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Abstract In this paper, we investigate the problem of approximation of classes C'¥, intro-
duced by A. I. Stepanets by the generalized Zygmund sums. Especially, we obtain asymptotic
equalities that give a solution of the Kolmogorov-Nikol’skii problem for the generalized Zyg-
mund sums on the classes C'¥, in several important cases.

1 Introduction

Assume that L denote the space of integrable 27-periodic functions, and let

111 % + 3 ucosk - sinks) = 3° 5 @
P k=0

be the Fourier series of a function f € L where

1 ™
ak:ak(f):;/f(t)cosktdt , fork=0,1,2,---

1 ™
be = bi(f) = /f(t) sinktdt |, fork—=0,1,2,---
™
It is known that C?o is class of 27 - periodic continuous functions expressed by
17 -
f@) =G+ [ - 0¥t = 3+ (7 V)(a)

where W(z) is a a function that has the Fourier series

Z(l//] (k) cos kx + 1o (k) sin kx),

oo
k=1

¥ = (11,1) is a pair of arbitrary fixed systems of numbers v (k) and ¥, (k), k = 1,2,---

[10]. Here, the function 6 is called @ - derivative of function f, and is denoted by fE(~),
esssup |0(t)| < 1, [ 0(¢t)dt = 0.
t -7
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Let 9t shows the set of continuous positive functions ¢ (¢) convex downward for ¢ > 1 and
satisfying the condition lim Y(t) =0, ie., for Ay, ty,t2) = ¥(tr) — 20 (252) + ¢(t2),
—00

M = {w(t),t >1:9(t) > 0,A(), t1,t2) > 0,Vt,t2 € [1,00) 7tlirgoz/}(t) = 0}7

o — w(~)€9ﬁ:/wit)dt<oo

We also set
Mo ={p € M:0<((P,t) <K <oo,Vt =1},
where ;
C(Y,t) = -t

e = (47).

¥~!(-) is the function inverse to 1 (-), and the constant K may depend on the function .

In [10], if ¢ (v) = v (v) cos %T and ¢, (v) = ¢ (v) sin %r’ then the classes C'2, coincide with
the classes Cg”oo. Furthermore, if ¢)(v) = v~", then the classes C’OE coincide with the classes
Wy -Weil-Nagy.

Let f(x) be summable 27-periodic function and let series (1.1) be its Fourier series. Consider
polynomials of the form

n—1
r) = % + kz::l (1 - m) (agcoskx + bisinkz), n €N,

where (k) are the values of a certain function ¢ € F at integer points, and F is the set of all
continuous functions ¢(u) monotonically increasing to infinity on [1,00). On the other hand,
let F* denotes the class of functions which belong to F' and satisfy the conditions ¢(u) >
0, u > 0, such that ¢(0) = 0 and ¢(u) is convex upwards or convex downwards on [0, n]
for any n = 2,3,... . The polynomials Z¢(f;x) were introduced in [6],[7] and are called the
generalized Zygmund sums. Clearly, if ¢(¢) = t*, s > 0, then ¢ € F™ and Z?(f;x) coincide
with the classical Zygmund sums Z3( f; z), i.e., with polynomials of the form

n—1
—|— (1 = (=)*)(arcoskx + bsinkz), n € N.
=1

Zi(fiw) = =2

For s = 1, the Zygmund sums Z:(f; x) turn into the known Fejer sums o, (f;z) of order n — 1
for the function f(x).

In [9], we know that the necessary and sufficient condition for the uniform convergence of
the polynomials Z¢(f;x) to the function f(z) in the entire space C' is given in the following
result:

Proposition 1.1. Ler o € F*. Then the condition

is necessary and sufficient for the uniform convergence of the polynomials Z¢(f; x) to the func-
tion f(x) in the entire space C.

