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Abstract R be a commutative graded Noetherian ring. It is well-known that Artinian modules
have secondary representations. We prove that the same holds also for any projective R-module.
Then the class graded modules over R which possess a secondary representation is more exten-
sive than the class of Artinian graded modules over R by proving that every Projective module
over R has a secondary representation. The other objective of this paper is to show indecompos-
ability of projective R-module.

1 Introduction

The concept of Projective module over various rings has been studying in ([1], [2], [5], [6],
[81, [9], [10], [11], [12], [14], [15]and [16]). A projective module observes the apprehension
of the independent module. If direct summand of a free module is a projective module over
R, some direct sum @®;R. A itself is the direct sum of some facsimiles of R is not intended
axiomatically. An example is given by A is a ring of integer, this is a module over the ring
R = Z & Z with respect to the multiplication explained by (b @ b, )y = by. Hereinafter, as long
as an independent module is noticeably projective, globally it is not detained by antithetical. It is
true, if R is a principal ideal domain or a polynomial ring over a field (Quillen and Suslin 1976).
This explain that, for example, Q is a nonprojective Z-module, since this is not independent.
Projective modules is always a direct sum of projective module, but direct products are not
assigned by this stuff. For instance, the uncountable direct product Z®Z @ ........ is not a projec-
tive Z-module. Endowing to this prime definition, a module A is projective if, at any moment .4
is a quotient of a module B, there stands a module X alike the direct sum A& X is isomorphic to
B. The purpose of this paper to show the secondary representation of projective module over the
commutative Noetherian graded ring and to study the premises of projective module over graded
ring. And, the class of R modules which acquire a secondary representation is more comprising
than the category of Artinian R-modules by affirming that each projective R-module has a sec-
ondary representation.
Let R = ®:>0Rs be a commutative graded ring. Then it is well known, R is a Noetherian ring
if and only if the ring R is Noetherian and the Ry-algebra R is finitely generated. In this paper,
we would like to enlarge this outcome to the case of more general graded rings. Suppose H is
sum of Abelian groups and R a commutative ring. Then R is called H-graded if there is given a
family {R, }rem of subgroups of R such that R = @pecuaRp, RgRi C Ryin forall h,g € H.
Notice that in case R is H-graded, Ry (resp. Ry (h € H) is a subring (resp. a Ry-submodule)
of R. We shall convenience the following symbols and terminology. Assume that r is a graded
ideal of R and B is submodule of the R-module.

Definition 1.1. [2] The P is called a projective module over R if it is fulfilled one of the given
statements:

(a) In R- modules A, B and an R-linear onto map « : A — B, the canonical map from S :
Homg (P, A) — Homg (P, B) sending 3 to o3 is onto.

(b) In R-module A and a onto R-linear map « : A — P, there is the existence of a R-linear
mapy:P = Ast.ay=1p.

(c) There is the existence of an R-module Q s.t. P & Q = R™ for few positive integer m,
therefore, P @& Q = R™ is free.



20 Ratnesh Kumar Mishra, Pratibha and Rakesh Mohan

2 Secondary representation for projective module over a graded ring

Lemma 2.1. Assume e is a p-primary graded ideal of R, and P be a projective R- module. Then
(0 :p e), if non zero, is p-secondary.

Proof. Consider r € R. If r € p, then @r € e for non negative integer n, so that ®r annihilates
(0 :p e). Differently, if r ¢ p, then we identify that

(0:pe)=al0:pe)
as follows. Let ¢ € (0 :p e). Applying to mark the natural homomorphism from R to R /e, there
is a homomorphism f : P — R /q for that f(¢) = ct foralle € R/t.
As the diagram

P

L

R/e ! R/e 0

has require row, which is completed with homomorphism h : P — R/e and construct the

enlarged diagram. Thus ¢t = f(1) = h(r1) = rh(1). Hence (since h(1) € (0 :p e)) we
have(0 :p ¢) = 7(0 :p e), and the result follows. i

Lemma 2.2. Assume 1,73 . . .1, are graded ideals of R and P a projective R-module. Then.
n
Z(O i) = (0:p NiLy7i)
i=1
Proof. Lett € (0 :p N r;). Letm: R — R/NIr; and, foreachi = 1,.....,n, m : R — R/r;,

1=

be the natural homomorphisms. Then the monomorphism is

O:R/Nyr; = @ (R/ri)

for that 6(m(r)) = mi(r), ma(r) ..., m(r) for all » € R. Also , the homomorphism 1 :
mathcal P — R/ NI, r; for which ¢(7(r)) = rt for all € R. As P is projective, we may
extend the diagram

