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Abstract Let BPd;(n) denotes the number of ¢-regular bi-partitions of n with tagged (desig-
nated) summands. In this paper, we prove infinite families of congruences modulo small powers
of 2 and 3 for BPd;(n). For example, if a > 0and 1 < m < p — 1, then

BPdy(24 - p** ™ (pn +m) + 15 p**™) =0 (mod 16).

1 Introduction

A partition of a non-negative integer n is defined as a non-increasing sequence of positive in-
tegers, which are called the parts of the partitions, such that the sum of all the part is equals to
n. The number of unrestricted partitions for a non-negative integer n is generally represented by
p(n) (with p(0) = 1) and its generating function is given by

> p(n)g" = (

n>0

pop =14+q+2¢+3¢ +5¢* +7¢ + -, (1.1)

where for z € C and |¢| < 1, we have

(z:0)00 = [T (1 = 2¢").

n>0

For simplicity, for any positive integer k, we denote (¢¥;¢*)., as fir. Let t be any positive
integer, then ¢-regular partition can be defined as a partition in which no part is a multiple of ¢.
If b:(n) represent the total number of ¢-regular partitions of n, then the generating function of
by(n) is given by

> be(n)g" fi (1.2)

= i

Several mathematicians studied the congruence properties for b;(n). In this direction, see [6, 10,
17, 18, 19].

In 2004, Andrews et al. [1] studied the partitions with tagged (designated) summand which
are defined as the partitions in which, accurately one part is tagged or designated out of the
parts of the partitions having equal magnitude. If Pd(n) represents the number of partitions with
tagged summand then, the generating function of Pd(n) is given by

n __ f6
T%%Pd(n)q =55 (1.3)

For example, there are 5 partitions of 3 with tagged summands with relevant partitions are
3, 27+1, 1U+1+1, 1+1+1, 1+1+1.

Chen et al. [7] and Xia [20] have proved several congruences modulo powers of 3 for Pd(n) and
found a few infinite families of congruence modulo powers of 3 for Pd(n). Naika and Gireesh
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[13] considered 3-regular partition with tagged summands, where none of the parts is a multiple
of 3. The total number of 3-regular partitions of n with designated summand is represented by
Pds(n) and its generating function [13] is given by

n_ f3fo
n%%Pdﬂn)q - fihhs

(1.4)
They proved congruences modulo 4, 9, 12, 36, 48 and 144 for the partition function Pdz(n). A
bi-partition (v, () of a non-negative integer n can be defined as a partition pair (v, ¢) in which
the sum of all the parts of v and ( is equal to n. Naika and Shivashankar [14] have discovered
several congruences modulo 3 and powers of 2 for the partition function B Pd(n), which counts
the total number of bi-partitions of n with tagged summands, where

> BPd(n)q" = /s

T o222
n>0 f1f2f3

(1.5)

Naika and Nayaka [15] proved congruences modulo for BPd3(n), which denotes the number of
3-regular bi-partitions of n with tagged summands, where
4 £2
> BPds(n)q" = Jo /o (1.6)

224020
< RET

They [15] established infinite families of congruences modulo 3, 4 and 6 of BPdz(n).

In recent time, Naika and Harishkumar [16] established infinite families of congruences mod-
ulo 3, 4, 8 and 9 for BPt;(n), which is the number of ¢-regular partitions triples of n with tagged
summands. Its generating function is given by

= . (1.7)
n>0 f13f23f'1‘3f63t

Motivated from the above paper, in this paper, we study about the partition function BPd;(n),
which counts the total number of ¢-regular bi-partitions of n with tagged summands. The gener-
ating function of BPd;(n) is given by

> " BPdy(n)q" = S St 505

= . 1.8
2 RRRE 49

For example, BPd,(4) = 22 and they are
@3'+1,0), @,1), 1,3), (@,3+1), ('+1+14+1,0), (1+1'+1+1,0), (14+1+1+1,0),

(I+1+1+1,0), (1, 1UV4+141), (U, 1+1+1), (1, 1+1+1), (1'+1,1"+1),
(U+1,1+1), Q+1,1+1), (14+U,14+1), (A'+1+1,1), (I4+1"+1,1)
(14+1+1,1), (@0, V4+1+1+1), (0, 1+14+1+1), (0,1+1+1'4+1), (0, 14+1+1+1").