We are mainly interested in asymptotic equalities for the quantities

En(WUn(f52)) = sup ||f = Un(f52)lx
feNn
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that realize solutions to the corresponding Kolmogorov-Nikol’skii problems. Recall that we say
that, for a given method U, (f; ) on the class 91 in the space X, the Kolmogorov-Nikol’skii
problem is solved if the function Q(n) = Q(n, A;N) is determined in explicit form and is such
that

En(MUL(f; M) = ;gg I1f(2) = Un(frz: M| x = Q(n) + O((n))

as n — oo, where A = HA;C”)H is a triangular matrices.

There are many studies focusing on the value &£, (91, Z3)c. Some of these were investigated
by A. Zygmund [12] in the event of 901 = W2, r > 0; B. Nagy, S. A. Teljakovskii [[8], [11]] in
the event of 91 = W5 under various conditions on 3, s, r; D. N. Bushev, A. I. Stepanets [[1],

[10]] in the event of 1 = C“’VOO under the condition on function ¢ (-); A. S. Fedorenko [[4], [5]]

and Deger[[2], [3]] in the event of O = C?o under the various conditions on functions +; (+) and

Pa ().

We will give some asymptotic equalities related to the estimation of the value

E(CL, ZE)e = sup |If() — Z2(f:.)lle (1.2)
fecy

under various conditions on functions ¢(-), % (-) and v (+), where ||o||c = max |o(z)].

The value of (1.2) depends on the functions g;(v) = p(v)1;(v), i = 1,2, which are convex
or concave downwards. There are five possible cases for functions g;(v), i = 1,2:

)

a) g;(v) are convex functions with lim g;(v) = co
V—00

C >0,

0

¢) gi(v) are convex functions with lim g;(v ,
v— 00

( )
b) g;(v) are convex functions with lim g;(v)
vV— 00
( )
d) g;(v) are concave functions with lim g;(v) = ¢ > 0,
vV—r 00
e) gi(v) are concave functions with lim g;(v) = oo.
vV—00

In this study we have some asymptotic equalities in case of a), b), and ¢) for ¢ € F*,
Y1 € M, (or —1; € M,), and Y, € M (or —1p, € M) about value (1.2).

2 Main Results

In this section, some main results will be given concerning the generalized Zygmund sums for
the states a), b), and c). Throughout this paper, O(1) denotes a properly bounded identity with
respect to n and ¥(n) = (Y3 (n) + ¢3(n))!/2.

Theorem 2.1. Assume that ¢ € F*, ¢ € M, 1o € M and g;(v) = ¢(v);(v), i = 1,2, be
convex functions onv > b > 1 with ILm gi(v) =0or li)m gi(v) =c> 0. Then as n — oo, we

obtain
n

gn(cgg,z,f)c—wz(n) / ‘p(”);”(”)dv + % / sz(U)dv +O(——). @.1)

1
/ p(n)

Proposition 2.2. Let o € F*, ¢y € M, and g1(v) = p(v)1(v) be convex functions on v > b >
1 with ILm g1(v) =0or ILm g1(v) = ¢ > 0. Then as n — oo, we have

é\g

\% O/Tl (v)cosvtdv|dt = O(go(ln)) (2.2)
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where
(v)¥r1(1) 0<wv<l
o(n) ’
m(v) =4 e@)¥i(v) v <n
o(n) T
1 (v) U >n

Proposition 2.3. Let o € F*, ¢, € M and g>(v) = ¢(v)2(v) be convex functions onv > b > 1
with ILm g(v) =0or ILm g2(v) = ¢ > 0. Then as n — oo, we have

1 : p(v)iha (v Pa(v 1
£|ﬂ_0/'rz(v)szm;tdv|dt ]/ d + - / d +O( (n)) (2.3)
where
i)
pmn) T T
n(v) =4 palo)
pn) T T
a(v) v n

