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Abstract Let G be a finite abelian group. The square power graph of G is a special type
of an undirected simple finite graph whose vertex set is group G itself and two distinct vertices
a, b ∈ G are adjacent if and only if a+ b = 2c for some c ∈ G and 2c ̸= e (e is identity of group
G). In this paper, we have studied the structure and various structural properties of square power
graph such as degree of a vertex, diameter, girth, connectedness, independent number, clique
number, etc for finite abelian group. We have introduced and studied extended square power
graph. We have also discussed about prime labeling of square power graph and extended square
power graph.

1 Introduction

Using various group properties, we can define numerous graphs for finite groups such as com-
muting graphs, power graphs, additive power graphs, and prime graphs. In recent years, a num-
ber of scholars have investigated into the various characteristics of graphs of groups. Those
power graphs of finite groups, which are cographs, were explored by P. J. Cameron et al. in 2021
[1]. The various properties of power graphs, enhanced power graphs, deep commuting graphs,
commuting graphs, and non-generating graphs were also researched by P. J. Cameron[2]. A.
Sehgal and S. N. Singh presented a formula to determine the degree of a vertex in a finite abelian
group’s power graph[3] and for kth−power graph of finite abelian group in [4]. A. Sehgal et
al. studied co-prime order graphs of finite abelian groups and established a solution to calculate
the degree of each vertex in the finite abelian group’s co-prime order graph[5]. For a detailed
survey on graph labeling and graceful labeling of power graph we refer to [6, 7]. A. V. Kanetkar
shows that prime labeling for specific grids is possible[8]. D. Beutner and H. Harborth studied
graceful labeling of nearly complete graphs [9]. D. Sinha and D. Sharma characterized absorp-
tion cayley graphs and their properties such as connectedness, degree, diameter, planarity, girth,
regularity, etc in [10]. General Randic energy of the various graphs obtained through graph oper-
ations is studied in [11]. Various structural properties of line graphs associated to the unit graphs
of rings, square element graphs over semi-groups and idempotent graph of rings are studied in
[12, 13, 14]
Structure of square power graph of Zn and Zm

2 × Z2n is studied in [15]. R. R. Prathap and
T. T. Chelvam studied various properties such as connectedness, diameter, girth, independent
number, clique number, chromatic number etc of cubic power graph and complement graph of
square power graph of finite abelian group in [16, 17] respectively. Throughout this paper we
have studied structure and various properties of square power graph Γsq(G) such as degree,
radius, diameter, girth, connectedness, independent number, clique number, etc. We have estab-
lished prime labeling of square power graph under different conditions. We have also defined
and studied various properties of extended square power graph Γsqe(G).
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2 Preliminaries

Let us discuss some basic terms of graph theory and related to groups which are used throughout
this paper. A simple undirected finite graph with V vertex set and E edge set is denoted as
Γ = (V,E). Any graph is said to be connected if there is a path between every pair of different
vertices. If every pair of distinct vertices in graph Γ are joined by an edge then Γ is said to
be complete. Complete graph with n vertices is denoted as Kn. The length of shortest path
between two vertices a and b in graph is known as distance between vertices a and b, denoted
as d(a, b) and in case no such path exists between a and b then d(a, b) = ∞. Eccentricity
of vertex a in graph Γ is the maximum distance of a to any vertex in Γ denoted by e(a) i.e
e(a) = max{d(a, b) : b ∈ G}. Minimum eccentricity among elements of G in Γ is known as
radius of Γ, denoted as radius(Γ) and whereas maximum eccentricity is known as diameter of
Γ denoted as diam(Γ). If eccentricity of every vertex of graph Γ has same value then graph Γ

is said to be self-centered i.e if radius(Γ) = diam(Γ) then Γ is said to be self-centered. The
length of the shortest cycle in graph Γ is known as girth of Γ and denoted as gr(Γ). If there exist
no cycle in Γ then we have gr(Γ) = ∞. If K1,n−1 is a sub-graph of graph Γ with n vertices
then Γ is said to be refinement of star graph K1,n−1 (here Γ is not complete graph). Number of
vertices adjacent with vertex a is known as degree of vertex a, denoted as degΓ(G)(a). A clique
is a subset of V (Γ) such that sub-graph with vertex set as that subset, is complete. Number of
vertices in clique of Γ with maximum vertices is known as clique number, denoted as ω(Γ). A
set of vertices in which no two vertices are adjacent is known as independent set and number
of vertices in maximal independent set is known as independent number. If all the vertices of
connected graph Γ have even degree then Γ is said to be eulerian graph.
All groups considered in this paper are nontrivial finite abelian groups. We have used 0 or e for
identity element of G. The additive power graph Γ(G) of finite abelian group G is the simple
undirected graph whose vertex set is group itself and two distinct vertices a,b are adjacent if and
only if a + b = nc for some n ≥ 2 and c ∈ G with nc ̸= e, where e is identity of G. When
n = 2, additive power graph is studied as square power graph with notation Γsq(G). We have
G1 = {2c : c ∈ G} ⊆ G for a finite abelian group G and G2 = G \ G1 so G = G1 ∪ G2. It
should be noted that two distinct elements a, b ∈ G have edge between them in Γsq(G) if and
only if a + b ∈ G1 \ {e}. When gcd(|G|, 2) = 1 for a finite abelian group G, then we have
G1 = {2a : a ∈ G} = G.
Also we define a new graph, extended square power graph Γsqe which is simple undirected finite
graph whose vertex set is group G itself and two distinct vertices a, b are adjacent if and only if
a + b = 2c where c ∈ G i.e two distinct vertices a, b ∈ G are adjacent in Γsq(G) if and only if
a+ b ∈ G1. As graphs discussed in this paper are simple so whenever we are using two vertices
a and b, we mean distinct vertices. We have used complement of component of graph to simplify
the representation of the structure of Γsq(G). Throughout this paper we have used p, pi for prime
numbers and G(pi) for pi-group.