In Section 3, 4 and 5, we prove infinite families of congruences modulo 3, 4, 6, 8 and 16 for
BPd,(n), congruences modulo 16 for BPd4(n) and congruences modulo 8 and 16 for BPdg(n)
respectively. To prove our results, we use some theta function and g-series identites which are
listed in Section 2.

2 Preliminaries

Ramanujan’s general theta function f (o, ) is defined by

fla,B) = Z o tHD/2510=1/2 - where for complex numbers « and 3, [af] < 1. (2.1)

t=—o00
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Special cases of f(a, 8) [5, p. 36, Entry 22 (ii)] is given by

D _ 12
Zq _qq) A’

n>0

¥(q) = flg.q)

Lemma 2.1. /8, Theorem 2.1] If p > 2 be any prime, then

(s2+5) (PP+@s+D)p)  (p2=(@2s+D)p) (P2-1) 2
> ¢ 7 f(q > g +q 5 P(g”).

Furthermore, (92%9) % ' 8_1 (mod p) for0<s<(p—23)/2.

Lemma 2.2. [8, Theorem 2.2]. If p > 5 be any prime, then

(p—1)/2
i 3%y 3p%+(65+1)p 3p%—(6i+1)p _ P2t
fi= ), (=g f (—q - 2 ) + (1)
j=—(p—1)/2
J#(£p—1)/6
where
tp—1 [ ) ifp=1 (mod 6)
6 | “2U ifp=-1 (mod6).
Furthermore, if_(pz_ D <j< (p; D and j # ( p6— 1), then
3245, PP -1
5 # oy (modp)
Lemma 2.3. /5, p. 303, Entry 17(v)] We have
_ Al¢))  D(d")  ,, sE(d)
=10 (B~ 7+ D)
where D(q) = f(—¢*, —q*), A(q) = f(=¢*,—¢) and E(q) = f(—q, —¢°).
Lemma 2.4. [9] We have
fir=fs(G(@) —q—¢G(@) ),
where
(% 7)o (4’3 ¢°)
G(q
@ (0:6%)o (0% ¢°)
Lemma 2.5. We have
fof$ 3 s 3%
fi= —3qf5 + 44’507,
! f3fi38 ’ fg ;
fofs > f3fls
fif2= —qfofis —2q
Y O
and
fi _ Jefolis f3f1s _ 2f62f9f§6
Ja I f12f9 Tt

2.2)

2.3)

24)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

For the proof of equation (2.7), see [5]. Equation (2.8) can be found in [11]. For the proof of

(2.9), see Baruah and Ojah [4, Lemma 2.6].
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Lemma 2.6. We have

o g;gﬁ _ 2qufJ;]26’ 2.12)
R e o
L AR ¥+ (2.14)

L 4
AL
and 1 12
— 8J12 + 4J24 ) 215
G B2hm e, (215)

For the proof of identity (2.10) and (2.11), see Xia and Yao [21]. Identity (2.13) was given
by Hirschhorn [12, p. 40]. One can arrive at (2.12) by substituting ¢ with —q in (2.13). Identity
(2.14) is the 2-dissection of ¢(g)?, see Hirschhorn[12, (1.10.1)]. Equation (2.15) was proved by
Baruah and Ojha [3].

We conclude this section with the following congruences.

Lemma 2.7. If § be any prime, then
fs=f1° (mod 6). (2.16)
Using binomial theorem, we obtain (2.16).