P

¢
B

9
R/ Ny ri —= &, (R/ri) —= 0

which has required row by homomorphism ¢ : P — @ | (R/r;) and construct the enlarged
diagram commute. Now ¢ = ¢(7(1)) € Im(¢), and it is clear that Im(¢) C X" (0 :p ;). It
follows that (0 :p N?_;7;) € (0 :p ;). Since the obverse insertion is clear, and is followed the
result.

o

Theorem 2.3. The set of a prime graded ideal of R is denoted by Ass(R)and belong to primary
decomposition of zero graded ideal. Let a projective R-module P contain secondary represen-
tation along AttP C AssR

Specifically, consider 0 = e; Ney N --- N e, be a normal primary decomposition for the zero
graded ideal of R, fori = 1,...,n;e; a p; primary graded ideal. Then

P=0:pe)+O0:per)+-+(0:pep). 2.1

Therefore, (i = 1,...,n)e;(0 :p ;) is whether zero or p;-secondary. Furthermore, if k is an
integer s.t. 1 < k <n, along

K={l,....k—Lk+1,...n},

Hence P = Zic i (0 :p €;) iff Nie xq; annihilates P; consequently, if P is a projective co genera-
tor of R, then equation (1) is a minimal secondary representation for P, and Att(P) = Ass(R).
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Proof. Shows that(0 :p e;) is either zero or p;- secondary, by Lemma 2.2 we have P =
(0:p N ,e;) = X(0 :p e;). Through Lemma 2.2 getting more information about that, if the
integer k satisfies 1 < k < n, then

Lick(0:p ;) = (0 :p Nickei);

the final module is clearly equal to P if and only if N;cxe; annihilates P.

Now suppose P is a projective co generator of R. A certain condition to prove final contention of
theorem, foreach k = 1,...,n. The graded ideal N;cxe; does not annihilate P. It is appropriately
acceptable to show that, If s is an erratic non zero ideal of R, then P is not annihilated by s. For
the end of it, assume z be a non zero element of s. Since P is a projective co generator of R,
there exists a homomorphism 7 : R — P. such that 7(z) # 0. Then zn(1) = n(z) # 0, so n(1)
is an element of P where 2z does not annihilates P and it is not annihilated by s. O

Theorem 2.4. A projective module P over a ring R is an indecomposable iff P = P(R/I),
where I is an irreducible graded left ideal of R. In this case, for eacht # 0 € P, O(t) is an
irreducible graded left ideal and P = P(R/O(t)).

Proof. Suppose that ¢ be an irreducible graded left ideal of R, and F, F graded left ideal of R
equivalently E(I N F)I = 0. Thus

ENF =1, and then either E = F or F = I. consequently P(R/I) is indecomposable by ([3],
Proposition-2.2)

Contrariwise, imagine that P is an irreducible, projetcive module, t # 0 € P, and I = O(t). By
using the concept of ([3] Proposition-2.2) P = P(Rt); and subsequently Rt = R /I, we have
P =P(R/I).LetI = ENF be a singular decomposition of I by the left graded ideals F, F. We
secure R/I in B =P(R/E) ® P(R/F), and let C be a projective enclosure of R/I in B. As a
consequence of singularity of I, R/I N'R/K # 0. Accordingly, by ([3], Lemma 1.1) along with
the indecomposability of C, C assign monomorphically into P(R/E). The reflection of C'is a
projective module including R/E = P(R/E). Therefore P(R/E) is indecomposable equally,
P(R/F) is indecomposable. By using ([3], Theorem 2.3) P(R/I) = P(R/E) & P(R/F). But
this controverts the indecomposibility of P(R/I), and thus I is irreducible. O

Theorem 2.5. Assume R is graded Noetherian ring.

(a) There is a bijective correspondence between the graded prime ideals of R and isomorphism
types of (non-zero) indecomposable projective R modules given by P(R/p) <> p.

(b) Every projective R-module can be expressed essentially uniquely as a direct sum of inde-
composable projective R-modules.

Proof. (a) This is distinguishable that a graded prime ideal is irreducible; and then P(R/Q) is
an indecomposable, projective module by Theorem 2.4. Assume that Q;, (), are two graded
prime ideals of R equivalently P(R/Q1) = P(R/Q2). We take up that P(R/Q;) secure R/Q;
and R/Q),. Consequently by using ([3], Proposition-2.2) R/Q; (1R /Q2 # 0. Nonetheless, each
non zero elements of R/Q (resp. R/Q>) has align ideal Q; (resp. @Q2). Then Q; = @), and the
mapping @ — P(R/Q) is one one onto.