3 Structural Properties

Theorem 3.1. Let G be a finite abelian group, such that G = G(p1) × G(p2) × · · · × G(pn);
n ∈ N and G(pi) ∼= Zp

mi
i

, mi ∈ N where pi ̸= 2. Then

(i) Γsq(G) = [K1 ∪
∏n

i=1 p
mi
i −1

2 K2]
(ii) Γsq(G) is connected.

(iii)degΓsq(G)(a) =

{
|G| − 1 if a = a−1

|G| − 2 otherwise
(iv) radius

(
Γsq(G)

)
= 1 and diam

(
Γsq(G)

)
= 2

(v) gr
(
Γsq(G)

)
=

{
∞ if G ∼= Z3

3 otherwise
(vi) Γsq(G) is a refinement of the star graph K1,|G|−1.

Proof. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N where
G(pi) ∼= Zp

mi
i

, mi ∈ N and pi ̸= 2. So we have gcd(|G|, 2) = 1 and so G1 = G.
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(i) Identity element e of group G is adjacent with every vertex in Γsq(G) as e + a ∈ G1 \ {e}
∀ a ∈ G \ {e}. There exist no non-identity element a ∈ G such that a = a−1 so we have for
every non-identity element a ∈ G adjacent with every b ∈ G \ {a−1} as a + b ∈ G1 \ {e}. So
in complement we have identity element adjacent with no vertex and non-identity vertex only

adjacent with their inverse in Γsq(G). Hence Γsq(G) = [K1 ∪
∏n

i=1 p
mi
i −1

2 K2].
(ii) As discussed in above part (i), identity element is adjacent with every element of G, so we
have path between every pair of vertices in Γsq(G). Hence Γsq(G) is connected.
(iii) As we have only identity element of G which is self inverse and also it is adjacent with
all non-identity elements of G in Γsq(G) so we have degΓsq(G)(a) = |G| − 1 when a = a−1

(in this case only possible value of a is identity element of G). Also for every non-identity
element a ∈ G we have a ̸= a−1 and adjacent with every element of G \ {a, a−1}. So we get
degΓsq(G)(a) = |G| − 2 when a ̸= a−1.
(iv)Since every non-identity element a of G is adjacent with identity element e of G, as described
in (i), so d(e, a) = 1 ∀a ∈ G \ {e}. So we have eΓsq

(e) = 1. Every a ∈ G \ {e} is adjacent
with every b ∈ G \ {a−1} so we have d(a, b) = 1 and d(a, a−1) = 2 for every a ∈ G \ {e}, so
shortest path between vertices a, a−1 is a− e− a−1 which give us eΓsq

(a) = 2. Hence we have
radius

(
Γsq(G)

)
= 1 diam

(
Γsq(G)

)
= 2.

(v) Case 1. When G ∼= Z3 then we have Γsq(G) = P3 as e identity vertex adjacent with other
two elements x, x2 and x is not adjacent with x2 as they are inverse of each other, so we have
x− e− x2 path as Γsq(G). Hence gr(Γsq(G)) = ∞.
Case 2. When G ≇ Z3 then we have e, a, b ∈ G such that a+ b ̸= e. Then we have e− a− b− e
cycle of length 3 in Γsq(G), so gr(Γsq(G)) = 3.
(vi) From above discussion, we have Γsq(G) is not a complete graph and as there exists a ∈ G
such that a ̸= a−1 and so we have pair of vertices a, a−1 not adjacent with each other. Now as
identity vertex in Γsq(G), adjacent with |G| − 1 elements of G \ {e} and also a, b(̸= a−1) ∈ G
adjacent with each other. So K1,|G|−1 is sub-graph of Γsq(G). Hence Γsq(G) is refinement of
the star graph with center identity element e.

Theorem 3.2. Let G be a finite abelian group with identity e and G = G(p1) × G(p2) × · · · ×
G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N and pi ̸= 2 then Γsq(G) ∼= Γsq(Zm) where
m =

∏n
i=1 p

mi
i .

Proof. For m =
∏n

i=1 p
mi
i where pi ̸= 2, Γsq(Zm) is a connected graph in which identity

element e is adjacent with every a ∈ Zm \ {e} and every a ∈ Zm \ {e} adjacent with every
b ∈ Zm\{a, a−1}. In Zm we have only identity element e which is self inverse. So in complement
of Γsq(Zm) we have vertex e adjacent with no vertex and every non-identity a vertex adjacent
with only with its inverse a−1 vertex. Hence Γsq(Zm) = [K1 ∪ m−1

2 K2]. Also from Theorem

3.1(i) we have Γsq(G) = [K1 ∪
∏n

i=1 p
mi
i −1

2 K2]. So we have Γsq(G) ∼= Γsq(Zm).

Theorem 3.3. Let G be a finite abelian group with identity e and G = G(p1) × G(p2) × · · · ×
G(ps)× · · · ×G(pr)× · · · ×G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N; pi = 2 for 1 ≤ i ≤ r

and pi ̸= 2 for (r + 1) ≤ i ≤ n. Then we have
(i)Γsq(G) is disconnected.