Proof of Proposition 2.2. By partial integration, we have

oo oo
/ 71 (v)cosvtdv = / ))sinvtdv.
0 0

m\»—

Hence, we can write

/ |7/7'1 (v)cosvtdv|dt:2/\f/7'1 (v)cosvtdo|dt <
7r T
—o0 0 0 0

o0

/| / 7-1 )smvtdv|dt+2/|*/ {(U))vatdv‘dt' 2.4)

n

Now let us estimate the first integral on the right side of inequality (2.4):
2 / |
0
e’} | n / '
/ — / v)sinvtdo|dt + 2/ |— / -7, (v))sinvtdv|dt (2.5)
mt

1

I

/(—7'1/ (v))sinvtdv|dt <
0

0
Since the function 7, (v) is a continuous function that is nonnegative and nonincreasing on inter-
val [0, 1] for all ¢ > 0, the following inequality is true:

| =

1
/Tl/(v)sinvtdv >0 (2.6)
0

For the first integral on the right side of inequality (2.5), if we consider the statement of (2.6)
and change the order of integration, we obtain

1 1 o'}

/\f/ ! (v) sinuvtdo|dt = i/T;(v)/vatdtd —0((1)) @.7)

0 0 0 0
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Let us estimate the second integral on the right side of (2.5):

2T
;/\;/(—Tl (v))sinvtdo|dt <
0 1
2 7.1
< */ / Tl ))sinvtdv|dt + = /\7/ 7'1 v))sinvtdv|dt =
T
1
/\Jlldt+ /|J1\dt

v = "'T”, k € Z, are the zeros of sinvt. Then we can write the following equality for J;:

n T/t n
Jp = %/(—T{ (v))sinvtdv = % /(—Tll (v))sinvtdv + % /(—Tll (v))sinvtdv =
1 1 w/t
=Ju+Jn

Hence, for0 <t <mand 1 <v < %, Jjy 2 0,andfor0 <t < mand § < v <n, Jip <0,
since (—’7’1,(1))) is nonnegative and nonincreasing on [1,n]. If we consider J; = Jy; + Ji2, we

can write . i i
2 2 2
*/|J1|dt§ */|J11|dt+*/|J12|dt- (2.8)
™ Vs ™
0 0 0

Firstly, we will estimate the first integral on the right side of (2.8):

T T w/t
2 2 (1 / )
;/|J11|dt: ;/; /(—Tl(v))smvtdvdt:
0 0 1

T/t T w/t v
2 / sinut 2 / sinu 1
= [riwn [ e == [ (=) [ o= o)
1 0 1 0
Therefore, we get
2 7 1
;/\J11|dt—0(m)- (2.9)

0
Now let us estimate the second integral on the right side of (2.8):

2 (o [ sinot
/|J12|dt ——/ / —7,(v))sinvtdvodt = —= /(—Tl(v))/smzv dtdv =
0

0 7/t m/t
- _% /(—T{(U))/ SZ:ududv = O(go(ln))
x/t 0
Hence, we have 77
g/\le|dt=0(i). (2.10)
™) o(n)

Owing to (2.9) and (2.10), we obtain

2 7 1
— Jildt = O(——). 2.11
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?ﬂaw:mﬂ%)

ne(t) = /u(v)sinvtdv,x >0,t >0, (2.12)

x

Now we will estimate that

Thus, we consider the function

where p(v) is nonnegative and nonincreasing function for all v > 1. The function 7,(t) is a
continuous function for every fixed ¢. Further, on each interval between the successive zeros
v and vg4; of the function sinvt, the function 7, (¢) has one simple zero x[10]. Therefore
let’s suppose that x;c is zero the nearest from the right of point 1. In view of this, if we set

u(v) = —7,(v) on interval [1,n] in (2.12), we have
1%
Jp = n /(—T{(v))sinvtdv.

