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Abstract In this work, we consider a Neumann boundary value problem for equations involy-
ing the p(x)-Laplacian-like operators with two real parameters and two Carathéodory functions
that satisfy only the growth condition. We apply the topological degree for a class of demicon-
tinuous operators of generalized (S;.) type and the theory of variable-exponent Sobolev spaces
to etablish the existence of weak solutions for the considered problem.

1 Introduction and motivation

Fartial differential equations with nonlinearities and nonconstant exponents has been received
considerable attention in recent years. Perhaps the impulse for this comes from the new search
field that reflects a new type of physical phenomenon is a class of nonlinear problems with
variable exponents. Modeling with classic Lebesgue and Sobolev spaces has been demonstrated
to be limited for a number of materials with inhomogeneities. In the subject of fluid mechanics,
for example, great emphasis has been paid to the study of electrorological fluids, which have the
ability to modify their mechanical properties when exposed to an electric field. Rajagopal and
M. Ruzicka recently developed a very interesting model for these fluids in [31] (see also [33]),
taking into account the delicate interaction between the electric field E(x) and the moving liquid.

This type of problem’s energy is provided by / [VulP @) da. This type of energy can also be found
Q

in elasticity problems [36]. Other applications relate to image processing [1, 9], elasticity [37],
the flow in porous media [5, 25], and problems in the calculus of variations involving variational
integrals with nonstandard growth [2, 7, 10, 26, 34].

Let Q be a smooth bounded domain in RN (N > 1), with a Lipschitz boundary denoted by
0Q. In this paper we deal with the question of the existence of a weak solutions for a class of
p(z)-Laplacian-like Neumann boundary value problem, arising from capillarity phenomena, of
the following form:

—Ai)(m)u +0(2)|ul*™ 20 = pg(e,u) + X f(z,u, Vu) inQ,
(1.1)
%Z =0 on 0Q,
where
|Vu|2P(*) =27y, )

V1 + |Vul?r)

is the p(z)-Laplacian-like operators p(-), a(-) € C(Q) with p(-) is log-Hélder continuous func-

A]lg(x)u = div(|Vu|p(””)_2Vu
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tion (in a sense to be precised in Section 2), 6 € L*°(Q), u and X are two real parameters, 1
is the outer unit normal to 0Q, g : Q xR = Rand f : Q x R x RN — R are Carathéodory
functions that satisfy the assumption of growth.

The motivation for this research originated from the application of similar problems in physics
to model the behavior of electrorheological fluids (see [31, 33]), specifically the phenomenon
of capillarity, which depends solid-liquid interfacial characteristics as surface tension, contact
angle, and solid surface geometry. Recently problems like (1.1) has received more and more
attention, such as [4, 6, 15, 16, 17, 18, 19, 20, 21].

Problems related to (1.1) have been studied by many scholars, for example, W. Ni et al.
[29, 30] study the following equations

fdiv(L) = f(u) inRY, (1.2)

V14 |Vul?

Vu . .
) is most often denoted by the specified mean curvature opera-

V1 +[Vuf?
tor.

For a(z) = p(z), p > 0, A\ > 0, 6 € L>®(Q) with essinfod > 0 and f independent of
Vu, Afrouzi et al. [3] established some new sufficient conditions underwhich the problem (1.1)
possesses infinitely many weak solutions. Their discussion is based on a fully variational method
and the main tool is a general critical point theorem.

In the present paper, we will generalize these works, by proving, under a suitable growth
conditions on g and f, the existence of a weak solutions for the problem (1.1) by using another
approach based on the topological degree for a class of demicontinuous operators of general-
ized (Sy) type of [8] and the theory of the variable-exponent Sobolev spaces. To the best of our
knowledge, this is the first paper that discusses a Neumann boundary value problem driven by
p(z)-Laplacian-like operators depending on two real parameters via topological degree meth-
ods.

