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Abstract. In this article the study of strongly r- precious ring is initiated. An element r ∈ R
is strongly r-precious if r is the sum of an idempotent element, a regular element, a nilpotent
element and these elements are commute with each other. A ring R is considered to be a strongly
r-precious ring if all of its elements are strongly r-precious. In this article, we discuss some of
the fundamental properties of strongly r-precious rings and discuss the behaviour of strongly
r-precious rings under finite direct product, homomorphic images, matrix ring and group rings.

1 Introduction

From last few decades researchers are studying various rings which are defined by properties of
some special elements like unit, idempotent, nilpotent and regular elements etc. In this study
first such ring is introduced by Nicholson [8] known as clean ring (every element is the sum of a
unit and an idempotent), strongly clean ring (every element is sum of a unit and an idempotent
and in addition to this they commute with each other) [10], nil clean (every element is the sum
of nilpotent and an idempotent) [5], r-clean ring (every element is the sum of regular and an
idempotent) [2] [3], r-precious ring(every element is the sum of regular element, nilpotent and
an idempotent) [4].

The concept of strongly r-precious ring is studied in this article. The family of strongly r-
precious rings is quite big that includes clean rings, strongly clean rings and strongly precious
rings etc. Here we discuss the basic properties of strongly r-precious ring and the behaviour
of strongly r-precious under the construction of homomorphic images, direct products,quotient
rings and matrix rings etc.

In this article, rings are associative with unity. The notations Ide(R), Un(R), Ni(R) and
NReg(R) signify the set of idempotent elements, the group of unit elements, the set of nilpotent
elements and the set of Von-Neumann regular elements respectively, in a ring R.

2 Strongly r-precious rings

We start by defining strongly precious ring and strongly r-precious ring .

Definition 2.1. We say that a ring R is ‘strongly precious’ if for given any r ∈ R, r = u+m+n
and um = mu, un = nu,mn = nm, where u ∈ Un(R), n ∈ Ni(R) and m ∈ Ide(R).

Definition 2.2. We say that a ring R is ‘strongly r-precious’ if for given any r ∈ R, r = k+m+n
and km = mk, kn = nk and mn = nm, where k ∈ NReg(R), n ∈ Ni(R) and m ∈ Ide(R).

The example for strongly r-precious ring is R = Z× Z4.
From the above definitions it follows that the strongly precious rings and strongly clean rings are
strongly r-precious. In general converse is not true. However, the following results hold.

Theorem 2.3. For a strongly r-precious indecomposable ring following holds.
(a) Ring R is strongly precious.
(b) Ring R is strongly 2-clean. (every element of a ring is sum of an idempotent element, two

unit elements and these elements are commute with each other).
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Proof. (a) Noting that in a strongly r-precious ring, each r ∈ R has the form r = k +m + n,
km = mk, kn = nk and mn = nm, where k ∈ NReg(R), n ∈ Ni(R) and m ∈ Ide(R).
If k = 0 then r = m + n = (2m − 1) + (1 − m) + n. Clearly 2m − 1 ∈ Un(R) and
1 − m ∈ Ide(R). Now, we need to prove that (2m − 1), (1 − m) and n are commute with
each other. Consider (2m − 1)(1 − m) = (m − 1) = (1 − m)(2m − 1). Now, consider
(2m− 1)n = n(2m)− n = n(2m− 1). Similarly, we can show (2m− 1) commute with n. So
r is strongly precious and hence R is strongly precious. Now for k 6= 0 we have kpk = k for
some p ∈ R. So we have kp ∈ Ide(R). But kp = 1 or kp = 0 . If kp = 0 then k = kpk = 0
which gives a contradiction. Hence kp = 1 and similarly pk = 1. Thus k ∈ Un(R). Hence R is
strongly precious.

(b) From previous part R is strongly precious. Hence for any r ∈ R we have r = k +m+ n
and km = mk, kn = nk and mn = nm, where k ∈ Un(R),m ∈ Ide(R) and n ∈ Ni(R).
If m = 0, then r = k + (n − 1) + 1. Clearly k, (n − 1), 1 commute with each other and
(n − 1) ∈ Un(R). Now, if m = 1 then r = k + (1 + n) + 0, clearly (1 + n)r = r(1 + n) and
(1 + n) ∈ Un(R). Thus r is strongly 2-clean element. This implies R is strongly 2-clean. 2

Theorem 2.4. For a ring R with no non-trivial zero divisors then following statements are equiv-
alent.

(a) R is strongly precious.
(b) R is strongly r-precious.