1

Hence the following result is obtained:

o l+27r

/mw< / /ﬁﬁ J\dvdt <
< %/2%( i = 0(—s)

27 1
;/|J1\dt =0(1) (2.13)

Therefore from (2.11) and (2.13), we get

//n( 7 (v))sinvtdv|dt = ((ln))

Thus for the first integral on the right side of (2.4), we get that

oo n

1 / 1
— ))sinvtdv|dt = O(—). (2.14)
/ - =0l
0
Now we will show that
/oo /oo v))sinvtdv|dt = (L) (2.15)
0 n (n) . ‘

Firstly by partial integration, we have

1 T / 1 ’ 7 "
n /7'1 (v)sinvtdv = t—z[—ﬁ (n 4 0)cosnt — /(—Tl (v))cosvtdv].

We know that 7, (v) > 0. Then we get

i 1
|7/T{(v)sinvtdv| 7

n [|7'1 (n + 0)cosnt| + |/7’1 v)cosvtdv|] <
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< I ()] + s ()] = S w1 (o).

Hence since v¢; € 9y, we obtain
1
—). (2.16)

/ |*/T1 )sinvtdv|dt < — / ;|¢i(n)|dt—0(¢<n)

t>1

i\~

After this estimation, we will show that

/ |f/ —7,(v))sinvtdv|dt = ((ln))

t<'

By partial integration, we obtain
o0

r ' 17
/Tl(v) cosvtdv = —y(n) szznt — /7'1 (v)sinvtdv.

n

n

1 7 ’ ), t 7
|¥/T1 (v)sinvtdv| < ¥1(n) S | + |/7'1 (v) cos vtdv|.

n

From here, we have
oo

1 /
/ ‘Z/Tl (v)sinvtdo|dt <

t< n

3=

3=

L

¢
/ sinn |dt + — / /Tl cos vtdv|dt.

0

1
f | sinmnt |dt < K and owing to similar estimation of the integral in [3] we know that
0

%/\ n/oon (v)cosvtdv|dt = O(cp(ln))

Thus we find that
o0

1
|—/ 1 (v)sinvtdv|dt = (W>

n

t<1
Therefore the proof of the proposition is completed.
O
Proof of Proposition 2.3. By applying two times partial integration, we have
1 7 . 1 ’ ’ . ’ ’ .
- 7 (v)sinvtdv = ﬁ[(’fz(l —0) — (14 0))sint + (,(n — 0) — 1 (n 4 0))sinnt—
0
1 n 00
; 2.17)

—(/ 7 (v) sznvtdv+/ ‘(v )smvtdv—i—/ '(v)sinvtdv)]

0 1 n
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From (2.17), since the functions ¢’ and 1), are nonincreasing, we get

17 —20p(1)5 (1) + 20/ (1) (1

|7/7'2(v)sinvtdv| < P()¥,(1) + 20" (1)a(1) (2.18)

7 mt2¢p(n)
0

Hence, accordingly (2.18) we obtain
/ |7/72(v)smvtdv|dt = 2/ |7/7'2(v)smvtdv|dt <
™ Y
[t|>m/2 0 /2 0

T —20(1)5 (1) + 2¢' (1) (1 —8p(1)1h (1) + 8¢ (1)ta(1 1
o [ AN 200, SN D) o L )
mt? mp(n) ¢(n)
w/2
Let’s estimate the following integral:
w/2 00
1
/ |7/Tz(v)smvtdv|dt§
™
w/2n 0
/2 | 1 w/2 1 n
< / |—/7’2(v)sim}tdv|dt+ / |—/Tg(v)sinvtdv|dt+
0 0
7/2n 0 7/2n 1
/2 0o
1
+ / |7/72(v)sinvtdv|dt =hL+hL+1
7r
w/2n n
. Firstly we consider the first integral on the right hand:
/2 ! 1 i w/2 |
I := — i < — 1)dt = O(——).
1 / |7T/Tg(v)smvtdv|dt_ - /7’2( )dt O(cp(n))
w/2n 0 /2n
Secondly, we estimate the following integral:
7T/2 n
1
L= / |—/Tz(v)sinvtdv|dt§
™
w/2n 1
/2 w/2t ™/2 n
1 1
< / |7/Tz(v)sinvtdv|dt+ / |7/7'2(v)sinvtdv|dt =1 + In
0 s
w/2n 1 7/2n /2t
w/2 /2t w/2 /2t
1 1
Ly = / |7/Tz(v)sinvtdv|dt: / */Tz(’l))Sinvthdt:
™ 7r
w/2n 1 7/2n 1
n 7/2v n
1 1
= —/ / 72 (v)sinvtdtdv = /Tz(v>cosmdv:
™ ™ v 2n
1 n/2n 1
] n
_ / p(0)a(v) o
wp(n) v 2n