Lemma 2.8. [2, Lemma 1.4] If § be any prime, then

P =/ (mod 6?). 2.17)

3 Congruences modulo 3, 4, 8 and 16 for BPd,(n)

—4
Theorem 3.1. Let p be any prime such that (7) =—land1 <m < p—1, then for any a > 0,

we have
BPd;(24n+7) =0 (mod 16), (3.1)
> BPdy(24- p**n+ 15 p**)q" = 8¢(q)v(¢*) (mod 16) (3.2)
n>0
and
BPdy(24 - p** ™ (pn4+m) +15-p**™) =0 (mod 16). (3.3)

Proof. Putting t = 2 in (1.8), we have

W PR
BPdy(n)q" = _ , s
2 BrE0I = i = () G.4)

Substituting (2.15) in (3.4) and then equating the coefficients of all the terms that contain ¢*"*!,

we obtain 5
n __ f6f26
> BPdy(2n+1)q" =2

: (3.5
n>0 f32f16
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With the aid of (2.17), (3.5) can be written as

2
N BPd(2n + 1)q" = 2f3 f2 (jf}z) (mod 16). (3.6)
n>0 3
Utilising (2.11) in (3.6) and then extracting all the terms that involve ¢>"*!, n > 0, we have
4
1
> BPdy(4n+3)q" = 1pfifsfeh2 (7) (mod 16). (3.7)
n>0 f2 f3
Utilising (2.13) in (3.7), we get
fff4f6f12 f24 3f12f48
BPdy(4n+3)q" =12 + 2¢q (mod 16). 3.8)
Z f2 <f6f48 f6f24) )

n>0

Extracting all the terms that involve ¢*"*!, n > 0, from (3.8), we obtain

n_ fih 12
BPdy(8n +7)q" = 8¢ (1123 6 12a d 16). 3.9
3 BPd:(8n+ 7 o(Fe ) (mod 16 (3.9)
Utilising (2.16) in (3.9), we have
Y BPdy(8n+7)q" = 843 f1, ( £ fz) (mod 16). (3.10)
n>0
Utilising (2.8) in (3.10), we obtain
fofs 2 f3fis
nZZ:OBsz(Sn +7)q" = 8¢ flz(f ~ — qfofis —2q P ) (mod 16). G.11)

Extracting all the terms that involve ¢°" from (3.11), we obtain the desired result (3.1). Next,
extracting all the terms that involve ¢>**! from (3.11) and with the aid of (2.2), we obtain

> BPdy(24n+15)¢" = 8¢(q)¥(¢*) (mod 16). (3.12)

n>0

The congruence (3.12) is the case a = 0 of (3.2). Assume that the result (3.2) exists for some
integer a > 0. Utilising (2.3) in (3.2), we deduce that

Z BPd, (24 pPn 415 pz")q”

n>0
(p—3)/2
(k% +k) (PP+@k+1)p)  (p®—(2k+1)p) (*-n 2
58< Y ¢z f(q g 2 >+q s w(q”)>><
k=0

(p=3)/2
< Z QU § ( p+(2j+1)p)’q2(p2(2j+1)p>)+q(ﬂ21)/2¢(q4p2)> (mod 16).  (3.13)

Consider the congruence

(k* + k)
2

5(p° - 1)

+2(% +4) = =g

(mod p),

which is similar to
2k + 1) +42j+1)>=0 (mod p). (3.14)
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_4 —1
For (—) = —1, the only solution of congruence (3.14)isk = j = pT Therefore, extracting
p

all the terms that involve ¢?"*5(’=1/8 from (3.13), dividing throughout by ¢3(*"~1)/8 and then
replacing ¢” with ¢, we have

Y BPd (24 Pt 415 p2a+2> 7" = 84(¢”)¥(q*) (mod 16). (3.15)

n>0

Extracting all the terms that involve ¢*™ from (3.15) and replacing ¢” with ¢, we have

S BPd, (24 ety 5. p2a+2) 0" = 84(q)v(¢") (mod 16). (3.16)

n>0

Thus, equation (3.16) is the case a + 1 of (3.2). Hence, we complete the proof of (3.2) by using
induction method. Finally, extracting all the terms that involve ¢?*™™, for 1 <m < p — 1, from
(3.15), we get the result (3.3). O

Theorem 3.2. Let u; € {33,57}, up € {51,99}, uz € {39,63,87,111} and
ug € {45,69,93,117,141,165}. Then for all integers ., 5,y > 0, we have