(ii)degΓsq(G)(a) =

{
|G|
2r − 2 if a−1 ̸= a
|G|
2r − 1 if a−1 = a

(iii)Γsq(G) is

(a) 2r[K1 ∪ ( |G|−2r

2r+1 )K2] when mi = 1 for 1 ≤ i ≤ r and n ̸= r

(b) 2nK1 when mi = 1 and n = r

(c) [2rK1 ∪ ( |G|
2r+1 − 2r−1)K2] ∪ (2r − 1)[ |G|

2r+1 K2] when mi ≥ 2 for 1 ≤ i ≤ r

(d) 2s[2r−sK1 ∪ ( |G|
2r+1 − 2r−s−1)K2] ∪ (2r − 2s)[ |G|

2r+1 K2]

when mi = 1 for 1 ≤ i ≤ s,mi ≥ 2 for s+ 1 ≤ i ≤ r and G ≇ Zs
2 × Z4

(e) 2s[K2] ∪ 2s+1[K1] when G ∼= Zs
2 × Z4

(iv)radius(Γsq(G)) = ∞ and diam(Γsq(G)) = ∞.
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(v)gr
(
Γsq(G)

)
=

{
∞ if G ∈ {Z4,Z6,Zn

2 ,Zn
2 × Z3,Zn

2 × Z4}
3 otherwise

Proof. Let G be a finite abelian group with identity e and G = G(p1)×G(p2)× · · · ×G(pr)×
· · · × G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N; pi = 2 for 1 ≤ i ≤ r and pi ̸= 2 for
(r + 1) ≤ i ≤ n. Then we have G1 ̸= G.
(i) As G1 ̸= G and so every a ∈ G1 is not adjacent with any b ∈ G \ G1 i.e for any a ∈ G1 and
b ∈ G \ G1 we have a + b /∈ G1 \ {e}. So we have pair of vertices a, b in Γsq(G) such that no
path exists between them. Hence Γsq(G) is disconnected.
(ii) Let Gie = {2a : a ∈ G(pi)} and Gio = G(pi) \ Gie for 1 ≤ i ≤ r. Now we have G1 =∏r

i=1 Gie ×G(pr+1)× · · · ×G(pn). Two disjoint elements a = (a1, a2, a3, · · · , ar, · · · , an), b =
(b1, b2, b3 · · · , br, · · · , bn) of G are adjacent in Γsq(G) i.e a + b ∈ G1 \ {e} only when both
ai, bi ∈ Gie or ai, bi ∈ Gio for 1 ≤ i ≤ r and a−1 ̸= b. So we have 2r disjoint components
in Γsq(G), each with

∏n
i=1 p

mi
i

2r vertices. Now we have any vertex a for which a ̸= a−1 of any
component of Γsq(G) adjacent with every vertex other than a and a−1 in that component and any
vertex a for which a = a−1 of any component of Γsq(G) adjacent with every vertex other that
itself in that component. Hence we get degΓsq(G)(a) =

|G|
2r −2 if a−1 ̸= a and |G|

2r −1 if a−1 = a.
(iii) (a) When mi = 1 for 1 ≤ i ≤ r and n ̸= r, then we have G ∼= Z2 ×Z2 · · ·×Z2 ×G(pr+1)×
· · · ×G(pn) = Zr

2 ×G(pr+1)× · · · ×G(pn). As discussed in above part, in Γsq(G) we have 2r

disjoint component and each component with |G|
2r number of vertices. In G we have 2r number of

elements which are self inverse and in each component of Γsq(G) we have one element which is
self inverse. So in every component we have one element adjacent with every other vertex in that
component and |G|

2r − 1 elements in that component adjacent with all vertices in that component

other than itself and its inverse. Hence Γsq(G) = 2r[K1 ∪ (
|G|
2r −1

2 )K2] = 2r[K1 ∪ ( |G|−2r

2r+1 )K2].
Hence the required result.
(b) When mi = 1 and n = r then we have G ∼= Z2 × Z2 × · · · × Z2 = Zn

2 . Then we have
G1 = {e}, where e is identity element of G. So we have no pair of vertices in Γsq(G) for which
a+ b ∈ G1 \ {e} i.e no two vertices in Γsq(G) which are adjacent. Hence Γsq(G) = 2nK1.
(c) When mi ≥ 2 for 1 ≤ i ≤ r, in this case we have all the self-inverse 2r elements of G,
in single component of Γsq(G). So one component of Γsq(G), is [2rK1 ∪ ( |G|

2r+1 − 2r−1)K2].
In remaining 2r − 1 components of Γsq(G) we have no self-inverse element vertex. Hence

2r − 1 components of Γsq(G) are of form [ |G|
2r+1 K2]. Hence in this case we have Γsq(G) =

[2rK1 ∪ ( |G|
2r+1 − 2r−1)K2] ∪ (2r − 1)[ |G|

2r+1 K2].
(d) When mi = 1 for 1 ≤ i ≤ s, mi ≥ 2 for s+ 1 ≤ i ≤ r and G ≇ Zs

2 × Z4
In this case we have 2r components of Γsq(G), out of which 2s components have all the self-
inverse elements of G in such a way that each of them contains 2r−s number of self-inverse
element vertices. So we have 2s components of Γsq(G) of form [2r−sK1 ∪ ( |G|