Proof. (a)⇒ (b) Clearly R is indecomposable because R have only trivial zero divisors. Hence
by Theorem[2.3] the result holds.

(b)⇒ (a) Follows from the definitions 2.1 and 2.2.2

Proposition 2.5. For a 2-primal indecomposable ring R, R is strongly r-precious if and only if
R is strongly clean.

Proof. Let R be a strongly r-precious and 2-primal indecomposable. Hence for any r ∈ R,
r = k + m + n,mk = km,mn = nm, kn = nk where k ∈ NReg(R),m ∈ Ide(R) and
n ∈ Ni(R). From the part (a) of Theorem [2.3], in an indecomposable ring any regular ele-
ment k is either a unit element or 0. Hence we have either k ∈ Un(R) or k = 0. If k = 0,
then r = k + n. So r is strongly nil clean and this implies r is strongly clean. Now for
k ∈ Un(R), we have r = (k + n) + m. But R is 2-primal ring hence k + n ∈ Un(R), and
(k + n)m = (km+ nm) = mk +mn = m(k + n). So r is strongly clean element.
The second part follows from the definition of strongly clean ring. 2

Now we study the behaviour of strongly r-precious rings on the basis of fundamental ring
construction of direct product, homomorphic images and quotient rings.

Theorem 2.6. If R is a strongly r-precious ring then a homomrphic image of R is strongly r-
precious.

Proof. We know that a homomorphic image of R is isomorphic with R/I for some ideal I in R.
Hence we prove R/I is strongly r-precious.
As R is strongly r-precious ring therefore for any r ∈ R has the form r = k +m + n, km =
mk, kn = nk and mn = nm, where m ∈ Ide(R), k ∈ NReg(R) and n ∈ Ni(R). Let
r̄ = r + I = k + m + n + I = k̄ + m̄ + n̄ ∈ R/I . We need to show that k̄ is regular, m̄ is
idempotent, n̄ is nilpotent and all these elements are commute with each other.
Since k is regular there exists p ∈ R such that kpk = k, therefore k̄p̄k̄ = k̄, so k̄ is regular and
clearly m̄ = m+I ∈ Id(R/I) and n̄ = n+I ∈ Ni(R). Now we need to prove all these elements
are commute with each other. Consider m̄k̄ = (m + I)(k + I) = (mk + I) = (km + I) =
(k + I)(m + I) = k̄m̄. Now, consider n̄k̄ = (n + I)(k + I) = (nk + I) = (kn + I) = k̄n̄.
Similarly we can show m̄n̄ = n̄m̄. This follows R/I is strongly r-precious ring. 2

Theorem 2.7. For R =
∏

j∈I Rj , where (Rj)j∈I is a family of rings.
(a) If R is strongly r-precious then Rj is strongly r-precious,for all j ∈ I .
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(b) If Rj is strongly r-precious ∀j ∈ I , with
∏

j∈I N(Rj) ⊆ Ni(R) then ring R is strongly
r-precious.

(c) For a finite index set I , R is strongly r-precious if and only if each Rj is strongly r-
precious.

Proof.(a) Clearly Rj is homomorphic image of strongly r-precious ring R. Hence for each
j ∈ I,Rj is strongly r-precious.

(b)Noting that Rj is strongly r-precious ring. Hence for each rj ∈ Rj we have rj = kj +
mj +nj and kj ,mj , nj are commute with each other, where (kj) ∈ NReg(Rj), (mj) ∈ Ide(Rj)
and (nj) ∈ Ni(Rj). Clearly (mj) ∈ Ide(R), (kj) ∈ NReg(R). Now (nj) ∈ Ni(Rj) and hence
(nj) ∈

∏
j∈I Ni(Rj) ⊆ Ni(R) and kj ,mj , nj commute with each other. Thus R is strongly

r-precious ring.
(c) Clearly finitness of I implies

∏
j∈I Ni(Rj) = Ni(R). Hence from (a) and (b) the result

follows. 2

Now we study some more properties of strongly r-precious ring.

Proposition 2.8. For a ring R any element r ∈ R is strongly r-precious if and only if 1 − r is
strongly r-precious.