BPd>(8n+7)=0 (mod 8), (3.17)
BPd>(24n+19) =0 (mod 8), (3.18)
Y BPd (24 320528 2 Ly 43320 526 727)q” = 4f3 (mod 8), (3.19)

n>0

Y BPd, (24 L3200, 528 gl Ly 4 3320 526 727+2)q” =43 (mod8),  (3.20)

n>0

BPd, (24 320l 528 2y Ly 4 3320 526 727)

(3.21)

2 (mod 8), if nisa pentagonal number
0 (mod 8), otherwise,

Y BPd, (24 (32atl 528727y 4 32043 528, 727)(1” =4 (mod8), (322

n>0

BPd, (24 (320l 528 20y 4 17 . 320+ 528 -72V) =0 (mod 8), (3.23)

BPd, (24 (32042, §28 T Ly gy, 320D 526 7“) =0 (mod8), (3.24)

> BPd, (24 (320 5241 2y 4 3. 320 52642, 727) " =4f3 (mod8),  (3.25)
n>0

BPd, (24 L3200 S22 gy gy, 320 526 727) =0 (mod8), (3.26)

BPd, (24 (320 522V gy gy 320 §26HL 727) =0 (mod 8), (3.27)

BPd, (24 L3200 52 P2 gy gy, 320 528 727“) =0 (mod 8). (3.28)

Proof. With the aid of (2.17), (3.5) can be written as

n _— 2 2 LIZ
3" BPd:(2n+ 1)g _2f2f6(

mod 8). (3.29)
by f}Z) (mod 8)
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Utilising (2.11) in (3.29) and then extracting all the terms that involve ¢*"*!, n > 0, we have

> " BPdy(4n+3)q" = 4f3fia (mod 8). (3.30)
n>0

Extracting all the terms that involve q2"+1, we obtain the desired congruence (3.17). Next,

extracting all the terms that involve ¢>", we have

> BPdy(8n+3)q" = 4f}fs (mod8). (3.31)

n>0

Utilising (2.7) in (3.31) and then extracting all the terms that involve ¢°"*2, we get the desired
result (3.18). Next, extracting all the terms that involve ¢°" from resultant equation, we obtain

> BPdy(24n+3)q" = 4f] (mod 8). (3.32)
n>0
The result (3.32) is the case « = 8 = v = 0 of equation (3.19). Assume that the result (3.19)
exists for any integer o > 0 with § = v = 0. Utilising (2.7) in (3.19) with 8 = v = 0 and then
extracting all the terms that involve ¢>**!, we obtain

Y BPd, (24 S3Petlp 4 3. 32a+2)q" —4f3 (mod 8). (3.33)
n>0

Extracting all the terms that involve ¢°” from (3.33), we deduce that

> BPd, (24 3202y 4 3. 32a+2)q" =4f} (mod 8), (3.34)
n>0

which shows, the congruence (3.19) exists for integer o + 1 with 8 = v = 0. Thus, by using
the method of induction, (3.19) exist for all integer . Suppose that the equation (3.19) exists for
a, 8 > 0 with v = 0. Utilising (2.6) in (3.19) and then equating ¢°"* terms, we obtain

Z BPd, (24 3252640y 4 3. 32 525+2)qn =4f2 (mod 8). (3.35)
n>0

Extracting all the terms that involve ¢°", from (3.35), we obtain

> BPd (24 L3200 52842, 4 3. 320 525+2)qn —4f3 (mod 8). (3.36)
n>0

Equation (3.36) shows that the result (3.19) exists for integers 5 + 1 with v = 0. Thus, by
induction method, the congruence (3.19) exists for all positive integers «, 8 with v = 0. Assume
that the result (3.19) exists for o, 3,y > 0. Utilising (2.5) in (3.19) and then equating the ¢’
terms, we obtain

> BPd, (24 3% 52ty 4 3. 3% 5% 72W+2) " =4f3 (mod 8), (3.37)
n>0

that proves (3.20). Extracting all the terms that involve ¢’" from (3.37), we obtain

Y BPd, (24 L3200 528 722y 4 3. 320 526 72%2) " =4f (mod8).  (3.38)
n>0

Equation (3.38) shows that (3.19) exists for all integers v + 1. By using induction method, the
result (3.19) exists for all non-negative integers «, 3, 7.