2r+1 − 2r−s−1)K2].
In remaining 2r − 2s components of Γsq(G) we have no self-inverse element vertices. So we

have 2r − 2s components of form [ |G|
2r+1 K2]. Hence in this case we have

Γsq(G) = 2s[2r−sK1 ∪ ( |G|
2r+1 − 2r−s−1)K2] ∪ (2r − 2s)[ |G|

2r+1 K2].
(e) When G ∼= Zs

2 × Z4
Here we have r = s + 1. In this case instead of having 2s+1 components in Γsq(G), we have
2s + 2s+1 components out of which 2s components have two self-inverse element vertices each
and remaining 2s+1 components have one element (which is not self-inverse) vertex each. So
we have 2s number of K2 components and 2s+1 number of K1 components. Hence Γsq(G) =
2s[K2] ∪ 2s+1[K1].
(iv) As Γsq(G) is disconnected so we have radius(Γsq(G)) = ∞ and diam(Γsq(G)) = ∞.
(v) Case 1. When G ∈ {Z2,Z4,Z6,Zn

2 ,Zn
2 × Z3,Zn

2 × Z4} then by using Theorem 3.3(iii)
structure of Γsq(G) is shown in Theorem 4.1 and Theorem 4.3. We have no cycle in Γsq(G) when
G ∈ {Z2,Z4,Z6,Zn

2 ,Zn
2 ×Z3,Zn

2 ×Z4}. So gr
(
Γsq(G)

)
= ∞ when G ∈ {Z2,Z4,Z6,Zn

2 ,Zn
2 ×

Z3,Zn
2 × Z4}.

Case 2.When G /∈ {Z2,Z4,Z6,Zn
2 ,Zn

2 × Z3,Zn
2 × Z4} then we have e, a, b ∈ G such that

a+ b ̸= e. So we have e− a− b− e cycle of length 3 in Γsq(G). Hence gr(Γsq(G)) = 3.
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Corollary 3.4. Let G be a finite abelian group then Γsq(G) is connected if and only if |G| is odd.

Proof. By using Theorem 3.1(ii) and Theorem 3.3(i) we get the required result.

Theorem 3.5. Let G be a finite abelian group then Γsq(G) is not self-centered.

Proof. Let G be a finite abelian group then
Case 1. When |G| is not divisible by 2 then by using Theorem 3.1 we have graph Γsq(G)
connected, in which identity element e is adjacent with every element of G and non-identity
element a is adjacent with every b ∈ G \ {a, a−1}. So we get eΓsq(e) = 1 and eΓsq(a) = 2 where
a ∈ G \ {e}. Hence Γsq(G) is not self-centered.
Case 2. When |G| is divisible by 2 then we have Γsq(G) is disconnected as shown in Theorem
3.3. So Γsq(G) is not self-centered.

Theorem 3.6. (i)Let G ∼= Zn , n ≥ 2 then we have independent number

β(Γsq(G)) =


2 when gcd(2, n) = 1
2 when n = 2
3 when n = 4
4 when n is even natural number ≥ 6

(ii) Let G be a finite abelian group with identity e and G = G(p1)×G(p2)× · · · ×G(ps)× · · · ×
G(pr)× · · · ×G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N; pi = 2 for 1 ≤ i ≤ r and pi ̸= 2 for
(r + 1) ≤ i ≤ n. Then we have independent number

β(Γsq(G)) =


2n when mi = 1 and n = r

2s + 2s+1 when G ∼= Zs
2 × Z4

2r+1 otherwise

Proof. (i) Case 1. Let G ∼= Zn where n ≥ 2 and gcd(2, n) = 1 then by using Theorem 3.1
and Theorem 3.2 we get that Γsq(G) is connected and there exists a ∈ G which is adjacent with
every b ∈ G \ {a, a−1}, here a−1 ̸= a. So we have maximal independent set {a, a−1} where
a−1 ̸= a. Hence β(Γsq(G)) = 2 if gcd(2, n) = 1.
Case 2. When n = 2 we have Γsq(G) = 2K1 and so we have β(Γsq(G)) = 2 when n = 2.
Case 3. When n = 4 we have Γsq(G) = 2K1 ∪K2 and so we have β(Γsq(G)) = 3 when n = 4.
Case 4. When n is even natural number≥ 6 then we have two disjoint components in Γsq(G).
One component has vertex set G1 = {2a : a ∈ G} and another component have G \ G1 as its
vertex set. Now for every a, b ∈ G1, we have a+ b ∈ G1 \ {e} whenever a−1 ̸= b. And also for
every a, b ∈ G \G1 we have a+ b ∈ G1 \ {e} whenever a−1 ̸= b. Hence we have maximal inde-
pendent set {a, a−1, b, b−1} where a, a−1 ∈ G1 and b, b−1 ∈ G \ G1. So we get β(Γsq(G)) = 4
when n is even natural number ≥ 6.
(ii) Case 1. When mi = 1 and n = r then by using Theorem 3.3(iii)(b) we get Γsq(G) = 2nK1.
So we have Zn

2 as maximal independent set and independent number β(Γsq(G)) = 2n.
Case 2. When G ∼= Zs

2 × Z4 then by using Theorem 3.3(iii)(e) we have Γsq(G) = 2s[K2] ∪
2s+1[K1]. So we have maximal independent set containing 2s+1 vertices forming 2s+1 K1 com-
ponents and one vertex from each 2s K2 components. Hence we have 2s + 2s+1 number of
elements in maximal independent set and so β(Γsq(G)) = 2s + 2s+1.