Proof. As r ∈ R is a strongly r-precious, hence r = k+m+ n,mk = km,mn = nm, kn = nk
where k ∈ NReg(R),m ∈ Ide(R) and n ∈ Ni(R). Thus, (1 − r) = (−k) + (1 −m) + (−n).
As k ∈ NReg(R), therefore there exist p ∈ R such that kpk = k. Therefore, (−k) =
(−k)(−p)(−k), hence (−k) ∈ NReg(R). Also (1−m)2 = (1−m), therefore (1−m) ∈ Ide(R)
and clearly (−n) ∈ Ni(R). Now, consider (−k)(1 − m) = (−k + km) = (−k + mk) =
(1 − m)(−k). Also, (1 − m)(−n) = (−n + mn) = (−n + nm) = (−n)(1 − m), clearly
(−k)(−n) = (−n)(−k). Hence (1− r) is strongly r-precious.
Conversely, assume (1−r) is strongly r-precious, then 1−r = k+m+n,mk = km,mn = nm
and kn = nk where k ∈ NReg(R),m ∈ Ide(R) and n ∈ Ni(R). Thus r = −k+(1−m)−n like
previous part −k ∈ NReg(R),−n ∈ Ni(R) and (1−m) ∈ Ide(R) and all (−k), (1−m), (−n)
commute with each other. 2

Proposition 2.9. Ring R is strongly r-precious if and only if r = k − m + n, ∀r ∈ R where
k,m, n are commute with each other and k ∈ NReg(R),m ∈ Ide(R) and n ∈ Ni(R).

Proof. As R is a strongly r-precious ring and −r ∈ R, hence −r = k+m+n,mk = km,mn =
nm, kn = nk where k ∈ NReg(R),m ∈ Ide(R) and n ∈ Ni(R). Thus r = (−k)−m+ (−n)
here (−k) ∈ NReg(R), (−m) ∈ Ide(R) and −n ∈ Ni(R). Clearly (−k), (−m) and −n are
commute with each other.
Converse part follows like previous part. 2

Proposition 2.10. Let m be a central element of strongly r-precious ring then mRm is strongly
r-precious.

Proof. For r ∈ R, r = k + m1 + n and m1k = km1,m1n = nm1, kn = nk where k ∈
NReg(R), n ∈ Ni(R) and m1 ∈ Ide(R). Let a ∈ mRm, therefore for some r ∈ R we
have a = mrm, where m is central idempotent element. Thus, a = m(k + m1 + n)m =
mkm+mm1m+mnm = km+m1m+ nm. Now, we prove km is regular, m1m is an idem-
potent, nm is nilpotent and also they commute with each other.
Consider (m1m)2 = (m1m)(m1m) = (m2

1m
2) = m1m. As kis regular therefore (km)(mpm)(km) =

kmmpmmk = kmpmk = (km)p(mk) = kpkm2 = km. Hence km is regular. Clearly, nm is
nilpotent. Now, consider (km)(m1m) = (km1)m2 = (m1k)m2 = (m1m)(km). On similar line
we can prove that (nm)(km) = (km)(nm) and (nm)(m1m) = (m1m)(nm). Hence mRm is
strongly r-precious. 2

Now we discuss the matrix ring in context of strongly r-precious ring. For this we require
following result.
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Proposition 2.11. Let R be a ring with m1,m2, ....,mn be central orthogonal idempotents with
m1 + m2 + .... + mn = 1. Then m1Rm1,m2Rm2, .....mnRmn are strongly r-precious if and
only if R is strongly r-precious.

Proof. Clearly
∏n

j=1 mjRmj
∼= R. Hence by Theorem 2.7 the result holds. 2

Proposition 2.12. Suppose a ring R is strongly r-precious then Mn(R) is strongly r-precious.

Proof. It is easy to see that In = M11+M22+....+Mnn, where Mjj is elementary matrix of order
n×n whose (jj)th entry is 1 and remaining entries are 0, and In is the identity matrix. It is easy
to see that each Mjj is idempotent and Mjj are mutually orthogonal, ∀j ∈ {1, ....n}. Clearly
MjjMn(R)Mjj

∼= R. But each R is strongly r-precious ring which implies MjjMn(R)Mjj

is strongly r-precious. Consequently by Proposition 2.11 it implies that Mn(R) is strongly
r-precious. 2

Now we characterize strongly r-precious ring on the basis of quotient ring. For this we start
with the following definition.

Definition 2.13. A ring R with an ideal I is said to be modulo abelian ring if x+ I and y+ I are
elements of R/I and (x+ I)(y + I) = (y + I)(x+ I) then xy = yx in R.

From the above definition it is easy to see that if R is modulo abelian ring then the elements
of ideal I commute with all elements of R.

Theorem 2.14. Let I be a central nil ideal of modulo abelian ring R. Then R is strongly r-
precious ring if and only if R/I is an strongly r-precious.