The remainder of the article is organized as follows. In Section 2, we review some fundamen-
tal preliminaries about the functional framework where we will treat our problem. In Section 3,
we introduce some classes of operators of generalized (S..) type, as well as the Berkovits topo-
logical degrees. Finaly, in Section 4, we give our basic assumptions, some technical lemmas,
and we will state and prove the main result of the paper.

The operator —diV(

2 Preliminaries

In the analysis of problem (1.1), we will use the theory of the generalized Lebesgue-Sobolev
space LP'%)(Q) and W'P®)(Q). For convenience, we only recall some basic facts with will be
used later, we refer to [24, 28, 12, 13] for more details.
Let Q be a smooth bounded domain in RN (N > 1), with a Lipschitz boundary denoted by
0Q. Set
Cc.(Q) = {p :p € C(Q) such that p(z) > 1 for any x € ﬁ}.

For each p € C,(Q), we define
pT = max {p(x), x € ﬁ} and p~ = min {p(x), x € ﬁ}.
For every p € C(Q), we define
Lr@(Q) = {u : Q = R is measurable such that /Q|u(a:)|p(z)da: < +oo},
equipped with the Luxemburg norm
[l () = inf{)\ >0 ppia) (%) < 1},

where
pp@)(u) = / |u(cc)|p(x)dx, Vuce me(Q).
Q
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Proposition 2.1. [24, Theorem 1.3 and Theorem 1.4] Let (u,,) and u € Lp(=) (Q), then

[ulpz) < L(resp. = 1:> 1) & pppy(u) < 1(resp. = 1;> 1), 2.1
[ufp(zy > 1 = |u\p<; < Py (u) < \u|z(;), (2.2)
[ulpay <1 = (4l < poiay (u) < ul’y,, (2.3)
lim Jup — ulyq) =0 < lim py( (un —u) =0. (2.4)

Remark 2.2. According to (2.2) and (2.3), we have
oy < Py () + 1, 2.5)
Potay () < Julp ) + lulp (2.6)

Proposition 2.3. [28, Theorem 2.5 and Corollary 2.7] The space (LP\)(Q), |- |,(.)) is a sepa-
rable and reflexive Banach space.

Proposition 2.4. [28, Theorem 2.1] The conjugate space of LP®)(Q) is L?'(*)(Q) where ﬁ +
Ta = 1 for all z € Q. For any v € LP®)(Q) and v € L' #)(Q), we have the following
Holder-type inequality

‘/ uv dl" < ( ) |’U,|p |’U|p/(m) < 2|u\p<I)\v|p/(w) (27)

Remark 2.5. [24, Theorem 1.11] If py, po € C(Q) with p;(z) < pa(z) for any = € Q, then we
have LP>(*)(Q) — L7(*)(Q).

Now, let p € C(Q) and we define W'*#)(Q) as
Wwlee)(Q) = {u e LP@)(Q) such that |Vul L”(I>(Q)},

equipped with the norm
‘u|l,p(ac) = |u|p(a:) + |Vu‘p(a:)

Furthermore, we have the compact embedding W'»(*) (Q) — LP(®)(Q)(see [28]).
Remark 2.6. Note that for all u € W'?(#)(Q), we have
ulp@) < [l p) and [Vulye) < |ulipe)
Next, for all u € W'P()(Q), we introduce the following notation
P1p() (W) = Pp(a) (W) + pp(a) (V).
Then, from [24, Theorem 1.3], we have the following result.

Proposition 2.7. If u € W' P(#)(Q), then the following properties hold true

|ul1 pa) < I(resp.=1;,> 1) & p17p(w)(u) < 1(resp.=1;>1), (2.8)
[uli gy > 1 = [ul} ) < P1p) (w) < Julf g, 2.9
ulipa) < 1 = |u|f,p(m> < prpe) () < Julf - (2.10)

Proposition 2.8. [24, 28] The space (lep(“’)(Q), [-] l,p(az)> is a separable and reflexive Banach
space.
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3 A review on the topological degree theory

We start by defining some classes of mappings. In what follows, let X be a real separable
reflexive Banach space and X* be its dual space with dual pairing (-, - ) and given a nonempty
subset D of X. Strong (weak) convergence is represented by the symbol — (—).