Case 3. Using Theorem 3.3(iii)(a) we have Γsq = 2r[K1 ∪ ( |G|−2r

2r+1 )K2] when mi = 1 for
1 ≤ i ≤ r and n ̸= r. Then maximal independent set contains a pair of a, a−1 from each of
2r component. Hence we have 2 × 2r = 2r+1 elements in maximal independent set and so
β(Γsq(G)) = 2r+1.

Using Theorem 3.3(iii)(c) we have Γsq(G) = [2rK1 ∪ ( |G|
2r+1 − 2r−1)K2] ∪ (2r − 1)[ |G|

2r+1 K2]
when mi ≥ 2 for 1 ≤ i ≤ r. In this case maximal independent set contains two elements
from each 2r − 1 components and two elements from the remaining component, which gives
β(Γsq(G)) = 2 × (2r − 1) + 2 = 2r+1.

Also from Theorem 3.3(iii)(d) we haveΓsq(G) = 2s[2r−sK1 ∪ ( |G|
2r+1 − 2r−s−1)K2] ∪ (2r −

2s)[ |G|
2r+1 K2] when mi = 1 for 1 ≤ i ≤ s, mi ≥ 2 for s + 1 ≤ i ≤ r and G ≇ Zs

2 × Z4. In
this case we have two elements from each of 2s components and two elements from each of
2r − 2s components forming maximal independent set. So we have 2 × (2r − 2s) + 2 × 2s =
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2r+1 − 2s+1 + 2s+1 = 2r+1 elements in maximal independent set. Hence β(Γsq(G)) = 2r+1.
Hence the required result.

Corollary 3.7. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N
where G(pi) ∼= Zp

mi
i

, mi ∈ N; and pi ̸= 2. Then independent number β(Γsq(G)) = 2.

Proof. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N where
G(pi) ∼= Zp

mi
i

, mi ∈ N; and pi ̸= 2. Then by using Theorem 3.2 we get Γsq(G) ∼= Γsq(Zm)

where m =
∏n

i=1 p
mi
i and so gcd(m, 2) = 1. Now by using Theorem 3.6(i) we get β(Γsq(G)) =

2.

Theorem 3.8. (i) Let G ∼= Zn, n ≥ 2 then we have clique number

ω(Γsq(G)) =


n+1

2 when gcd(n, 2) = 1
n+2

4 when n = 2n1
n+4

4 when n = 4n2
where n1 is odd natural number and n2 ∈ N.
(ii) Let G be a finite abelian group with identity e and G = G(p1)×G(p2)× · · · ×G(ps)× · · · ×
G(pr)× · · · ×G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N; pi = 2 for 1 ≤ i ≤ r and pi ̸= 2 for
(r + 1) ≤ i ≤ n. Then

ω(Γsq(G)) =



|G|
2r+2 +

3
4 when mi = 1 for 1 ≤ i ≤ r and n ̸= r

1 when mi = 1 and n = r
|G|
2r+2 +

3
4 × 2r when mi ≥ 2 for 1 ≤ i ≤ r

|G|
2r+2 +

3
4 × 2r−s when

mi = 1 for 1 ≤ i ≤ s,mi ≥ 2 for s+ 1 ≤ i ≤ r and G ≇ Zs
2 × Z4

2 when G ∼= Zs
2 × Z4

Proof. (i) Case 1. Let G ∼= Zn, n ≥ 2 and gcd(n, 2) = 1. By Theorem 3.1 we have any a ∈ G
is adjacent with all other vertices in Γsq(G) whenever a = a−1 and whenever a ̸= a−1 we have
a adjacent with all other vertices except a−1. But we have only identity element e in G which
is self inverse, so sub-graph formed by C = {e} ∪ {a or a−1 : a ̸= a−1, a ∈ G} is a maximal
complete sub-graph of Γsq(G) and |C| = 1 + n−1

2 = n+1
2 . Hence ω(Γsq(G)) = n+1

2 when
gcd(n, 2) = 1.
Case 2. Let G ∼= Zn, n ≥ 2 and n = 2n1 where n1 is odd natural number. Then we have
two disjoint components in Γsq(G), one of them with vertex set G1 = {2a : a ∈ G} and an-
other component with vertex set G \ G1. Also we have only identity element e in G1, which
is self inverse and only one element n1 in G \ G1 which is self inverse. So sub-graph formed
by C = {e} ∪ {a or a−1 : a ̸= a−1, a ∈ G1} is a maximal complete sub-graph of Γsq(G) and
|C| = 1+

n
2 −1

2 = n+2
4 . Hence ω(Γsq(G)) = n+2

4 when n = 2n1 where n1 is odd natural number.
Case 3. Let G ∼= Zn, n ≥ 2 and n = 4n2 where n2 ∈ N. Then we have two disjoint components
of Γsq(G), one of them with vertex set G1 = {2a : a ∈ G} and another component with vertex
set G \ G1. We have only two elements e, 2n2 ∈ G which are self inverse, also e, 2n2 ∈ G2.
So we have sub-graph formed by C = {e, 2n2} ∪ {a or a−1 : a ̸= a−1, a ∈ G1} is a maximal
complete sub-graph of Γsq(G) and |C| = 2 +

n
2 −2

2 = n+4
4 . Hence ω(Γsq(G)) = n+4

4 when
n = 4n2 where n2 ∈ N.
(ii) Case 1. When mi = 1 for 1 ≤ i ≤ r and n ̸= r then from Theorem 3.3(iii)(a) we have
Γsq(G) = 2r[K1 ∪ ( |G|−2r