1
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Now let’s show that

n

1 " (,0(’0)1;[}2(1/) ™ 1 sp(v)d)z(i)) L

2n o(n) / o(n)

For proof of (2.20), we will obtain the necessary estimation of the following difference

n

1 p(v)iha(v) LGP
] / » (1- cos%)dv =

p(n

1

2 n 3
_ /@(v)¢2(v)vsznﬁv/4n T sin™ dy <
) v
1

w(n mv/dn 4n"~ 4n
20(1)1(1) = r e
O %/sm%dv = O(gp(n))

1

Therefore we have

L e, o1
by = 7750(”)1/ ” d +O<Lp(n))'

Now we will estimate I»:

/2 n /2 n

Iy = / |l / 72 (v)sinvtdv|dt = / 1 / 72 (v)sinvtdvdt =
™ 7r
m/2n /2t 7/2n  w/2t
n 7"/2 n
1 1
= 7/ / 7 (v)sinvtdtdv = —/TZ(U) cos = dy =
m m v 2
1 /20 1
1 n
=- /<p<v)w2(v)cosmdv
mp(n) v 2
1
Let us show that
1 1 1
_ /@(U)¢2(U) COSﬂd’U — / w(v)¢2(v) dv + O( ) (221)
mp(n) J v 2 mp(n) J v o(n)

For proof of (2.21) we will estimate the following difference:

n

1 / ‘P(U):fQ(U) (—cos% — l)dv <

Hence we obtain that
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Let us estimate the following integral:

71'/2 o0
1 / . 1
= — [ m(v)sinvtdv|dt = O(——).
/{ |7T J 2( ) | <@(n)>

By partial integral, we have

17 1 to 1T
*/Tz(’l})sin’l)td’() = —(—m(v) o5y |00 4 — /Tz’(v)cosvtdv) =
T T

n

t t
1 cosnt 1 Vi
= ;wz(n) , p— 75 (v)cosvtdv.
w/2 /2 o)
1 cosnt 1
< - L /
< / |7T1/12() |dt + / |7Tt/7'2(v)cosvtdv|dt
w/2n w/2n n
As similar estimate in [2],
w/2 00
[ 1z [ Acosstavlan = o)
— | ma(v)cosvtdvldt = o)
w/2n n
Therefore, we get
/2 /2
1 cosnt 1 1 cosnt 1
I3 < — dt —)=—— dt —) =
1< inn) [0 ) = —nn) [ i+ O(s)
7/2n 7/2n
/2 ( )
1 cosz 1 P(n) . mw 1
== = —)< - — )<
“ian) [ a0y < e(G) + 0 <
w/2
(Do(1) 1 !
< +0(——=) =0(——=
moln) 2O = 0wy
And then, we obtain
w/2 oo
/ |1/ (v)sinvtdv|dt = /“" %) gy + O(——) (2.22)
— | m(v)sinvtdy ) .
/2n 0 1

Now let’s investigate in neighborhood of origin: Since 7, (v) = 1,(v) on [n,00), in [10], there
exist ¢ > 0 for all n > 1, such that we have

/ \—/Tz )sinvtdv|dt = /wziv)dv—O—O(l)w(n). (2.23)

[t|1<a/n n

After that, we estimate the following integral:

/ |7/7'2 )sinvtdv|dt < (2.24)