Definition 3.1. Let Y be another real Banach space. An operator F': D C X — Y is said to be
(i) bounded, if it maps any bounded set to a bounded set.
(ii) demicontinuous, if (u,) C D, and u,, — v in X as n — oo, then F(u,) — F(u)inY.

(iii) compact, if it is continuous and the image of any bounded set in X is relatively compact in
Y.
Definition 3.2. A mapping F': D C X — X* is said to be
(i) of class (S.), if for any sequence (u,,) C D with u,, — win X and lim sup(Fu,, u, —u) <
n—oo

0, we have u,, — v in X.
(ii) quasimonotone, if for any sequence (u,) C D withu,, — uin X, we have lim sup{Fu,, u,—
u) > 0. e
Definition 3.3.Let 7' : D; C X — X* be a bounded operator such that D C D;. For any
operator F': D C X — X we say that

(i) F ofclass (S, ), if for any sequence (u,,) C D with u,, — win X, y,, := Tu, — y in

X* and lim sup(Fu,, y, —y) <0, we have u,, — uin X.
n—oo

(ii) F has the property (QM)r, if for any sequence (u,) C D with u,, — win X, y,, :=
Tu, — yin X*, we have lim sup(Fu,,,y — yn) > 0.

n—oo

In the sequel, we consider the following classes of operators:
Fi(D) = {F : D — X* : F is bounded, demicontinuous and of class (S+)},
Fr(D) = {F : D — X : F is demicontinuous and of class (S+)T},
Frp(D) = {F € Fr(D) : F is bounded },

forany D C D(F'), where D(F') denotes the domain of F, and any T € F,(D).
Now, let O be the collection of all bounded open sets in X and we define

F(X):= {F ceFr(E):E€0O, Te J-"l(E)},

where, T € Fi(E) is called an essential inner map to F.

Lemma 3.4. [27, Lemma 2.3] Let E be a bounded open set in a real reflexive Banach space X,
and let T € F\(E) be a continuous operator. Let S : D(S) C X* — X be a demicontinuous

operator, such that T(E) C D(S). Then, the following statements hold.
(i) If S is quasimonotone, then I + S o T € Fr(E), where I denotes the identity operator.
(ii) If S is of class (S..), then So T € Fr(E).

Definition 3.5. Suppose that E is bounded open subset of a real reflexive Banach space X,
T € Fi(E) is continuous and F, S € Fr(E). Then the affine homotopy H : [0,1] x £ — X
defined by

H(t,u) := (1 —t)Fu+tSu, forall (t,u)e[0,1]xFE

is called an admissible affine homotopy with the common continuous essential inner map 7.
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Remark 3.6. [27, Lemma 2.5] The above affine homotopy is of class (S+)r.
As in [27] we give the topological degree for the class F(X).
Theorem 3.7. Let
M:{@Eﬁ%EeaTeﬂ@mFeﬁmﬂﬂth@m}
Then, there exists a unique degree function d : M — 7 that satisfies the following properties:
(i) (Normalization) For any h € F(E), we have

d(I,E,h) = 1.

(ii) (Additivity) Let F € Fr p(E). If By and E, are two disjoint open subsets of E such that
h & F(E\(E1 U E»)), then we have

d(F,E,h) =d(F,Ei,h) + d(F, Ey, h).
(iii) (Homotopy invariance) If H : [0,1] x E — X is a bounded admissible affine homotopy

with a common continuous essential inner map and h: [0,1] — X is a continuous path in
X such that h(t) ¢ H(t,0F) for all t € [0, 1], then

d(H(t,-),E,h(t)) = C for all t € [0, 1].
(iv) (Existence) If d(F, E, h) # O, then the equation Fu = h has a solution in E.
(v) ( Boundary dependence) If F, S € Fr(E), F = S on OF, and h ¢ F(OF), then

d(F,E,h) = d(S, E, h).