2r+1 )K2]. So all the components are of same structure. If we remove
one of every pair of vertices a, a−1 in any component the we will get the required clique with
maximum number of vertices in Γsq(G). So we have 1 + |G|−2r

2r+2 = |G|
2r+2 +

3
4 number of vertices

in clique with maximum vertices in Γsq(G). Hence ω(Γsq(G)) = |G|
2r+2 +

3
4 .

Case 2. When mi = 1 and n = r then from Theorem 3.3(iii)(b) we have Γsq(G) = 2nK1.
Hence ω(Γsq(G)) = 1.
Case 3. When mi ≥ 2 for 1 ≤ i ≤ r then from Theorem 3.3(iii)(c) we have
Γsq = [2rK1 ∪ ( |G|

2r+1 − 2r−1)K2] ∪ (2r − 1)[ |G|
2r+1 K2], In this case we have two types of com-

ponents in Γsq(G). From one type of component we get maximal complete sub-graph with
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2r + |G|
2r+2 − 2r−2 = |G|

2r+2 + 3
4 × 2r number of vertices and from another type we get maximal

complete sub-graph with |G|
2r+2 . Hence ω(Γsq(G)) = |G|

2r+2 +
3
4 × 2r.

Case 4. When mi = 1 for 1 ≤ i ≤ s, mi ≥ 2 for s + 1 ≤ i ≤ r and G ≇ Zs
2 × Z4 then from

Theorem 3.3(iii)(d) we have Γsq(G) = 2s[2r−sK1 ∪ ( |G|
2r+1 − 2r−s−1)K2] ∪ (2r − 2s)[ |G|

2r+1 K2].
In this case we have two types of components in Γsq(G). From one type of components we get
maximal complete sub-graph with 2r−s + |G|

2r+2 − 2r−s−2 = |G|
2r+2 +

3
4 × 2r−s number of vertices

and where as from another type of components we get maximal complete sub-graph with |G|
2r+2

number of vertices. Hence ω(Γsq(G)) = |G|
2r+2 +

3
4 × 2r−s.

Case 5.When G ∼= Zs
2 ×Z4 then from Theorem 3.3(iii)(e) we have Γsq(G) = 2s[K2]∪2s+1[K1].

In this case we have only K1 and K2 type of components in Γsq(G). Hence ω(Γsq(G)) = 2.

Corollary 3.9. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N

where G(pi) = Zp
mi
i

, mi ∈ N ; pi ̸= 2. Then the clique number ω(Γsq(G)) =
∏n

i=1 p
mi
i +1

2 .

Proof. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N where
G(pi) ∼= Zp

mi
i

, mi ∈ N; pi ̸= 2. By using Theorem 3.2 we have Γsq(G) ∼= Γsq(Zm) where
m =

∏n
i=1 p

mi
i and so gcd(m, 2) = 1. Now by using Theorem 3.8(i) we have ω(Γsq(G)) =

m+1
2 =

∏n
i=1 p

mi
i +1

2 .

Theorem 3.10. Let G be any finite abelian group the Γsq(G) is not Eulerian.

Proof. Case 1. If |G| is not divisible by 2 then by using Theorem 3.1 we have degΓsq(G)(a) =

|G|−1 if a = a−1 and |G|−2 otherwise. So we have vertices in Γsq(G) with odd degree. Hence
Γsq(G) is not Eulerian.
Case 2. If |G| is divisible by 2 then by Theorem 3.3 we have Γsq(G) is disconnected. Hence
Γsq(G) is not Eulerian.

Theorem 3.11. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N
where G(pi) ∼= Zp

mi
i

, mi ∈ N and pi ̸= 2 then
(i)Γsqe(G) is a complete graph and Γsqe(G) = K|G|
(ii)degΓsqe(G)(a) = |G| − 1 for every a ∈ G.
(iii)radius(Γsqe(G)) = 1 and diam(Γsq(G)) = 1
(iv)Γsqe(G) is self-centered.
(v)gr(Γsqe(G)) = 3.
(vi)Independent number, β(Γsqe(G)) = 1.
(vii)Clique number, ω(Γsqe(G)) = |G|.