Proof. : Assume R̄ = R/I is a strongly r-precious ring. For r ∈ R, r̄ = r + I ∈ R/I and it is
given that R/I is strongly r-precious, so we can write r̄ = k̄ + m̄ + n̄, here k̄ ∈ Reg(R̄), n̄ ∈
N(R̄), m̄ ∈ Id(R̄) and m̄k̄ = k̄m̄, k̄n̄ = n̄k̄ and m̄n̄=n̄m̄. Since idempotent can be lift modulo
every nil ideal this implies m ∈ Ide(R). Also by [7], regular element can be lift modulo every
nil ideal I , so r ∈ NReg(R). Hence, r = k + m + n + p where p ∈ I . Since n̄ ∈ N(R̄) so
na ∈ I for some a ∈ N. This gives (n+ p)a ∈ I , hence (n+ p) is a nilpotent. Since R is modulo
abelian ring, this implies km = mk, k(n + p) = (n + p)k, (n + p)m = m(n + p). Hence r is
strongly r-precious.
The second part is trivial. 2

Proposition 2.15. Let R be a ring and dig(r1, r2, . . . , rn) be a n × n diagonal matrix with ri is
entry on the main diagonal. If r1, r2, . . . , rn ∈ R is strongly r-precious then dig(r1, r2, . . . , rn)
is strongly r-precious in Mn(R).

Proof. :Consider ri = ki +mi + ni, kimi = miki, kini = niki and mini = nimi where ki ∈
NReg(R),mi ∈ Ide(R) and ni ∈ Ni(R) for every i, 1 ≤ i ≤ n. Hence diag(r1, r2, . . . , rn) =
diag(k1, k2, . . . , kn)+diag(m1,m2, . . . ,mn)+diag(n1, n2, . . . , nn). But there exist pi ∈ R such
that kipiki = ki for every i, 1 ≤ i ≤ n. Thus dig(k1, . . . , kn)dig(p1, . . . , pn)dig(k1, . . . , kn) =
dig(k1, . . . , kn). Hence dig(k1, . . . , kn) is regular. Also, as ni is nilpotent so there exist some
bi such that (ni)bi = 0 ∀i, 1 ≤ i ≤ n. Let b = max(b1, . . . , bn), thus (diag(n1, . . . , nn))b =
diag(nb

1, . . . , n
b
n) = (0, . . . , 0). Hence dig(n1, . . . , nn) is nilpotent. Clearly, diag(m1, . . . ,mn)

is idempotent and dig(k1, . . . , kn), dig(m1, . . . ,mn), dig(n1, . . . , nn) are commute with each
other, so diag(r1, . . . , rn) is strongly r-precious. 2

For a ring R , X be an R−R bimodule which form a ring with (xy)r = x(yr), (xr)y = x(ry)
and (rx)y = r(xy) where r ∈ R, and x, y ∈ X . For such module X , the ideal exten-
tion {I(R;X) = (r, x) : r ∈ R and x ∈ X} with usual addition, and the multiplication given by
(r, x)(r′, x′) = (rr′, rx′ + xr′ + xx′) form a ring.

Now, we prove some elementary results on Ideal extention.
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Proposition 2.16. Let I(R;X) be strongly r-precious then R is strongly r-precious.

Proof. Let P = I(R;X) and r ∈ R, then (r, 0) ∈ P . Thus, there exist (m1,m2) ∈ Id(P ), and
(k1, k2) ∈ NReg(P ), (n1, n2) ∈ N(P ) such that (r, 0) = (m1,m2) + (k1, k2) + (n1, n2).
But (k1, k2)(m1,m2) = (m1,m2)(k1, k2), (n1, n2)(m1,m2) = (m1,m2)(n1, n2) and
(n1, n2)(k1, k2) = (k1, k2)(n1, n2). This implies m1k1 = k1m1,m1n1 = n1m1 and k1n1 = n1k1.
Also, (k1, k2)(p1, p2)(k1, k2) = (k1, k2) for some (p1, p2) ∈ P and this implies k1p1k1 = k1,
so k1 ∈ NReg(R). Similarly we can show n1 ∈ Ni(R) and m1 ∈ Ide(R). This implies
r = m1 + k1 + n1 and hence r is strongly r-precious. 2

Proposition 2.17. For a strongly r-precious ring R with Ide(R) and Ni(R) are subset of Z(R)
( centre of the ring R) and xpk + xpx + kpx = x ∀x ∈ X, k, p ∈ R, then I(R;X) is strongly
r-precious.

