v)) = 0. Since e is central
f(u)(eR)wy(g(v)) = 0. Therefore, eR is (S,w)-quasi-Armendariz. Similarly, we can show that
(1 —e)Ris (S,w)-quasi-Armendariz.

(«<=). Assume that both eR and (1 — e) R are (S, w)-quasi-Armendariz. Let f, g € [R5, w]]
be such that f[[R%<,w]]g = 0. We will show that f(u)Rw,(g(v)) = 0. For any r € R,

Cef(cer)ceg = Ce(fcrg) =0and Cl—ef(c(l—e)r)cl—eg = Cl—e(f(cr)g) =0, and so
cef[[(eR)”=, wllceg = 0,c1-c f[((1 — €)R)*=,w]lci—cg = 0.

Since eR and (1 — e)R are (S, w)-quasi-Armendariz, we have e(f(u)Rw,(g(v))) = 0and (1 —
e)(f(u)Rwu(g(v))) = 0. Thus,

f(u) Rwu(g(v)) = e(f(u) Rwu(g(v))) + (1 =€) f(u) Rwu(g(v))) = 0.

Therefore, R is (S, w)-quasi-Armendariz. o
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Hirano, [35] showed that semiprime rings are quasi-Armendariz rings but not conversely.
Moreover, he proved that the class of quasi-Armendariz rings is Morita stable Theorem 3.12 and
Proposition 3.13 [35], extending the class of quasi-Armendariz rings, through several extensions.
Most of these properties are not satisfied over Armendariz rings Examples 1 and 3 [25]. We will
now prove a proposition that unifies some results in [1] and [35] within the context of skew
generalized power series rings. To prove that, the class of (S,w)-quasi-Armendariz rings is
Morita stable, we need the following.

Proposition 3.16. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a
monoid homomorphism. If R is (S, w)-quasi-Armendariz ring, then, for any nonzero idempotent
e € R, withws(e) = eforall s € S, eRe is (S, w)-quasi-Armendariz ring.

Proof. Let f, g € [[(eRe)®=,w]] be an elements satisfying f[[(eRe)*<,w]]g = 0. Since fc. = f
and c.g = g, we obtain f[[R%= ,w]lg = 0, and hence f(u)Rw,(g(v)) = 0. Since e is an
idempotent we have f(u)eRew,(g(v)) = 0. Thus, eRe is (S, w)-quasi-Armendariz. i

Corollary 3.17. Let R be a ring, (S,<) a strictly ordered monoid and w : S — End(R) a
monoid homomorphism. If R is (S,w)-quasi-Armendariz ring and if R is Morita equivalent to a
ring T, then T is (S, w)-quasi-Armendariz.

Lemma 3.18. [37, Proposition 3.7] Let e € R be an idempotent. If R is a left AP P-ring, then
eRe is a left AP P-ring.

Corollary 3.19. Let (S, <) be a strictly totally ordered monoid and w : S —End(R) a monoid
homomorphism. Assume that e be an idempotent. If R is left AP P-ring. Then eRe is (S,w)-
quasi-Armendariz.
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