Proof. (i) Let G be a finite abelian group and G = G(p1)×G(p2)× · · · ×G(pn); n ∈ N where
G(pi) ∼= Zp

mi
i

, mi ∈ N and pi ̸= 2 then we have G1 = G and so we have every a ∈ G adjacent
with every element of G \ {a} and so Γsqe(G) is complete and equal to K|G|.
(ii) As discussed in above part we have every element a ∈ G adjacent with every element b ∈
G\{a}. So every vertex in Γsqe(G) adjacent with |G|−1 vertices. Hence degΓsqe(G)(a) = |G|−1
for every a ∈ G.
(iii) From (i) and (ii) we have d(a, b) = 1 for every a, b ∈ G and so e(a) = 1 for every a ∈ G.
Hence radius(Γsqe(G)) = 1 and diam(Γsqe(G)) = 1.
(iv) As Γsqe(G) = K|G| so eΓsqe

(a) = 1 for every a ∈ G. Hence Γsqe(G) is self-centered.
(v) We have e, a, b ∈ G such that we have cycle e− a− b− e of length 3. So gr(Γsqe(G)) = 3.
(vi) As Γsqe(G) = K|G| so we have maximal independent set {a} for a ∈ G. Hence independent
number, β(Γsqe(G)) = 1.
(vii) As Γsqe(G) = K|G| so we have Clique number, ω(Γsqe(G)) = |G|.

Corollary 3.12. Let G = G(p1) × G(p2) × · · · × G(pn); n ∈ N where G(pi) ∼= Zp
mi
i

, mi ∈ N
and pi ̸= 2 then Γsqe(G) ∼= Γsqe(Zm) where m =

∏n
i=1 p

mi
i .
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Proof. As pi ̸= 2 and m =
∏n

i=1 p
mi
i so gcd(2,m) = 1. Now when gcd(2,m) = 1, we

have every pair of distinct vertices adjacent in Γsqe(Zm). So Γsqe(Zm) = Km. Now by using
Theorem 3.11(i), we have the required result.

Theorem 3.13. Let G be a finite abelian group with identity e and G = G(p1) × G(p2) × · · · ×
G(pr)× · · · ×G(pn); n ∈ N where G(pi) ∼= Zp

mi
i

, mi ∈ N; pi = 2 for 1 ≤ i ≤ r and pi ̸= 2 for
(r + 1) ≤ i ≤ n. Then we have
(i)Γsqe(G) is disconnected.
(ii)Number of components in Γsqe(G) = 2r and every component of Γsqe(G) is complete.
(iii)Γsqe(G) = 2rK |G|

2r

(iv)degΓsqe(G)(a) =
|G|
2r − 1.

(v) gr
(
Γsq(G)

)
=

{
∞ if G ∈ {Z4,Zn

2 ,Zn
2 × Z4}

3 otherwise
(vi)Independent number, β(Γsqe(G)) = 2r.
(vii)Clique number, ω(Γsqe(G)) = |G|

2r .

Theorem 3.14. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N
where G(pi) ∼= Zp

mi
i

, mi ∈ N then Γsqe(G) is eulerian graph if and only if pi ̸= 2.

Proof. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N where
G(pi) ∼= Zp

mi
i

, mi ∈ N and Γsqe(G) is eulerian then we have Γsqe(G) graph connected and
all vertices in it of even degree. As from Theorem 3.11 and Theorem 3.13 we have Γsqe(G) is
connected only when pi ̸= 2. Hence the result.
Conversely, Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn); n ∈ N
where G(pi) ∼= Zp

mi
i

, mi ∈ N and pi ̸= 2. Then by using Theorem 3.11 we have that Γsqe(G)

is connected and degΓsqe(G)(a) = |G| − 1 ∀ a ∈ G. |G| is odd so we have even degree of all
vertices in Γsqe(G). So Γsqe(G) is eulerian.
Hence Γsqe(G) is eulerian iff pi ̸= 2.

4 Prime Labeling

In vertex labeling of graph Γ,under specific criteria, we assign integers to all of its vertices. If a
graph Γ with n vertices can be labeled with numbers from 1 to n in such a way that every pair
of adjacent vertices are labeled with co-prime numbers from 1 to n. Then that labeling is prime
labeling and graph Γ is said to be prime graph.

Theorem 4.1. Let G ∼= Zn with identity 0 where n ≥ 2 then
(i)Γsq(G) is prime graph for n ∈ {2, 3, 4, 5, 6, 8}
(ii) Γsq(G) is not a prime graph otherwise

Proof. Let G ∼= Zn then for odd values of n we have Γsq(G) connected, in which identity el-
ement 0 is adjacent with every a ∈ G \ {0} and any element a ∈ G \ {0} adjacent with every
element of b ∈ G \ {a−1}. So we have two vertices (̸= 0) in Γsq(G) which are not adjacent with
each other and adjacent with every other vertex in Γsq(G) for odd values of n.
For even values of n(̸= 4) we have two components of Γsq(G). In each component we have
two vertices which are not adjacent with each other and adjacent with every other vertex in that
component.
(i) For n ∈ {2, 3, 4, 5, 6, 8}, we can label vertices of Γsq(G) from 1 to n in such a way that num-
bers labeled to adjacent vertices are co-prime(as shown in Fig. 1). So Γsq(G) is prime graph for
n ∈ {2, 3, 4, 5, 6, 8}.
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Fig. 1. Prime labeling of (i)Γsq(Z2) (ii)Γsq(Z3) (iii)Γsq(Z4) (iv)Γsq(Z5) (v)Γsq(Z6)
(vi)Γsq(Z8)

(ii) Case 1. For odd n ≥ 7,Γsq(G) is connected. To become Γsq(G) prime graph, its vertices
have to be labeled from 1 to n in such a manner that two adjacent vertices are labeled with co-
prime numbers. So we have to label three vertices of Γsq(G), which are not adjacent with each
other with 2, 4 and 6 in Γsq(G). But as discussed above we have only two such vertices. So
Γsq(G) is not a prime graph for odd n ≥ 7.
Case 2. For even n ≥ 10,Γsq(G) is not connected and have two components and in each compo-
nent we have two vertices which are not adjacent with each other but adjacent with every other
vertex in that component. So we can label maximum four number between 1 to n which are not
co-prime with each other in Γsq(G). But between 1 to n for even n ≥ 10 we have at least five
2, 4, 6, 8, 10 numbers which are not co-prime. So we can not label Γsq(G) n-vertices in such a
way that every pair of adjacent vertices get labeled with co-prime numbers from 1 to n and so
Γsq(G) is not a prime graph for even n ≥ 10.
Hence the required result.