Proof. Noting that in a strongly r-precious ring R for ∀r ∈ R we have r = k +m + n, km =
mk,mn = nm and kn = nk, where k ∈ NReg(R), m ∈ Ide(R) and n ∈ Ni(R). Consider
(r, x) ∈ I(R;X), this implies (r, x) = (k, x) + (m, 0) + (n, 0). But k = kpk for some p ∈ R,
so (k, x)(p, 0)(k, x) = (kpk, xpk + xpx + kxp) = (k, x) because for any x ∈ X and k, p ∈ R,
we have xpk + xpx + kxp = x. Therefore (k, x) ∈ NReg(I(R;V )). Now we need to prove
that (k, x), (m, 0) and (n, 0) are commute with each other. Here (k, x)(m, 0) = (km, xm) =
(mk,mx) = (m, 0)(k, x). Similarly, (n, 0)(k, x) = (k, x)(n, 0) and (m, 0)(n, 0) = (n, 0)(m, 0).
Hence I(R;X) is strongly r-precious. 2

For a given ring R and group G, the group ring over R is denoted by RG. By Theorem 2.6
it is easy to see that if group ring RG is strongly r-precious then fundamental ring R is also
strongly r-precious.

Now we give some groups and rings for which the corresponding group ring become a
strongly r-precious.

Proposition 2.18. For a group G, if R is a semiperfect commutative ring and (mRm)G is a
strongly r-precious for each local idempotent m in R then RG is strongly r-precious ring.

Proof. By [1, Theorem 2.1], semiperfect ring R has a complete orthogonal set of idempo-
tents m1.m2,m3, ....mn with each mjRmj is a local ring ∀j ∈ {1, 2, . . . , n}. So idempotent
mj is local for each j. Now, by assumption (mjRmj)G is a strongly r-precious ring. Since
(mjRmj)G ∼= mj(RG)mj , ∀j ∈ {1, 2..., n}, this implies mj(RG)mj is strongly r-precious
ring. Thus, RG is strongly r-precious ring by Proposition 2.10. 2

Proposition 2.19. For a group G = {1, g} and a ring R with 2 is invertible, the group ring RG
is strongly r-precious if and only if R is strongly r-precious.

Proof. From Theorem 2.6, one direction is obvious. Conversely in a strongly r-precious ring
where 2 is invertible, we have RG ∼= R × R ([3, Proposition 3]). This implies RG is strongly
r-precious. 2

References
[1] F.W. Anderson and K.R. Fuller, Rings and Categories of Modules, Graduate Texts in Mathematics,

13(192), Springer-Verlag, Newyork.

[2] N. Ashrafi, E. Nasibi and T.Yen, r-clean rings, Amth. Rep., 15, 125–132(2013).

[3] N. Ashrafi and E. Nasibi, Rings in which elements are the sum of an idempotent and a regular element.,
Bull. Iran. Math Soc, 39, 588–589(2013).

[4] N. Bisht, A note on r-precious ring, Journal of Algebra and Its Applications, 39, 588–589(2021).

[5] A.J. Diesl, Nil clean rings, Journal of Algebra, 383, 197–211(2013).

[6] J. Han and W.K. Nicholson, Extentions of clean rings, Commun. Algebra, 29(6), 2589-2595(2001).



84 R.G.Ghumde, P.O.Bagde, S. D. Upadhye and Laxmi Rathour

[7] D. Khurana and V. Camilo, A characterization of unit regular rings, Commun. Algebra, 29, 2293–
2295(2006).

[8] W.K. Nicholson, Lifting idempotent and exchange rings, Trans. Amer. Math. Soc., 229, 269-278(1977).

[9] W.K. Nicholson, Strongly clean rings and Fitting’s lemma, Commun. Algebra, 27(8), 3583-3592(1999).

[10] G.R. Vadiraja Bhatta, B.R. Shankar, V.N. Mishra, P. Poojary, Sequences of numbers via Permutation Poly-
nomials over some finite rings, Proyecciones J. Math. (Antofagasta, On line), 39(5), 1295-1313(2020).

Author information
R.G.Ghumde, Department of Mathematics, Shri Ramdeobaba College of Engineering and Mangement, Nagpur
440013, Maharashtra, India.
E-mail: ghumderg@rknec.edu

P.O.Bagde, Department of Mathematics, Shri Ramdeobaba College of Engineering and Mangement, Nagpur
440013, Maharashtra, India.
E-mail: bagdepo@rknec.edu

S. D. Upadhye, Department of Computer Applicatins, Shri Ramdeobaba College of Engineering and Mange-
ment, Nagpur 440013, Maharashtra, India.
E-mail: upadhyesd@rknec.edu

Laxmi Rathour, Bhagatbandh, Anuppur 484 224, Madhya Pradesh, India.
E-mail: rathourlaxmi562@gmail.com


	1 Introduction
	2 Strongly r-precious rings