Definition 3.8. [27, Definition 3.3] The above degree is defined as follows:
d(F,E,h) = dB(F|EO, Eo, h),

where dp is the Berkovits degree [8] and Ey is any open subset of E with F -1 (h) C Eyand F
is bounded on E.

4 Assumptions and main result

In this section, we will discuss the existence of weak solutions of (1.1).
We assume that Q C RN (N > 1) is a bounded domain with a Lipschitz boundary 0, p €

C.(Q) satisfy the log-Holder continuity condition (2?), 6 € L™®(Q), a € CL(Q) with2 < o™ <
a(z) <at <p  <plxr)<p" <00, g: QxR —=Rand f: QxR xRN — R are functions
such that:

(A1) f is a Carathéodory function.
(Ay) There exists ¢ > 0 and v € L?'*)(Q) such that

f(2,¢,6)] < o(v(@) + [¢]9@) =" + [g)a==1),

(A3) g is a Carathéodory function.

(A4) There exists o > 0 and v € LP'*)(Q) such that
lg(x, )| < o(v(z) + [¢*@~1,

forae. x € Qandall (¢,€) € R x RN, where q,s € C.(Q) with2 < ¢~ < q(x) < q¢" < p~
and?2 < s < s(z) <st <p~.
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v 2p(x)—2
Remark 4.1.  + Note that forall w € W) (Q) / (|vu|P<-f>—2w+|“|—V“)
Q

Vw
V1+ [Vu|?@)
is well defined (see [32]).

o 8(x)|u|*®) 2y, 1 g(2,u) and X f(z, u, Vu) are belongs to LP (*) (Q) under u € W) (Q),
the assumptions (A;) and (A4) and the given hypotheses about the exponents p, o, ¢ and s

because: r(z) = (q(x) — 1)p'(z) € C(Q) with r(z) < p(z), B(z) = (afz) — 1)p'(z) €
C+(Q) with 8(z) < p(z) and k(z) = (s(x) — 1)p'(x) € C+(Q) with x(z) < p(z).

Then, by Remark 2.5 we can conclude that Lr@) —y [r@@) pp(@) «y 5@ gpng [P@)
L@,

Hence, since w € LW”)(Q), we have

( — () [u]*@ 20+ pg(z,u) + N f(z,u, Vu))w c L1(Q).

This implies that, the integral

/ ( — () [u]*@ 20+ pg(z,u) + A f(z,u, Vu))wdx
o

exist.
Then, we shall use the definition of weak solutions for problem (1.1) in the following sense:

Definition 4.2. We say that a function u € W1?(*)(Q) is a weak solution of (1.1), if for any
w € WHPE)(Q), it satisfies the following:

2p(z)—2
/ (|Vu|p<x>_2Vu + W—W)Vu}dw = / ( — 8(a)|u|*® 20 + gz, u) + A f(z,u, Vu))wdx.
Q Q

V1 + [Vul|?r@)

Before giving the existence result for (1.1), we first give two lemmas that will be used in the
proof of this result.
Let us consider the following functional:

1
= — |V (z) + 7, 12p(x
J(w): /Qp(x) (| ul’ L [Vupt ))dm'

From [32], it is obvious that the derivative operator of the functional [J in the weak sense at the
point u € WHP)(Q) is the functional Tu € W17 (#)(Q), given by

2p(x)—2
IWI—W)W%
V14 |Vu|??@)

for all u,w € W"2(*)(Q)where (-, is the duality pairing between W' (Q) and W'»(*) (Q).
In addition, the following lemma summarizes the properties of the operator T (see [32, Propo-
sition 3.1.]).