Corollary 4.2. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn) where
G(pi) ∼= Zp

mi
i

, mi ∈ N; and pi ̸= 2. Then Γsq(G) is prime graph only when |G| = 3 or 5.

Proof. Let G = G(p1)×G(p2)× · · · ×G(pn) where G(pi) ∼= Zp
mi
i

, mi ∈ N; and pi ̸= 2. Then
by using Theorem 3.2, we have Γsq(G) ∼= Γsq(Zm) where m =

∏n
i=1 p

mi
i . As pi ̸= 2 so we have

gcd(m, 2) ̸= 2. Now by using using Theorem 4.1 we have prime labeling of Zm only possible
for m = 3 or 5 and so Γsq(G) is prime graph only when |G| = 3 or 5.

Theorem 4.3. (i) If G ∼= Zn
2 × Zm

3 where n ∈ N and m ∈ {0, 1} then Γsq(G) is prime graph.
(ii) If G ∼= Zn

2 × Z4 where n ∈ N then Γsq(G) is prime graph.

Proof. (i) Case 1. When m = 0, then we have G ∼= Zn
2 and from Theorem 3.3(iii)(b), in Γsq(G)

we have 2n disjoint components, each component with single vertex i.e Γsq(G) = 2nK1, in
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which no pair of vertices is adjacent. Hence Γsq(G) is prime graph.
Case 2. When m = 1, then we have G ∼= Zn

2 × Z3.
Let us first discuss about structure of Γsq(G), using Theorem 3.3(iii)(a) we have Γsq(G) =

2n[K1 ∪ ( 3×2n−2n

2n+1 )K2] = 2n[K1 ∪K2] = 2nP3, in which we have 2n disjoint Pn as components
of Γsq(G). Now for Γsq(G) to be prime graph we have to label its vertices 1 to 2n× in such a
way that every pair of adjacent vertices get labeled with co-prime numbers. As we know two
consecutive numbers are co-prime, so we have co-prime numbers (m,m+1) and (m+1,m+2)
where m ∈ N . As discussed above we have every component of Γsq(G) of the form P3 which
can be labeled with m,m+ 1,m+ 2 such that adjacent vertices have co-prime labeling. So we
need consecutive three natural numbers for prime labeling of one component of Γsq(G). We
have 2n components in Γsq(G), Hence we can do prime labeling of all components of Γsq(G)
using natural numbers 1 to 3 × 2n.

Fig. 2. Prime labeling of Γsq(Z4
2 × Z3)

(ii) If G ∼= Zn
2 × Z4 then by using Theorem 3.3(iii)(e) we have Γsq(G) = 2n[K2 ∪ 2n+1[K1],

which can be labeled from 1 to 2n+2 in such a way that every pair of adjacent vertices get labeled
with co-prime numbers. Hence Γsq(G) is prime graph.

Fig. 3. Prime labeling of Γsq(Z3
2 × Z4)

Theorem 4.4. Let G ∼= Zn with identity 0 where n ≥ 2 then
(i)Γsqe(G) is prime graph when n ∈ {2, 3, 4}.
(ii)Γsqe(G) is not prime graph when n ≥ 5.

Proof. Let G ∼= Zn with identity 0 where n ≥ 2.
(i) When n ∈ {2, 3, 4}, Γsqe(G) is prime graph as we have prime labeling shown in Fig. 4.
(ii) For odd n ≥ 5 we have Γsqe(G) is complete by using Theorem 3.11 and Corollary 3.12, so
we have no two distinct vertices in Γsqe(G) which are not adjacent. But we have to label two ver-
tices which are not adjacent with 2, 4 for prime labeling, which is not possible. Hence Γsqe(G)
is not prime graph for odd n ≥ 5. Now for even n ≥ 6, we have two disjoint components in
Γsqe(G) and each component is complete sub-graph of Γsqe(G) with |G|

2 number of vertices in
each component. Now for prime labeling of Γsqe(G), we at least need three vertices (as even
n ≥ 6) which are not adjacent with each other of Γsqe(G), which can be labeled with 2, 4, 6. We
have no such three vertices in Γsqe(G). So Γsqe(G) is not a prime graph for even n ≥ 6. Hence
the required result.
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Fig. 4. Prime labeling of (i)Γsqe(Z2) (ii)Γsqe(Z3) (iii)Γsqe(Z4)

Corollary 4.5. Let G be a finite abelian group and G = G(p1) × G(p2) × · · · × G(pn) where
G(pi) ∼= Zp

mi
i

, mi ∈ N; and pi ̸= 2. Then Γsq(G) is prime graph only when |G| = 3.

Proof. By using Theorem 4.4 and Corollary 3.12, we have the required result.
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