Utilising (2.7) in (3.19) and then equating coefficients of ¢*”, ¢>”*! and ¢*"*? terms, we
arrive at (3.21), (3.22) and (3.23) respectively. Extracting all the terms that involve ¢***", where
r € {1,2} from (3.22), we get the result (3.24).

Utilising (2.6) in (3.19) and then extracting all the terms that involve ¢°"*3, we achieve the
result (3.25). Again, utilising (2.6) in (3.19) and then extracting all the terms that involve ¢°"*%,
where u € {2,4}, yields the result (3.26). Extracting all the terms that involve ¢°"¢, where
a € {1,2,3,4} from (3.25), yields (3.27). Finally, extracting all the terms that involve ¢’"*¢,
where ¢ € {1,2,3,4,5,6} from (3.20), yields (3.28). O
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Theorem 3.3. If p be any prime with (;9) =—land1 <m < p— 1, then for any a > 0, we

p
have
BPdy(4n+3)=0 (mod 4), (3.39)
BPd)(12n+9) =0 (mod 4), (3.40)
> BPd(12- p**n+5- p**)q" = 2f19(¢°) (mod 4) (3.41)
n>0
and
BPdy(12- p** ™ (pn4+m) +5-p***?) =0 (mod 4). (3.42)

Proof. Utilising (2.16) in (3.5), we have

> BPdy(2n+1)¢" =2f3fs (mod 4). (3.43)

n>0

Extracting all the terms that involve ¢*"*! from (3.43), we get the desired result (3.39). Again,
extracting all the terms that involve ¢*>" from (3.43), we obtain

> BPdy(4n+1)q" =2f]fs (mod 4). (3.44)
n>0
3n+42

Utilising (2.7) in (3.44) and then extracting all the terms that involve ¢
result (3.40). Next, extracting all the terms that involve ¢>**!, we obtain

, we get the desired

> BPdy(12n+5)¢" = 2f1¢(¢°)  (mod 4). (3.45)
n>0

Equation (3.45) is the case a = 0 of (3.41). Let us assume, the result (3.41) exists for any integer
a > 0. Utilising (2.3) and (2.4) in (3.41), we get

ZBsz(IZ PPN+ 5 pza)q"

n>0
(p—=1)/2 a0 ) . )
_ 2( Z qmsz (qw +((2>J+1)ﬂ)7q(3/7 —<§u+1>p>) . q(pzzl)fpz> y
j=—(p=1)/2
J#(£p—1)/6
(p3)/2 3(mZ4m) 3(p2+@m+)p)  3(p2—(2m+1)p) 3(p2—1) 3,2
g z flae 7T ,q¢ °F +q 5 ()] (mod4). (3.46)
m=0

Consider the congruence

(3j®+4) | 5(m*+m) _ 10(p* — 1)
5 +3 5 = Y (mod p),

which is similar to

(65 +1)2+9(2m+1)>=0 (mod p). (3.47)
For (l) = —1, the only possible solution of equation (3.47) is j = % and m =

P

(p—1) . Therefore, extracting all the terms that involve ¢?"19(”*=1)/24 terms from (3.46), di-
viding throughout by ¢'°("~1)/24 and then replacing ¢* with g, we get

Y BPd (12 Pty 15 p2a+2)q" =2£,0(¢*) (mod 4). (3.48)

n>0
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Extracting all the terms that involve ¢*™ from (3.48) and then replacing ¢” with ¢, we obtain

Y BPd, (12 ety 4 s p2a+2) ¢" = 2f16(47) (mod 4). (3.49)
n>0

The congruence (3.49) is the case a + 1 of (3.41). Thus, by induction method, we prove the
congruence (3.41). Next, extracting all the terms that involve ¢?"*™ for 1 < m < p — 1 from
(3.48), we get the desired result (3.42). O

Theorem 3.4. For all n, o, 3 > 0, we have

Y BPd, (12 .52 72y 4 5% 725)q” =2f2 (mod 4), (3.50)
n>0
Z BPd2<12 .52kl 728y 4 52042, 725)(;” =2f2 (mod 4), (3.51)
n>0