(b) Assume that P be any indecomposable, projective r-module. Thus By Theorem 2.4 there is
an irreducible ideal S of R equivalently

P =P(R/S). A unique prime ideal @ associates S which is primary ideal([13], Lemma 1.8.3).
If S = @, then we are accomplished. Thus, let S # @. In such way, there is minimal integer
m > 1 such that Q™ c S. Now hold z € Q™! equivalently, = ¢ S and denote the image of
in R/S by Z. Apparently, O(Z) D Q); in other words if y € O(T, then zy € S, and so y € Q,
presenting that O(T) = Q. Accordingly, there is an element of P(R/S) with align ideal @, and
then P(R/S) = P(R/Q) by Theorem 2.4. o

Theorem 2.6. Let R be graded Noetherian ring, and p a prime ideal of R. Then
(a) Some power of p annihilates each element of P(R/p) .
(b) An automorphism is produced by the multiplication of an elementr € R — p

(c) ﬁ?‘;lpj is annihilator of P(R/p) where p? indicates the j*" prime power of p.
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Proof. (a) Conspicously, A; is graded submodule of P, along with .A; C A;;;. Suppose
t ¢ 0 € P; thus by using ([3] Lemma 3.2(1)) O(t) is a Q-primary ideal. Thus there stands
positive integer j equivalently Q7 C O(t), and so ¢t € A;. Resultantly P = UA,;.

(b) By using ([3], Lemma 3.2(1)) we get N,¢ A],O(t) is the intersection of all irreducible Q-
primary ideals encompassing Q7. It is simply found that this intersection is equal to Q.

(c) By using part (a) and (b) we get the result of this part.
O

In the next theorem, we will use the notation occ(P) which is explained in term of projective
R-module P. We consider the set (Pq)qc, of prime ideals. In the next theorem, occ(P) represent
the projective cover of R module.

Theorem 2.7. Let R be Noetherian graded ring and P a projective R-module. Then
Att(P) ={p' € Ass(R) : p' Cp forsome p € occ(P)}

Proof. It is known that 0 = e; Nex N --- N e, is a normal primary decomposition for the zero

graded ideal of R, fori = 1,...,n;e; a p;- secondary.
P:(OZ'p61)+(0:p62)+"’+(0:7)6n) 2.2)
and (for i = 1,...,n), (0 :p e;) is either zero or p; secondary. To carry away any zero term

from the right hand side and remove any oratorical terms then we can get a minimal secondary
representation for P from equation (2). We shall do this theorem in two parts (a) and (b). In part
(), it will show (0 : Pe;) = 0 for any 7 for which p does not involve p; in occ(P) and in part(b)p
associating with occ(P) involves py, where k is an integer (1 < k < n), then L;c4(0 :1p €;) # P,
where K = {1,...,k—1,k+1,...,n} sothat (0 : Pe;) can not be discarded from equation (2)
at any point of the subtraction measure.

(a). Assume that p; ¢ p for all p € occ(P), for any integer ¢ where (1 < ¢ < n). If the
family of graded prime ideals of R is (ps)sey for which P = @sexyP(R/ps) then (0 :p e;) =
@Dser (0:p (R/ps)ei). Thus, the purpose (0 :p ;) = 0is enough to reveal that (0 :p (R/ps)e;) =
0 for all p € occ(P). Now we know for p , e; € p(for r(e;) = p;) =0, so assume 7 € (e; — p).
Using Theorem 2.5(b) an automorphism of P(R /p) is arranged by multiplication of r in P(R /p)
and therefore, (0 :p (R/p)e;) = 0, as needed.

(b). Assume that k is an integer (with 1 < k < n) for which p, C p for few p € occ(P).
Yick(0 :p ;) # P will be shown. Let it not be the case; then by using Theorem 2.3, a;, =
Micy, ¢ annihilates P and so a, annihilates P(R/p). Hence by Theorem 2.5(c), ax (2, p’.
At this time ay SZ ex; suppose 7 € (ar — eg). Then r € ﬂ;’il 17 is the kernel of natural ho-
momorphism from R to R,. Hence there exist b € R — p such that (p; C p)b € R,,, this is
contradiction to the fact that ey, is pg-primary.

3 Conclusion

In this paper we distressed with conversion of primary decomposition into secondary represen-
tation. And shown the secondary representation of projective module over graded Noetherian
ring. O
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