[t|1<a/n

1 n

1 1
< / |—/Tz(v)sinvtdv|dt+ / |—/7’2(v)sim)tdv|dt=
T T

[t|<a/n 0 [t|<a/n 1
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a/n
_%/
_7T

0

a/n n

2
7 (v)sinvtdv|dt + = / |/7'2(v)sim)tdv|dt <
T
0 1

=

a/n a/n

2
n(Ddt+ = [ n(1)(n—1)dt =
_ 27’2(1)3_‘_27'2(1) a(n—1) 1

T on 7r n ©(n)

2
<z
™

Now let’s estimate the following integral:

T/2n n

f| /b/ 7 (v)sinvtdv|dt < (2.25)

a/n

7/2n 1 7/2n n

a/n 0 a/n 1

After that, we obtain that

/21 oo T/2n oo

f| // ()sznvtdv|dt<—/ /1/12 )sinvtdo|dt < (2.26)

a/n n a/n n

7/2n n+E

<7/ /wz Vvt = (ga(ln))'

a/n

Therefore, by using (2.19), (2.22), (2.23), (2.24), (2.25) and (2.26) for n > 1, we get (2.3). The
proof of the proposition is completed. O

Proof of Theorem 2.1. From [2], it is known that
E.(CYL, 7% / |7, (8)|dt + v (n), (2.27)

where v(n) <0,

and

1 1
Tu(t) == /7’1 (v)cosvtdv + = /Tz(v)sinvtdv.
™ 71'
0 0
By using (2.27) and Proposition 2.2-2.3, we will obtain (2.1). At first, we estimate v(n) :

[e.9]

v(n)| < O(1) / . (0)]dt < O(1) / &/n(v)cosvtdmdw

[t|>% [t1=% 0
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1 o0
O(l) / \;/Tz(v)smvtdmdt = + 7.

f>5 0
We know that vy, = O(ﬁ) and v, = O(ﬁ) from similar estimation in [2]. Therefore, we
obtain |y(n)| = O(ﬁ). Consequently, according to Proposition 2.2-2.3, we have (2.1). Hence,
the proof is completed. O

Theorem 2.4. Assume that ¢ € F*, 1 € My, 1o € M and g;(v) = o(v);(v), i = 1,2, be
convex functions onv > b > 1 with lim g;(v) = oo . Then as n — oo, we have
v—00

n

En(Céé,Z:f)czwz(n) / ‘P@)fz(”) dv + % / 20 gy L omypm). 228

v
1

Proposition 2.5. Let ¢ € F't ¢ € M, and g1(v) = p(v)1(v) be convex functions on v > b >
1 with ILm g1(v) = co. Then as n — oo, we get

oo oo

/ |%/T3(v)cosvtdv|dt: O(1)¢(n) (2.29)
where
W(;zi)l(l) 0<v<l
m(v) = w(z(ﬁl)(v) d<v<n
1 (v) u>n

Proposition 2.6. Let o € ', ¢, € M and g>(v) = ¢(v)2(v) be convex functions onv > b > 1
with lim gy(v) = co. Then as n — oo, we get
V—00

1 , 2 p(v)2(v) 2 [a(v)
_4 \ﬂ_ 0/74(v)sznvtdvdt = 77%0(”)1/ ” dv + Wn/ . dv+ O(1)yz(n) (2.30)
where

i)

e(n) 7
ma(v) =4 ¢@)¥a(v) <uv<n

en) T 7

Pa(v) L u>n

Proof of Proposition 2.5. Let’s consider the following function:

oy = | PR+ ()~ o)) 0 v<n
! Y1 (v) ,02>Mn

H,(v) is a continuous function that defined on the interval [0,00). This function is convex
downwards and monotony decreasing on [0, 00). In addition, it coincides with function 73(v)
on interval [n,c0). 73(v) is increasing on interval [0, n| and decreasing on interval [n, co). Also
74(v) is continuous on interval [0, 1] and [1,n], and let Uan;O 3(v) = Uan;C 74(v) = 0 on interval

(o)
[n, 00).If we apply two times partial integration on the integral | 73(v)cosvtdv, then we get
0

oo

L en() _ fn) + e,
/T3(U)COSUtd’U =5 [( e ) )cost+

0
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1"

cosnt — ————~ cosvtdy — pl E (v)cosvtdv.