BPd2(12 - 52072850 4 4) 4 5212 725“) =0 (mod4), i=1,2,3,4, (352

Y BPd (12 5P 2B+, 4 2 72ﬁ+2n) ¢"=2f2 (mod 4) (3.53)
n>0

and

BPd2(12-52“+1-725+1(7n+j)+52“.72ﬂ+')zo (mod 4), j=1,2,3,4,5,6. (3.54)

Proof. Utilising (2.7) in (3.44) and then extracting all the terms that involve ¢°", we obtain

> BPdy(12n+1)¢" =2 (mod 4). (3.55)
n>0

Equation (3.55) is the case o = 8 = 0 of (3.50). Suppose that the congruence (3.50) exists for
any integer o > 0 with g = 0. Utilising (2.6) in (3.50) with 5 = 0 and then extracting all the
terms that involve ¢°"*2, we get

BPd, (12 5%+t .726p 4 52042 728 gn =22 (mod 4), (3.56)
5

n>0

which proves (3.51). Extracting all the terms that involve ¢>"** with i € {1,2, 3,4} from (3.56),
we arrive at the result (3.52). Next, extracting all the terms that involve ¢°" from (3.56), we
deduce
Y BPd (12 C52lakl) 728y, 4 52kl 72ﬂ)qn =2f2 (mod 4). (3.57)
n>0
Thus, the result (3.50) exists for integers o + 1 with 5 = 0. Thus, by induction method,
(3.19) exists for all integer o. Assume that the result (3.50) exist for o, 5 > 0. Utilising (2.5) in
(3.50) and then extracting all the terms that involve ¢’"**, we obtain

3 BPd2<12 5P 2B+ 4 520 726+2)q" = 2f2 (mod 4), (3.58)
n>0
which proves (3.53). Extracting all the terms that involve ¢’"*7 with j € {1,2,3,4,5,6} from

(3.58), we obtain the desired result (3.54). Next, extracting all the terms that involve ¢’" from
(3.58), we obtain

3 de2(12 L52a 2B+, 4 52 72ﬁ+2)q" —2f2 (mod 4), (3.59)

n>0

which shows that (3.50) exists for all integers 5 + 1. By mathematical induction, (3.50) exists
for all integers «, 8 > 0. O
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Theorem 3.5. If p > 5 be any prime with (;3> =—land 1 <m < p— 1, then for all integers
P

a > 0, we have

BPd, (6n 1 3) =0 (mod 3), (3.60)
BPd2<12n + z) =0 (mod3), i=5,811, 3.61)
Y BPd, (12 2. pza)q" =2fif; (mod3) (3.62)
n>0
and
de2(12 P (pn 4+ m) 4+ 2 p2a+2) =0 (mod 3). (3.63)

Proof. Utilising (2.16) in (3.4), we obtain

n_ _fs (i
T%%Bsz(n)q = ( f4) (mod 3). (3.64)

Utilising (2.9) in (3.64), we obtain

ZBsz(n)q"E fs (f6f9f]8 Bfls 2 fefofis

3
n>0 f3f12

d 3). 3.65
AT ) (med3). (69

Extracting all the terms that involve ¢°” from (3.65), we obtain

Z BPd,(3n)q" = &

- (mod 3). (3.66)

n>0 f4
Extracting all the terms that involve ¢*"*! from (3.66), we get the desired result (3.60). Again,
extracting all the terms that involve ¢>"*2 from (3.65) and utilising (2.16), we obtain

3
> BPd(3n+2)q" = f—lg (mod 3). (3.67)
n>0 f4

Extracting all the terms that involve ¢*"*%, with u € {1,2,3} from (3.67), we obtain the desired
result (3.61). Next, extracting all the terms that involve ¢*" from (3.67), we arrive at

> BPdy(12n+2) = 2?2 =
1

n>0

The equation (3.68) is the case a = 0 of (3.62). Suppose that the result (3.62) exists for some
integer ¢ > 0. Utilising (2.4) in (3.62), we obtain