(Tu,w) = / (1Vul?t?2Vu+
Q

Lemma 4.3. The mapping
T Whel)(Q) — w12 (@)(Q)
2p(z)—2
<Tu’w> = / <|vu|p(z)72vu + |VU|—VU) dx’
Q

Vi)
is a continuous, bounded, strictly monotone operator, and is of class (Sy).
Lemma 4.4. Assume that the assumptions (A) — (A4) hold, then the operator

P wheE)(Q) —» WP @)(Q)

(Pu,w) = —/Q ( — () [u]*@ 20+ pg(z,u) + A f(z,u, Vu))wdx,

for all u,w € W) (Q), is compact.
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Proof. In order to prove this lemma, we proceed in four steps.
Step 1: Let Y : W'»(®)(Q) — L (*)(Q) be an operator defined by

Yu(x) := —pg(z,u).

In this step, we prove that the operator Y is bounded and continuous.
First, let u € W1P(#)(Q), bearing (A4) in mind and using (2.5) and (2.6), we infer

|Yu|p’(:z) < pp’(as)(YU) +1

B / g, u(@) P “dz + 1
Q
B / P g (@, u(@)|P P dx + 1
Q
= (\ul”’fﬂul” / v(x) + "~ )Ip'“)dz‘ﬂ
Q
<0 +1") [ ()P + o) )do 41
< (Il + 11" ) (pria) () + Py ()) + 1

< C(IwlEfe, + uligey + i ) + 1.

Then, we deduce from Remark 2.6 and LP(®) < L’*(“:), that
I+ e o
|TU|P'<I) < CO’n,St<|I/|Zl)’p(z) + |u|l,p(r) =+ |u|l,p(x)) + 1’

that means Y is bounded on W'7(*)(Q).

Second, we show that the operator Y is continuous. To this purpose let

u, — win WHP#)(Q). We need to show that Yu, — Yu in L (*)(Q). We will apply the
Lebesgue’s theorem.

Note that if u,, — w in W) (Q), then u,, — u in LP(I)(Q). Hence there exist a subsequence
(u) of (u,) and ¢ in LP(*)(Q) such that

ug(z) = u(z) and |ug(z)| < é(x), 4.1)

forae. z € Qandall £ € N.
Hence, from (4;) and (4.1), we have

lg(z, uk(2))] < o(v(@) + o)),

for a.e. z € Q and for all £ € N.
On the other hand, thanks to (A43) and (4.1), we get, as k — oo

g(z,up(z)) = g(z,u(z)) ae. z € Q.

Seeing that
v+ g0 e LP(Q),

and

Ppr () Yup, — Yu) = /Q lg(z, ug(x)) — g(ﬂc,u(m))V’/(m)dx,
then, from the Lebesgue’s theorem and the equivalence (2.4), we have
Yur — Yu in LP'9)(Q),

and consequently
Yu, — Yu in L ®)(Q),
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that is, Y is continuous.
Step 2 : We define the operator ¥ : W'»()(Q) — L (*)(Q) by

Wu(z) == 0(z)|u(z)| @ 2u(z).

We will prove that ¥ is bounded and continuous.
It is clear that ¥ is continuous. Next we show that ¥ is bounded.
Let u € W'(®)(Q) and using (2.5) and (2.6), we obtain

B / 16() [u]*) 2 ) de + 1
Q

:/ 18(2)[7' @ [y @@ =DP' @) gy 1 1
Q

<1617+ g /Q @ dz + 1
= 11811% s (@ P00 (1) + 1
< 11017 g (10l + Pl ) 1.
Hence, we deduce from LP(*) < L) and Remark 2.6 that
Wulp (@) < 00”3t<|“‘?,;<w> + ‘“'f;m) +1,

and consequently, ¥ is bounded on W'7(*)(Q).
Step 3 : Let us define the operator & : WP (Q) — L' (#)(Q) by

Pu(z) == =X f(z,u(z), Vu(x)).