¢(n) (n)

@’(n)zﬁl(n) 90(1)1/]1(1)] 1 / //(1))

From (2.31) and the definition g (v) ,

oo

1
|*/T3(’U)COS’Utd’U| <
m
0

D0 (1) = (D (1) + ¢ ) ()

Hence, according to (2.32), we obtain

- i
/ |7/73(v)cosvtdv|dt:2 / |7/T3(”)Cosvtd”|dt:O(l)wl(n)'
o m
|t]> 52 0 T 0

Let’s estimate the following asymptotic statement:

I/n oo
2/|%/T3(v)cosvtdv|dt=0(1)1/)1(”)
0 0
n/2n—1 oo
2 / |%/T3(”U)COS’Utd”U|dt: O(1)y1(n).
1/n 0

Now we will estimate the statement (2.34) :

1/n o 1/n n
1 1
2 / |—/7’3(v)cosvtdv|dt < 2/ |—/7’3(’0)cosvtdv\dt—|—
T 0
0 0 0 0
l/n o0

1
+2/ |- /73(v)cosvtdv|dt =L+ L
7

n

(=]

2.31)

(2.32)

(2.33)

(2.34)

(2.35)

g1(v) is convex function on [0, n]. Therefore we can write |m3(v)| < ;(n) on interval [0, n].

Thus for integral L, we have
1/n
1
Li<2 / i (n)it = O(1)o (n)

0
For integral L, according to definition of the function H,, (v);

1/n oo

1
Ly=2 / |7/Hn(v)cosvtdv|dt <
7r
0 n

1/n

o0
1 1
<2 / |7/Hn(v)cosvtdv|dt+2/ |7/Hn(v)cosvtdv\dt = Ly + Ly
T T
0 0 0 0

l/n n

(2.36)

1/n
Firstly we will estimate that Ly; = O(1)t;(n). For simplicity we will show Ly; :=2 [ |Lyy|dt
0

where

Ly =

8-

/ H,(v)cosvtdv.
0
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By applying partial integration for L1, we get
L —17< HY (0))sinotd
M= n(v))sinvtdv.
0

Since H,(v) is a nonincreasing and convex, (—H/ (v)) is a nonnegative and nonincreasing.
Therefore for any ¢ > 0,

Loy = %/(—H;(v))sinvtdv > 0. (2.37)
0
Hence, owing to (2.37), we get
1/n 1/n

Ly :2/ |Loyy|dt =2 / %/(—H,’I(v))sinvtdvdt.
71'
0 0

0
By using Fubini’s theorem, we have

1/n

Lt = %/(_H;(v)) / T v < Ho(0) = 41 (n) — p(n)u] () <
0 0

< ¢i(n) + ¢ (n)ihi(n) = O(1)e (n) (2.38)

Secondly, we will show that Ly, = O(1)v1(n). Since H,(v) is monotony decreasing, then we

get
I/n n
L22—2/ //\Hn(v)|dvdt§
0 0
1/n

/dt p(n)¢r(n)) = O(1)¢r(n) (2.39)

>H~
=HN

/ H,(v)cosvtdv|dt <
0

According to (2.36), (2.38) and (2.39), we obtain (2.34). Let’s estimate the asymptotic statement
(2.35). By applying partial integration, we have

- Ll 1T ,
- /7’3(1})cosvtdv — /Té(v)sznvtdv +— /(—Té(v))smvtdv = J] + J.
0 0 n
Let’s estimate that
n/2n—1
2 / Tt = O(1)¢1 (n). (2.40)
1/n

Thus, we take into account the function

T

fi(z) = /m(v)smvtdu ,x>0,t>0 (2.41)
0

where x(v) is nonnegative and nondecreasing function for all v > 1. The function f;(z) is a
continuous function for every fixed ¢. Moreover, on each interval between the consecutive zeros
vg and vg41 of the function sinvt the function f;(z) has one simple zero zy, [7, cht. IV].
Therefore let’s suppose that v}, is zero nearest from the left of the point n, we have n —v;, < .
Therefore, by setting x(v) = 74(v) on interval [0, n] in (2.41) , we find

n

1 .
|J]] = |E/T3’(v)smvtdv|.