Z Bsz(IZ 42 p2a>q"
n>0

(p=1)/2
(3s%+s) Bp2+6s+1)p)  (pP—(65+1)p) (£p=1) (p®=1
= 2( Z (71)8(] 2 f(q 2 ,q 2 ) + (*1) 6 q fp2> X

s=—(p—1)/2
s#(£p—1)/6

Gl ¢ 3624 33p%+(6t+1)p)  3(3p2—(6t+1)p) (Ep=1) (P*=1)
Z (=D)'¢ = fla 2 ,q z +(=1)" ¢ T f3, (mod 3).
t=

—(p—1)/2
t#(£p—1)/6
(3.69)
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Consider the congruence

B2 +s)  LGRHD _ (-1
5 +3 5 ="¢ (mod p),
which is analogous to
(6s+1)2+3(6t+1)>=0 (mod p). (3.70)
For (_—3) = —1, the only possible solution of the congruence (3.70) is s = t = %
p

Therefore, equating the coefficients of qP"+(P2_1>/ 6 terms from (3.69), dividing throughout by
q'»’=1)/6 and then replace ¢ with ¢, we obtain

> BPdy(12- p** 'n 42 p**2)q" =2f,f5, (mod 3). (3.71)
n>0

Extracting all the terms that involve ¢”™ from (3.71) and replacing ¢” with ¢, we obtain

> BPdy(12- p* n 2. 2 2)g" = 21 3 (mod 3). (3.72)
n>0

The congruence (3.72) is the case a + 1 of (3.62). Thus, we complete the proof of congruence
(3.62) by induction method. Next, extracting all the terms that involve ¢ for 1 <r < p—1
from (3.71), we achieve the result (3.63). O
Theorem 3.6. For all n > 0, we have

BPdy(6n+3)=0 (mod 6) (3.73)

and
BPdy(6n+5)=0 (mod 6). (3.74)

Proof. Utilising (2.16) in (3.5), we obtain

4
> BPd(2n+1)¢" = 2% (mod 6). (3.75)
n>0 f3

Extracting all the terms that involve ¢*"** with u € {1,2}, from (3.75), we arrive at the result
(3.73) and (3.74) respectively. O

4 Congruences modulo 16 for BPd,(n)

—6
Theorem 4.1. If p be any prime with (—) = —land 1 < m < p— 1, then for all integers
p

a > 0, we have

BPd, (8n + 3) =0 (mod 16), 4.1)
BPd, (24n i 23) =0 (mod 16), (4.2)
S BPd, (24 P T pza)q” = 8f,10(4?) (mod 16) 4.3)

n>0

and
BPd, (24 P (o4 m) + 7 - p2a+2) =0 (mod 16). @.4)
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Proof. Putting t = 4 in (1.8), we obtain

2 2 \7R
Utilising (2.15) in (4.5) and then extracting all the terms that involve ¢***! and utilising (2.17),

we obtain
LI (L
3

>  BPdy(2n+1)q" =2

d 16). 4.6)
n>0 f122 ) (mo )

Utilising (2.14) in (4.6) and then extracting all the terms that involve ¢*"*! from (4.6), we
arrive at

>  BPdy(4n+3)q" = 8¢5 f¢ (mod 16). 4.7
n>0

Extracting all the terms that involve ¢*" from (4.7), we obtain the desired result (4.1). Next,
extracting coefficients of ¢>**! terms from (4.7), we get

> BPdy(8n+7)q" =8 f§ (mod 16). (4.8)
n>0

Utilising (2.7) in (4.8) and then extracting all the terms that involve ¢>**? terms, we achieve
the desired congruence (4.2). Next, extracting all the terms that involve ¢°" and using (2.2), we
arrive at

> BPdy(24n+7)q" = 8f1¢(¢*) (mod 16). (4.9)

n>0

The congruence (4.9) is the case a = 0 of (4.3). Utilising (2.4) in (4.3) and continuing like
the proof of (3.41), we obtain