We will show that @ is bounded and continuous.
Let u € WP (Q). According to (A;) and the inequalities (2.5) and (2.6), we obtain

\CI>u|p/(l) S pp/@) (CDU) + 1
N / X (@, u(x), Vu()) [P da + 1
Q
B / AP @£ (@, u(2), Va(@) P Pde + 1
Q
< (AP + ) [ Te(36a) + fult ! [Fupre ) W 41
Q
<O+ ) [ (D@P + 1l +9a ) do + 1
Q
o rt T rt T
< C (17184, + lulf o) + Tl + [Vuliiy) + [ Vuly,)) +1.
Taking into account that LP(*) < L"(*) and Remark 2.6, we have then
(Bl ) < const (1717 + [0lf ) + 0l ) + 1,

and consequently @ is bounded on W1 7(*)(Q).
It remains to show that ® is continuous. Let u,, — u in W2 (Q), we need to show that
du,, — Puin LP' @) (Q). We will apply the Lebesgue’s theorem.
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Note that if u,, — w in W'?(®)(Q), then u,, — u in L*)(Q) and Vu,, — Vu in (LP*)(Q))N.
Hence, there exist a subsequence (uy) and ¢ in LP(*)(Q) and + in (LP(*)(Q))"N such that

up(x) = u(z) and Vug(z) = Vu(zx), 4.2)

ju(2)] < ¢(x) and [Vuy(z)] < [¢(2)], 4.3)

forae. x € Qandall kK € N.
Hence, thanks to (A4;) and (4.2), we get, as k — oo

[z, up(x), Vug(z)) = f(z,u(z), Vu(z)) ae. ze Q.
On the other hand, from (A,) and (4.3), we can deduce the estimate
|f (2, un (@), Vg ()] < o(y(@) + [d(2)|1) " 4 [gh(2)]90)7),

fora.e. x € Q and for all k € N.
Seeing that

T B (@)1 € 1) (@),

and taking into account the equality

Pt () (Pur — Pu) = / | £, (@), Vur(x)) = f(z, u(z), Vu(z))|” Ddz,
Q
then, we conclude from the Lebesgue’s theorem and (2.4) that
duy — du in L7 *)(Q),

and consequently
®du,, — du in LF@)(Q),

and then @ is continuous.
Step4: Let I* : L' (*)(Q) — W~ 17'(*)(Q) be the adjoint operator of the operator I : W' ?(#)(Q) —

Lr@(Q).
‘We then define
I oYX : Whw@ (Q) — w1 @) (Q),
oW : Wh*@(Q) - w1 @(Q),
and

Iod: W@ (Q) » w7 (@(Q).

On another side, taking into account that I is compact, then I* is compact. Thus, the composi-
tions [* oY, I* oW and I* o ® are compact, that means P = [* o Y 4 I* oW + I* o ® is compact.
With this last step the proof of Lemma 4.4 is completed. O

We are now in the position to get the existence result of weak solutions for (1.1).

Theorem 4.5. Assume that the assumptions (A1) — (A4) hold, then the problem (1.1) possesses
at least one weak solutions u in WP (Q).

Proof. The basic idea of our proof is to reduce the problem (1.1) to a new one governed by a
Hammerstein equation, and apply the theory of topological degree introduced in Section 3 to
show the existence of a weak solutions to the state problem.

First, for all u,w € W'?(*)(Q), we define the operators G and P, as defined in Lemmas 4.3
and 4.4 respectively,

G : WH)(Q) — W)
|VU|2P(‘T)*2VU )

—— |Vw
V 1+ |Vul?r@)

(Gu.w) = [ (IVa®@2vu+
Q

)
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P wheE)(Q) — WP @)(Q)
(Pu,w) = —/ ( — §(a)|[u|* @20+ pg(x,u) + A f(z,u, Vu))wda;.
Q
Consequently, the problem (1.1) is equivalent to the equation
Gu = —Pu, ue WP (Q). (4.4)

Taking into account that, by Lemma 4.3, the operator G is a continuous, bounded, strictly mono-
tone and of class (S5 ), then, by [35, Theorem 26 A], the inverse operator

Q=g WP E(Q) 5 W@ (Q),

is also bounded, continuous, strictly monotone and of class (S, ).