’
T
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Therefore since 74(v) is nondecreasing on [0,n], we have

n/2n—1 n/2n—1 , , n/2n—1
2 _
2 / \Jldt < = / 10 =% gy ot / d% -
™ t t
1/n 1/n 1/n
n—1)2
=273 (n)i( - S O(1)t(n). (2.42)
Hence we have (2.40). Now we will show that
n/2n—1
2 / |J3]dt = O(1)y1(n). (2.43)
1/n
Similarly to (2.40), we take into account the function,
he(y) = /u(v)sim}tdv ,x>0,t>0 (2.44)

Y

where p(v) is nonnegative and nonincreasing function for all v > 1. The function h:(y) is
continuous for every fixed ¢t. Moreover, on each interval between the consecutive zeros vy and
vg+1 of the function sinvt the function h(y) has one simple zero yy. Therefore, let’s suppose
that y;, is zero nearest from the right of the point n, we getn <y, <n + 27” Since the function

(—74(v)) is nonnegative and nonincreasing, by taking p(v) = —74(v) in (2.44) , we get
A o . < |- o . E o . _
[.J5] |7rt /( 73(v))sinvtdv| < |7Tt /( 73(v))sinvtdv| + |7rt /( 73(v))sinvtdo|
n n y;/C
i LY 1 9} (n)
— — . < / — (! r_ < 1\n
o [ risinotas] < = [ Imi)ldo =~ (v ); ~ ) <
Thus
n/2n—1 n/2n—1
dt
2 [ <2l [ G < 20luin)] = 0 (m) 245)
1/n 1/n

Hence we obtain (2.43). By combining (2.42) and (2.45), we have (2.35). According to (2.34)
and (2.35), (2.29) is proved.
O

Proof of Proposition 2.6. Here we will estimate only the following integral. Because the rest of
the proof of this proposition is getting similar to proof of Proposition 2 in [2].

n /2t n
1 1 1
n /Ti (v)cosvtdv = n / 74 (v)cosvtdv + n / 71(v)cosvtdv. (2.46)
0 0 /2t
From [2], we know that
/2 /2t n

/ |% / Ti(v)cosvtdvdt:so(lm / ba(v)dv + O(1)iha(n).

7/2n 0
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Now by considering the second integral on the right side of equality (2.46), we will estimate the
following asymptotic statement:

71'/2 n
/ \% / 74 (v)cosvtdv|dt = O(1)r(n). (2.47)
T/2n /2t

Thus, we take into account the function

pe(z) = / k(v)cosvtdv , x>0, t>0 (2.48)

7 /2t

where (v) is nonnegative and nondecreasing function for all v > 1. The function p;(z) is a
continuous function for every fixed ¢. Further, on each interval between the successive zeros vy
and vy of the function cosvt the function p; () has one simple zero x. Thus by assuming that
), is zero the nearest from the left of the point n. Therefore, by setting x(v) = 7;(v) on interval
[1,n] in (2.48) , we find

1 17
n / 74(v)cosvtdv = ¥/74(v)cosvtdv
/2t w;
/2 n /2
1 1
[ 17 [ Aeosstaviar < [ Lritw)n - ai)de = 0(1in(m)
T/2n /2t w/2n

Hence we have (2.47). Therefore we get (2.30).

Proof of Theorem 2.4. The proof of Theorem 2.4 is get similar to the proof of Theorem 2.1. O
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