S " BPd (24 Pt 47 p2a+2) " =8f,0(¢*) (mod 16). (4.10)

n>0

Extracting all the terms that involve ¢*™ from (4.10) and then replacing ¢” with ¢, we arrive at

Y BPd, (24 et 47 p2<a+1>)q” =8f1¢(¢*) (mod 16). 4.11)

n>0

The congruence (4.11) is a + 1 case of (4.3). Thus, the proof of (4.3) is complete.
Extracting all the terms that involve ¢”*™™, for 1 < m < p — 1, from (4.10), we arrive at
“4.4). O

5 Congruences modulo 8 and 16 for BPds(n)

-3
Theorem 5.1. If p > 5 be any prime with (—) =—land 1 <m < p— 1, then for all integers
p

a > 0, we have

BPdg (6n n 3) —0 (mod 16), (5.1)
BPdq (6n + 5) —0 (mod 16), (5.2)
Y BPds (24 419 p2a>q" =8ff1s (mod 16) (5.3)

n>0

and
BPdg (24 2 (pn 4 m) + 19 - p2a+2) =0 (mod 16). (5.4)
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Proof. Putting t = 6 in (1.8), we arrive at

242 272
>0 [l NS

Utilising (2.15) in (5.5) and then extracting all the terms that involve ¢***! and utilising (2.17),
we get

N /3
> BPds(2n+1)q" =253
n>0 f31is

Extracting the coefficients of the terms ¢>"*?, where a € {1,2} from (5.6), we obtain the desired
result (5.1) and (5.2) respectively. Next, extracting all the terms that involve ¢*" from (5.6) and
utilising (2.17), we arrive at

(mod 16). (5.6)

w5 (5
> BPds(6n+1)¢" =22 (3 ) (mod 16). (5.7)
n>0 f6 fl
Utilising (2.10) in (5.7) and then extracting all the terms that involve ¢*"*!, we obtain
3" BPds(12n+7)¢" E4f2{:jf12 (ff) (mod 16). (5.8)
6

n>0

Utilising (2.12) in (5.8), then extracting all the terms that involve ¢>"*! and utilising (2.16), we
obtain
> BPds(24n+19)¢" = 8f3f1s (mod 16). (5.9)
n>0

Equation (5.9) is the case a = 0 of the congruence (5.3). Utilising (2.4) in (5.3) and continuing

like the proof of (3.62), we obtain
Y BPds (24 2ty 9. pza”) 0" = fspfiep (mod 16). (5.10)
n>0

Extracting all the terms that involve ¢”™ from (5.10) and then replacing ¢” with ¢, we obtain
Y BPds (24 ey 49, pz(aH))q" = f3fie (mod 16), (5.11)
n>0

Equation (5.11) is the case a + 1 of (5.3). Thus, we complete the proof of result (5.3).
Next, extracting all the terms that involve ¢?*™™, for 1 < m < p — 1, from (5.10), we obtain
the desired congruence (5.4). O

-3
Theorem 5.2. If p > 5 be any prime with (7) =—land 1 <m < p— 1, then for all integers

a > 0, we have

Y BPdg (24 T p2a)q" —4f;f; (mod 8) (5.12)
n>0
and
BPdg (24 P (ot m) + 7 - p2a+2) =0 (mod 8). (5.13)

Proof. Utilising (2.12) in (5.8), then extracting all the terms that involve ¢>" and utilising (2.16),
we obtain
Z BPde(24n +7)q" =4f3fs (mod 8). (5.14)
n>0
which is the case a = 0 of (5.12). Using (2.4) in (5.12) and proceeding as in the proof of (3.62),
we obtain
" BPdg (24 Rty 7. p2a+2) ¢" =4f3,fs, (mod8). (5.15)

n>0
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Extracting all the terms that involve ¢*™ from (5.15) and then replacing ¢” with ¢, we deduce

" BPdg (24 ey 47 p2<a+1>)q" —4f;fs (mod 8), (5.16)
n>0

Equation (5.16) is the case a + 1 of (5.12). Thus, we complete the proof of (5.12). Extracting
all the terms that involve ¢?**™ with 1 < m < p — 1 from (5.15), we obtain the congruence
(5.13). O
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