On another side, according to Lemma 4.4, we have that the operator P is bounded, continuous
and quasimonotone.

Consequently, following Zeidler’s terminology [35], the equation (4.4) is equivalent to the fol-
lowing abstract Hammerstein equation

w=Quw and w+PoQuw=0, ue W (Q)andw e W1 #(Q). (4.5)
Seeing that (4.4) is equivalent to (4.5), then to solve (4.4) it is thus enough to solve (4.5). In

order to solve (4.5), we will apply the Berkovits topological degree introducing in Section 3.
First, let us set

&= {w e W' @(Q): 3¢ e[0,1] suchthat w + tP o Qu = O}.
Next, we show that £ is bounded in € W~1?'(@)(Q).

Let us put u := Qu for all w € £. Taking into account that |Qwl, ,(z) = [Vul| p(z), then we have
the following two cases:

Case 2: If |[Vul; () < 1. Then [Quwl; () < 1, that means {Qw ANS S} is bounded.

Case 1: If |Vu|; ;) > 1. Then, from (A;) and (Ay), the inequalities (2.9), (2.7) and (2.6) and
the Young’s inequality, we get

1Qul} ) < Poa) (V)
= (Gu, u)
= (w, Qw)
= —t(P o Qu, Qu)

= t/ ( —5(a) [ul* @20+ pg(x,u) + A f(z,u, Vu))udx
Q

< tma (18 =(ay: ol 60 (pato () + [ (o)l + / y(@)u(a) de
+Ps() (1) + Pyo / [Vl uldz

< (\ul 1l ) + V] o) [l o) + ol + [l + [l + %,

o1 1

+ ol + Pt (V) + =yt ()

< O (Il + 1l + ulye) + Tl + Tl + Tl + Tl + 1Vully, ),

then, according to Lr@) — pa@) pple) y ps@@) pp(@) «y 14(@) gnd Remark 2.6, we get

|QW|11),;(1.) < C(\Qwh’;(m) + Qw1 ) + 1QwIT ) + \QW|?7P(I>)7
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what implies that {Qw rwe€ } is bounded.

On the other hand, we have that the operator is P is bounded, then P o Qw is bounded. Thus,
thanks to (4.5), we have that £ is bounded in W ~17"(#)(Q).
However, 3 R > 0 such that

lwl_1 @) < R forall we €,

which leads to
w+tPoQw#0, we dEr(0) and ¢ € [0, 1],

where £5(0) is the ball of center 0 and radius R in W ~1#'(#)(Q).
Moreover, by Lemma 3.4, we conclude that

[+PoQe Fo(En(0) and I =Go Q€ Fo(Ex(0)).

On another side, taking into account that I, P and Q are bounded, then I + P o Q is bounded.
Hence, we infer that

I+Po Q S .FQ}B(ER(O)) and [ = g o Q S ]:Q)B(gR(O)).

Next, we define the homotopy

#H:[0,1] x Ex(0) — WL E)(Q)
(t,w) = H(t,w) == w + tP o Qu.

Hence, thanks to the properties of the degree d seen in Theorem 3.7, we obtain
d(I4+PoQ,Er(0),0) =d(I,ER(0), 0) =1#0,
what implies that there exists w € £g(0) which verifies
w+PoQuw=0.

Finally, we infer that u = Quw is a weak solutions of (1.1). The proof is completed. O

5 Conclusion

This paper aims is to consider a Neumann boundary value problem involving the p(z)-Laplacian-
like operator. Then, we used the topological degree for a class of demicontinuous operators of
generalized (Sy) type and the theory of variable-exponent Sobolev spaces to etablish the ex-
istence of weak solutions for the considered problem. Therefore, the results of this work are
variant, significant and so it is interesting and capable to develop its study in the future.
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